Dynamic Programming

Textbook Reading
Chapters 15, 24 & 25



Overview

e Recursively break the problem into smaller subproblems.
e Avoid repeatedly solving the same subproblems by caching their solutions.

e Recurrence relations

Weighted interval scheduling
Sequence alignment

Optimal binary search trees
Shortest paths



Weighted Interval Scheduling

A set of activities competing for time intervals on a certain resource
(E.g., classes to be scheduled competing for a classroom)

Schedule non-conflicting activities so that the total time the resource is in use is
maximized. |
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K Check each subset for conflicts.
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W. I. S.: Towards a Better Solution

e Iry to make one choice at a time, just as in a greedy algorithm.
e In each step, what are the options we can choose from?

e What can we say about the subproblem we obtain after choosing each option?

An interval is in the optimal solution or it isn't.

It the maximal-length' subset of {lj, 5, . . ., I,} does not include |, then it must be a
maximal-length subset of {l;,l5, ..., l.—}.
If the maximal-length subset of {I;, 5, .. ., l,} includes |,,, then it must be O U{l,}, where

O is a maximal-length subset of all intervals in {l;, I, .. ., l,} that do not overlap I,.
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For 1 <j < n, let p; = max({0} U kll<k<j and | does not overlap Ij}).
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If the maximal-length subset of {l;, I, .. ., I} includes I,, then it is O, , where O, is a

maximal-length subset of the intervals {l;, I, ..., 1, }.
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Let |i;| be the Iéngth of interval I

Let £(j) be maximal total length of any subset of non-overlapping intervals in

e

What we're interested in is £(n)!
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W. I. S.: A Recursive Algorithm

FindScheduleLength(l, p, j)

| ifj=0
2 then return 0

3 else return max(FindScheduleLength(l, p, p[j]) + I[j],
| ~ FindScheduleLength(l, p,j — 1))

O(2")

The recursive algorithm computes
many values repeatedly.

There are only n values to compute!
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W. I. S.: Memoizing the Recursive Algorithm

Store already computed values in a table to avoid recomputing them.

Here, initialize a table £ where {[j] is the length of the optimal schedule for b, L)

nitially, £[j] = —oo for all j.

FindScheduleLength(l, ¢, p,j)
if j =0 |

I
2 then return 0
3 else if £]j] < 0
4 then £[j] = max(FindScheduleLength(l, p, p[j]) + I[j]],
| | FindScheduleLength(l, p,j — 1))
5 return £[j] | |

O(n)
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W. . S.: lterative Table Fill-In

FindScheduleLength(l, p)
¢[0] = 0
for j =]ton

|

i

3 do £[j] = max(e[j — 11, €p[Il + 1)
4 return {[n]

O(n)

e No need for recursion.
o Algorithm is often simpler.

e Need to worry about the order in which the table entries are computed:
e All entries needed to compute the current entry need to be computed first.

e Memoization computes table entries as needed.



W. I. S.: Computing the Set of Intervals

FindSchedule(l, p)

| g0] = 0
2 9[0] =[]

3 forj=Iton

4 doif £j — 1] > £[p[ill + il

5 then £[j] = €[ — 1]

6 Sil=9S[i—1]

7 else £[j] = {[p[]] +Il]]
8 S[j] = [Ii]] ++ SIplj]]
9 return S[n]



W. I. S.: Computing the Set of Intervals

FindSéheduIe(I, p)

| g0] = 0
2 9[0] =[]

3 forj=Iton

4 doif £j — 1] > £[p[ill + il

5 then £[j] = €[ — 1]

6 Sil=9S[i—1]

7 else £[j] = €[p[j]] + Il
8 S[j] = [Ii]] ++ SIplj]]
9 return S[n]

_ O(n)



W. I. S.: Computing the Set of Intervals

FindSchedule(l, p)
I OFE0
2 S[0] =[]
3 forj=1ton
4 doif i = 1] > €[p[jl] + [l
5 then {[j] = {[j — 1]
6 Sil=Si—-1
7 else £[j] = £[p[j]] + [I[]]
8 S[i] = [IG]] ++ SIp[]]
9 return S[n]

= O(n) |

This computes the sequence of intervals ordered from last to first.

This list is of course easy to reverse in linear time.
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W. I. S.: The Missing Details

e Sort the intervals by their ending times.
e Compute the predecessor array p.

e Sorting is easily done in O(nlg n) time.
e To compute p[j], perform binary search with I[]]s starting time on the sorted array
of ending times.

