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Towards reasiéf[iéf

Excess e(u) = 2\/‘ (F(vu) - F[u,u)) (/Vc( inFlows of )
(ug §s43)

Feasible Flow: Al verhtes har excess O

Improve. Feasibi li@: Push excess fo out neighbours in G without exceedy
residucl ed&e ca/aacihbs.

= F remains o preflow

o IF He ouf -neighbour is s or £, He botal excess is recluced!.
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Node H egll,‘f

Label or he«gh# hlv) of evesy node vel/ used fo guile. excess eliminnhon.

Valid hezgh{- Fnchon : Inkuikion.:
o h(s)=n o Waler Plows decwihill
e h(})=0 o Too slep is c/o@erous

o ¥ [uy) eGp + h{u) < hv) +1
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Basic Opesahons

uel/ A}f}'lt E[u) >0

Push: IF 3 (uv) e Gp with Relabel: IF hiu) & hlv) V(4v)eGp
h(u) = h(v) +4

= Move &= min (elw), Cp lu,v)) = u,oa/a}e h(w= 4+ min h(v)
Flow from u o v K2R

IF (u)eG : Fluy) = Fluy) +&
P ) eG: Fly) =Flyu) -5
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Relabel (u) Increases hlu)
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?30 8
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de

V,/..., Vg = H{S o;,{-;qe.(‘?ltbours m £F Uo

Afles Relobel (u)’ hw) = 1+ min h(v:)

lcisd

Before Relobel(w), h() s min h(v;):

I<isd
OHerwise, J leisd: h(w=hlv)+4d becouse hlu) < hlv)+L ¥ l<isdl.
= Moulol have called Push(u, v;) inskad .
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Se )
2 = m-kleiahbour of u in @/l d

I'l('/t) = J_+mirz h[l/,) = h[u) < h(l/.‘)+i V}éfsd.
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Rclabe”fha Maintains alid //egb( Fanchou

/l‘ Y
De V.
Vi, Vd = u's oa{—neg/zbours m [«?p z_ ’:<>‘ .

2 = m-neiahbour of u in @/l 7

h(w) = :L+’mirz hly) = hlu) <« h(v)+41 Vieisd.
H

o Before Relobel (u) ; h(z) < hlu) +1

o Relabel (u) increases hlu)

=  h(z) e hlu)+4 afler Relabel(w)
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There Is Mo s¢-Path in G{‘_

Assume such o paﬂt exists :

/'\/—.\5.
. x‘ o ® o n‘

X -l =
S =% 2 Xp=t

o k¢ n-4
o h(xi-)s hWix) +4 V leick
= h(s)s h(}) +n-1

h(s)=n h#)=0 5/
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Running Time of Push- Relabel Agon'#ﬂu

o Muinfain oddjcency lisf representahibu of Gp
o Mdjacency its split ik ‘pushable’/ “non pushable ' edges

o Moifoin list of excess verhtes

Opesahion Cost Count  Total cost
Choose excess verlex o(1) Onim) Omm)

Decide wheter b Push or Relbel  0(4) olnm)  O(ulm)

Fush Fasks vanants recduce % } O(nzm)) o(n2m)
Relobel  $his o oln3) or Ofnzﬁv) O(dg? (w) O(n?) o(nm)
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Cocmﬁ'tg? Relabel O/Veraﬁbhs

Claim: For every excess verkx u, #ere exisls a path from u bs in Gp

=> hlu) < h(s) +n-41 =24-1
o Inihally, hlu)=0

o Relabellu) imcreases hly)

= Eueg veskex is relobelles| ot most 2n-4 hmes.



Cocmﬁ'tg? Relabel O/Veraﬁbhs

Claim: For every excess verkx u, #ere exisls a path from u bs in Gp

Prof: (= all verhtes that can reach s in G

C VAC
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Assume JueV\C: elw) >0

O¢ Seb) =5 S (Flyu)-Flyw))

uev\C ueV\c vev

=21 2J (PG =Pl + 3, 57 (Flya)-Plov)

¢ 21 >0 flvd)
VEV uev\C
= J veC, ué¢C: Flyu) >0
(uf)e Gp
= uecC ?/

N/
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Coun/?'rg Push Dp_g.gnhbns

Tao Q/oes of Push opeschions:

SQJumh‘ng push. = Push(uv) Hat moves Cp (uv) flew fom u o v
= (u,v) cll'sappeqrs from é‘/\
= Need Pushlyu) before next Fush (yv). O(rnm)

/Von-salwakrg /aush = Push[u,u) Hml poves < q- [q/u) ,%w /}Dm ukv
= elu) =0 aflwards
But con be dene mulkiple hmes withoud /h/eruem'%o Pushlyu).  Olnm)
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COUH/'I'V!(? Sqlurah'@ Push Ofes'ah’ons

Claim:  Between two sq/umb‘ly Fush (4v) opesations h(u) increases.

= At most 2n-1 sakaking Push opesahions pes edges
= O(nm) salur&h'@ Push opesahons in ptal
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Claim:  Between two sq/um/ﬁy Fush (4v) opesations h(u) increases.
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COUH/'I'V!(? Sqlurah'@ Push Ofes'ah’ons

Claim:  Between two sq/umb‘ly Fush (4v) opesations h(u) increases.

PR?DF.' PMSL! (Ll, V) o———>=0
U V4
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u v
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Claim:  Between two sq/umb‘ly Fush (4v) opesations h(u) increases.
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COU'?"I@ SG/urah'ﬂJ Push 0/96'&/72»143

Claim:  Between two sq/umb‘ly Fush (4v) opesations h(u) increases.

Fool:  Push(u,v) R hy (u)

h [U} = hz[u) +1
Pushlyu) fo desoherale (4v) 0 i > h(u)+1

l’l3 (H) = h3 (U) +_'L
Push (u,v) oo 2 ha(v)+4

> h (W) +2
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Polenkiol Punchen, @ = >\ hlv)  (Tohl height of all excess verhtes)

e(v)>0
Inihally, & = 0. At all hmes, @ 0.

Claims:

(1) Relabel and sa}urahhcy Push opesakions increase @ é/a Oln?m)
in fotal.

(i) Every non-sakurating Push opesahon decreases & by af feast 2.

=> Oln?m) non-sokwrahiny Push opesahions.
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Polenkal Increase Due A Re/abe//m(?_

Relabel (u) : hlu) = hegh# of u befoe Relabe/
hy(u) = heg])nl of u afks Relobe/

® increases bé/ ho (u) - by (u)

=> Tofal increase of & ﬁbm m/abe///ig U £ 2n-4
= Total increase of & from re/abe///hqq < Zn*
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Polenhal Increase Due o Sakmah?y Push Qpesahins

Pushlav): Worstcase: o elu)>0 aflee Push
o ely) =0 befor Push

= B increases b<7 hlv) «2n-1

), salurah'@ Push opesahions

= Tofal increase of & fom sa/arqh‘lg Push operahions = O(n*m)
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Polenhal Decrease Due to Mon- Sa,’am/ﬂg; Fush Opesahion

Push (uv):  Morsfcase: o elv)=0 before Push
o el(u)=0 afkr Push
= T drps by of least hlu) —h(v)

h(u) = hiv) +1  ( becouse we push)
= & dmps b(:, al Jfeast 4.