Theorem; The weighted interval scheduling problemvcan, be solved in O(n lg n) time.
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The Dynamic Programming Technique 4

The téthnique:

e Develop a recurrence expressing the optimal solution for a given problem instance
in terms of optimal solutions for smaller problem instances:

e Evaluate this recurrence
e Recursively using memoization or
e Using iterative table fill-in.

For this to Work the problem must exhibit the optimal substructure property The
optimal solution to a problem instance must be composed of optimal solutlons to
smaller problem instances.

A speed-up over the naive recursive algorithm is achieved if the problem exhibits
overlapping subproblems: The same subproblem occurs over and over again in the
recursive evaluation of the recurrence.



Developing a Dynamic Programming Algorithm

Think top-down:

e Consider an optimal solution (without worrying about how to compute it).

e |dentify how the optimal solution of any problem instance decomposes into optimal
solutions to smaller problem instances.

"o Write down a recurrence based on this analysis.

Formulate the algorithm, which computes the solution bottom-up:

e Since an optimal solution depends on optimal solutions to smaller problem
instances, we need to compute those first. '



Sequence Alignment '

Given the search term "Dalhusy Computer Science”, Google suggests the correction
“Dalhousie Computer Science”.



Sequence Alignment '

Given the search term "Dalhusy Computer Science”, Google suggests the correction
“Dalhousie Computer Science”.

Can Google read your mind?



Sequence Alignment '

Given the search term "Dalhusy Computer Science”, Google suggests the correction
“Dalhousie Computer Science”.

Can Google read your mind? Nol

They use a clever algorithm to match your mistyped query against the phrases they
have in their database.

“Dalhousie” is the closest match to “Dalhus!y" they find.



Sequence Alignment '

Given the search term "Dalhusy Computer Science”, Google suggests the correction
“Dalhousie Computer Science”.

Can Google read your mind? Nol

They use a clever algorithm to match your mistyped query against the phrases they
have in their database.

“Dalhousie” is the closest match to “Dalhus!y" they find.

- What's a good similarity criterion?
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Sequence Alignment '

Given two strings X = xx2 - - - X, and Y = y,y, - - -y, extend them to two
strings X' = x/x5---x/ and Y' = y/y’ - - -y/ of the same length by inserting gaps so
that the foIIowmg dissimilarity measure D(X',Y') is minimized:

t
=y d(x.y))
Bl

5 x=_ory=_ (gap penalty)

e

d(x,y) =

| Hxy otherwise (mismatch penalty)

D&lhuUSYu
Dalhousie

D(X/,Y/) =204 Hiy

DNA sequence alignment to measure the similarity between different DNA samples.
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Sequence Alignment: Problem Analysis

Assume (x/x5 -+~ x{,y[y5 - ,y{) is an optimal alignment for (xxz - - - X, VY5 - - - V).

/ /
® X; =Xmandy; =y,

(X{x5 <%, yiy5 - - -yl ) must be an optimal alignment for ‘
(¥1X2 * * * Xm=1, Y1Y2 * * * Vint)-
(!t A

Assume there's a better alignment (x{"x% - - - xZ, y{'y5 - - - yZ') with dissimilarity
S | t—| | |
D odix v < Y dixy)).
il L

Then (x{'x5 - - - xIx{, y{'V5 - - - y<'y;) is an aligment for (X;x2 - - - Xm, VY5 - - - ¥,) With

dissimilarity | |
S | R ok t

Do dix v Ay < iy iy = ddL )
i=l i=| | i=I

a contradiction.
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Sequence Alignment: Problem Analysis
Assume (x/x5 - - x{,y[y5 - -+, V() is an optimal alignment for (x;x>
What choices do we have for the final pair (x{,y;)?

@ X{=Xmandytl=yn_.

(X{x5 <%, yiy5 - - -yl ) must be an optimal alignment for ‘

(X1X2 = = Xm=1, Vi¥2 * * * Ypy)-

L

~ o XE=Srand V- =

(x[x5 -+~ x_,ylys---vy/_) must be an optimal.alignment for
(XIX2 * £+ X1, Y1Y2 * = - Yn)-

i Xt/ =y and yt/ =yn

(x/X5 - - 'Xf_i# V(Y5 yl_) must be an optimal alignment for
(X1X2 = Xm, Y12 =+ Yny): "

T Amgllo " Vo)
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Sequence Alignment: The Recurrence

Let D(i, ) be the dissimilarity of the strings x;x> - - - x; and y,y, - - - y.

We are interested in D(m, n).

5-j =25 a0
D(i,j)= 6i | j:O

min(D(i — 1,j = 1) + 1y, D(i,j = 1) + 8,D(i = 1,j) + )  otherwise



Sequence Alignment: The Algorithm

Sequen_ceAIignment(X, Y, u, d)

D[0,0] =0
A0, 0] =[]
fori=1tom |
do D[i,0] =D[i —1,0] + 6
Ali, O] = [(Xi], )] ++ A[i = I, 0]
forj=1ton
do D[0,j] = D[0,j— 1]+ 6 |
AlO, j] = [(_, YIDI ++ A[O,j — 1]
fori=1tom .
doforj=1lton
do DIij] = Dli = 1,j — 1] + p[X[i], Y[j]]
Ali,j] = [X[L, YEDI ++Ali = 1j — 1]
if D[i,j] >D[i—1,j] + 6 |
then D[i,jl=D[i=1,j]+5

| Ali, j] = [(X[], )] ++ Ali = 1,]]
if D[i,j] > D[i,j—1] + 6
then DIi,j] = D[i,j— 1] + 6
Ali,j] = [, YODI ++ Al j — 1]

return A[m, n]
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Sequence Alignment: The Algorithm

Sequen_ceAIignment(X, Y, u, d)

D[0, 0] = 0
Al0, 0] =[]
fori=1tom |
do D[i,0] =D[i —1,0] + 6
Ali, O] = [(Xi], )] ++ A[i = I, 0]
forj=1ton
do D[0,j] = D[0,j— 1]+ 6
A[0,]] = [(_, YID] ++A[0,j — 1]
fori=1tom
doforj=1lton
do Dli,j] = Dfi = I,j = ]+ u[Xil, Y[j]]
Ali,j] = [XTi], YOD] ++ Ali = 1,j —1]
if D[i,j] > D[i = 1,j] + o |
then D[i,j] =D[i = 1,j] + 6
| Alij] = [(XO] )] ++ Al = 1, ] ' O(mn)
it D[iii] > D[i,j — 1]+ 6 s : :
then D[i.j] = D[i,j — 1] + 6 Again, the sequence alignment is
Ali.il = [ YD ++Ali,j—11  reported back-to-front and can be
19 return A[m, n] reversed in O(m + n) time.
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searching for these elements.

5 e X
For a binary search tree T, let d;(x;) denote the / N\
depth of element x; in T. X2 Xg
/ \ / \

The cost of searching for element X; is in O(dt(x;))- e S X
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Optimal Binary Search Trees

Balanced binary search trees (red-black trees, AVL trees, ...) guarantee O(lgn) time
to find an element. '

Can we do better? ' Not in the worst case.

Let x; < x> < - - - < %, be the elements to be stored in the tree.

Let P = {p,p5,--.,p,} be the probabili‘ties of
searching for these elements.

| e X
For a binary search tree T, let dy(x;) denote the / \
depth of element x; in T. X2 X8
/ \ / \

The cost of searching for element X; is in O(dt(x;))- e S X
The expected cost of a random query is in!O(Cp(T)), N\ N\
where | | | ‘ X5 =l
~ | ! | / X
CP(T) = Z pidT(Xi)~ | SoLEE Xi0 X2

i| e \



Optimal Binary Search Trees

Balanced binary search trees (red-black trees, AVL trees, ...) guarantee O(lgn) time
to find an element. '

Can we do better? ' Not in the worst case.

Let x; < x> < - - - < %, be the elements to be stored in the tree.

Let P ={p,, ps, - P} be the probabili‘ties of
searching for these elements.

5 e X
For a binary search tree T, let d;(x;) denote the / N\
depth of element x; in T. X2 Xg
/ \ / \

The cost of searching for element X; is in O(dt(x;))- e S X
The expected cost of a random query is in/O(Cp(T)), = ¢
where | | | | X5 Xi|
‘ % . | / T
Cp(M =) pdrlx). = XI5 Xi>
i=I g | \
An optimal binary search tree is a binary search X3

tree T that minimizes Cp(T).
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Balancing Is Not Necessarily Optimal

Assumen=2—landp =2"foralll <i<n-1landp, =2,

x| is at depth Ign. | !Depth of x; is I.

Ign ‘ = Expected cost

= Expectedcost bt
B R

o
112
= I=IPP 2__2+2_<3
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Optimal Binary Search Trees: Problem Analysis

Assume we want to store elements Xg, X1, . . ., Xr.

/ Xmtly Xm+2y « « « 9 Xy

Xy X0+ly « « « s Xm—|

| J
Let pi; = ) 1. Ph- |
Cp(T) = pg, + Cp(Te) + Cp(T)
= Ty and T, are optimal search trees for xg, Xg41, - - ., Xm=1 @Nd Xme1, Xma2; - - -
respectively.

We need to figure out which element to store at the root!



Optimal Binary Search Trees: The Recurrence

Let C(, r) be the cost of an optimal binary search tree for x;, xp., .. ., .

We are interested in C(1, n).



Optimal Binary Search Trees: The Recurrence

Let C(, r) be the cost of an optimal binary search tree for x;, xp., .. ., .

We are interested in C(1, n).

e

C(E,r)=<0 ‘ r<{

Per + MiNg<m<r(Comot + Crury)  otherwise

\



Optimal Binary Search Trees: The Algorithm

OptimalBinarySearchTree(X, P)

I
=
3
4
5
6
7
8

9
10

Il
12
13
14
15
16
17
18

fori=1ton

do P'[i,i] = P[i]

forj=i+lton

do P'li, J]—P[IJ—|]+P[]]

fori=lton+|
doC[i,i—=1]=0
Ti,i—=1]=0

forf=0ton—1

dofori=lton—1{¢
" do Cli,i+{] =

forj=itoi+{
do if C[i, i+ €]
then C[i, i+ {]

| TTi, i + €]

T0i, i + £].

Clii+(] =

return T[l, n]

T, i+ €

> Cli,j — I]+C[]+l,i+‘€]

=Cli,j=1]+C[j+1,i+{]
= new node storing X]j]
left = T[i,j — 1]

right = T[j+ 1, i + £]

C[l i+ 0+ P[ii+ (]



Optimal Binary Search Trees: The AIgdrithm

OptimalBinarySearchTree(X, P)

| fori=1lton
2 doPi,il=Pli]

3 forj=i+1ton

4 dOP[IJ]—P[IJ—|]+P[]]
5 fori=lton+]|
o6

;

8

doC[i,i—=1]=0
Ti,i—=1]=0

~for£=0ton—|
.9 do fori=1ton—¢
10 " do Cli,i+{] =
| ~ forj=itoi+{ e
12 doif Cli,i+ €] >C[i,j— 1]+ C[j+1,i+{]
13 | then Cli,i+ 0] =C[i,j=1]+C[j+1,i+{]
14 | T[i, i + £] = new node storing X]j]
15 | Tli, i + €].left = T[i,j — 1]
16 u i+ €right = T+ 1, i + 4]
17 C[||+€] C[||+€]+P[||+€]

18 return T[l, n]

Lemma: An optimal binary search tree for n elements can be computed in O(n?) time.
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Single-Source Shortest Paths

Dijkstra's algorithm may-fail in the presence of negative-weight edges:

Dijkstra o | Correct

We need an algorithm that can deal with negative-length edges.
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Lemma: If P = (ug, vy, .- ., ug) is a shortest path from ug = s to u, = v, then
P’ = (ug,uy, ..., u.) is a shortest path from ug to uy_,. i
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Single-Source Shortest Paths: Problem Analysis

Lemma: If P = (ug, v, .- ., ug) is a shortest path from ug = s to U, = v, then
P’ = (ug,uy, ..., u.) is a shortest path from ug to uy_,. i

Shortest path from ug to uy_,

Observation: P’ has one less edge than P.
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Single-Source Shortest Paths: The Recurrence

Let di(s, v) be the length of the shortest path P;(s, v) from s to v that has at most i -
edges.’ '

di(s, v) = oo if there is no path with at most i edges from s to v.

d(s,v) = dn_i(s, V)

If i = 0, then there exists a path from s to v with at most i edges only if v = s:

;

Qs V=5
dO(S' V) = ;
oo otherwise

\

Ifi >0, then

e Pi(s,v) has at most i — | edges or

e Pi(s,v) has i edges.



Single-Source Shortest Paths: The Recurrence

Let di(s, v) be the length of the shortest path P;(s, v) from s to v that has at most i
edges.’ | '

di(s, v) = oo if there is no path with at most i edges from s to v.

d(s,v) = dn_i(s, V)

If i = 0, then there exists a path from s to v with at most i edges only if v = s:

;

' 0 v=s
do(s, V) = < .
oo otherwise

\

If i >0, then | S
o Pi(s,v) has at most i — | edges or

= Pi(s,v) = Piy(s, V)

e Pi(s,v) has i edges.




Single-Source Shortest Paths: The Recurrence

Let di(s, v) be the length of the shortest path P (s, v) from s to v that has at most i -
edges. |

di(S, V) =
d(s,v) =

o if there is no path with at most i edges from s to v.

dn_|(S,'V)

If i = 0, then there exists a path from s to v with at most i edges only if v = s:

(
do(s,v) = ¢ i

o0 otherwise

If i >0, then S

o Pi(s,v) has at most i — | edges or
= Fits,¥) = Fici(s,v) —
e Pi(s,v) has i edges. Pi-its, V)
= Pi(s,v) = Pi_y(s,u) o ((u,v)) for some in-neighbour u of v.




Single-Source Shortest Paths: The Recurrence

Let di(s, v) be the length of the shortest path P;(s, v) from s to v that has at most i -
edges.’ '

di(s, v) = oo if there is no path with at most i edges from s to v.

d(s,v) = dn_i(s, V)

If i = 0, then there exists a path from s to v with at most i edges only if v = s:

;
5y g Usv.=58

o0 otherwise

Ifi >0, then ‘
di(s, v) = min(di_i(s, v), min{di_(s, u) + w(u, v) | (u, v) € E})



Single-Source Shortest Paths: The Bellman-Ford Algorithm

BellmanFord(G, s)

for every vertex v € G
do d[v] = oo
P[v] = 0
d[s] = 0
Pls] = [s]
fori=1ton—| —
do for every vertexve G
do for every in-edgee ofv. =~
do if d[e.tail] + e.weight < d[v]
then d[v] = d[e.tail] + e.weight
P[v] = [v] ++ Ple.tail]

GO, SO S TR

— O O

12 return (d, P)



Single-Source Shortest Paths: The Bellman-Ford Algorithm

BellmanFord(G, s)

for every vertex v € G

|
2 do d[v] = oo
3 P[v] = 0
4 d[s]=0
5 Pls] =[s]
6 fori=lton-—I| o
7 do for every vertex v e G
8 ~ do for every in-edge e of v
9 do if d[e.tail] + e.weight < d[v]
10 then d[v] = d[e.tail] + e.weight
| | ~ PJv] = [v] ++ Ple.tail]
12 return (d, P) | |

Lemma: The single-source shortest paths problem can be solved in O(nm) time on
any weighted graph, provided there are no negative cycles.
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All-Pairs Shortest Paths ‘

Compute the distance d(u, v) (and the corresponding shortest path), for every
pair of vertices u,v € G.

Run single-source shortest paths from every vertex u € G.

e O(n?m) using Bellman-Ford
"o O(n?Ig n + nm) for non-negative edge weights using Dijkstra

o Floyd-Warshall: O(n°)
e Johnson: O(n2lgn + nm) (really cool!)

e Run Bellman-Ford from an arbitrary vertex s in O(nm) time.

e Change edge weights so they are all non-negative but shortest paths don't
change! &

e Run Dijkstra n times.
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Let di(u, v) be the Iength' of the shortest path P;i(u, v) that visits only vertices in
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Number the vertices |, 2, ..., n.

Let di(u, v) be the Iength' of the shortest path P;i(u, v) that visits only vertices in
2.2 . 1) Ll

d(u,v) = d,(u, v)

If i =0, Po(u, v) cannot visit any vertices other than u and v:

.

w(u,v) (uv) e E

WNIRER i :
00 otherwise

\

If i > 0, then Pi(u, v) includes vertex i or it doesn't.



All-Pairs Shortest Paths: The Recurrence

Number the vertices |, 2, ..., n.

Let di(u, v) be the Iength' of the shortest path P;i(u, v) that visits only vertices in
2.2 . 1) Ll

d(u,v) = d,(u, v)

If i =0, Po(u, v) cannot visit any vertices other than u and v:

.

w(u,v) (uv) e E

0o otherwise | [
\ o

dO(u' V) = <

If i > 0, then Pi(u, v) includes vertex i or it doesn't.

If i & Pi(u,v), then Pi(u,v) = Piy(u,v).




All-Pairs Shortest Paths: The Recurrence

Number the vertices |, 2, ..., n.

Let di(u, v) be the Iength' of the shortest path P;i(u, v) that visits only vertices in
{20 . 7,1} LI

d(u,v) = d,(u, v)

If i =0, Po(u, v) cannot visit any vertices other than u and v:

.

w(u,v) (uv) e E

do(u, v) = < :
ot V) oo otherwise | I

\

If i > 0, then Pi(u, v) includes vertex i or it doesn't.
If i & Pi(u,v), then Pi(u,v) = Piy(u,v).
If i € Py(u,v), then P;(u,v) = Pi_y(u,i) o Pi_y(i, v).




All-Pairs Shortest Paths: The Recurrence

Number the vertices |, 2, ..., n.

Let di(u, v) be the Iength' of the shortest path Pi(u, v) that visits only vertices in
2% O i} U {u, v}.

d(u, v) = dy(u, v)

If i =0, Po(u, v) cannot visit any vertices other than u and v:

.

w(u,v) (uv) e E

do(u, v) = 4 | :
00 otherwise

\

If i > 0, then Pi(u, v) includes vertex i or it doesn't.
It i & Pi(u, v), then Pi(u, v) = Pi_i(u,v).
If i € Py(u,v), then P;(u,v) = Pi_y(u,i) o Pi_y(i, v).

di(u, v) = min(di_(u, v), di—i(u, i) + diy(i, v))



All-Pairs Shortest Paths: The Fond “Warshall Algorlthm v
FloydWarshall(G)

for every pair of vertices u,v € G

l

2 do d[u,v] =

3 plu, v] = Nothing

4 for every vertex v e G

5 do d[v,v] =

6 plv,v] = v

7 for every edge e € G
.8 do d[e.tail, e.head] = e.weight
9 ple.tail, e.head] = e.tail

0 fori=Ilton

do for every pair of vertices u,v € G such that i ¢ {u, v}

12 do if d[u, v] > d[u,i] + d[i, v]

13 then d[u, v] = d[u, i] + d[i, v]
14 | - plu,v] = pli,v]

15 return (d, p) -



All-Pairs Shortest Paths: The Floyd-Warshall Algorithm
FloydWarshall(G) . ‘, ReportPath(p, u, v)

for every pair of vertices u,v € G if p[u,v] = Nothing

I I

2 do dfu,v] = o0 2 then return Nothing
3 plu, v] = Nothing 2 P=.

4 for every vertex ve G B | 4 while v #u

5 do d[v,v] = 0 5 do v = p[u, v]

6 plv,v] = v 6 ~ P.prepend(v)

7 for every edge e € G 7 returnP |
.8 do d[e.tail, e.head] = e.weight

9 ple.tail, e.head] = e.tail

10 fori=Ilton

do for every pair of vertices u,v € G such that i ¢ {u, v}

12 do if d[u, v] > d[u,i] + d[i, v]

13 then d[u, v] = d[u, i] + d[i, v]
14 | - plu,v] = pli,v]

15 return (d, p) e



All-Pairs Shortest Paths: The Fond-WarshaII Algorithm
FloydWarshall(G) | | ~ ReportPath(p, u, v)

for every pair of vertices u,v € G if p[u,v] = Nothing

I I
2 do dlu,v] = 00 ° 2 then return Nothing
3 plu, v] = Nothing g P
4 for every vertex ve G B | 4 while v #u
5 do d[v,v] = 0 5 do v = p[u, v]
6 plv,v] = v 6 ~ P.prepend(v)
7 for every edge e € G 7 returnP . |
.8 do d[e.tail, e.head] = e.weight
9 ple.tail, e.head] = e.tail
10 fori=Ilton
1 do for every pair of vertices u,v € G such that i ¢ {u, v}
12 do if d[u, v] > d[u,i] + d[i, v]
13 | then d[u, v] = d[u, i] + d[i, v]
14 ' '

| - plu,v] = pli,v]
15 return (d, p) | e

Lemma: The all-pairs shortest paths problem can be solved in O(n?) time, provided
there are no negative cycles.
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Summary

Both greedy algorithms and dynamic programming are applicable when the problem
has optimal substructure:

The optimal solution for a given input instance contains within it optimal
solutions to smaller input instances.

Greedy algorithms are applicable when an optimal solution can be obtained by making
a locally optimal choice and then solving the resulting subproblem.

Dynamic programming exhaustively explores all possible choices and chooses the one
that gives the best solution.

Dynamic programming yields a faster solution than the naive recursive algorithm when
there are lots of overlapping subproblems. |



Summary

The design of a dynamic programming algorithm proceeds in two phases:

l. Analyze the structure of an optlmal solution to develop a recurrence for the cost of
~an optimal solution. |

'2. Develop an algorithm that uses the recurrence to compute an optimal solution
o Recurswely using memoization or

C Iteratlvely by populating a table with the costs of the solutions to aII possible
subproblems. . |

Both types of algorithms compute optimal solutions bottom-up.



