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Abstract

Wepresentanew algorithmto testwhetheragivengraphG is planarandto computeaplanarembedding
Ĝ of G if suchanembeddingexists.Ouralgorithmutilizesafundamentallynew approachbasedongraph
separatorsto obtainsuchanembedding.TheI/O-complexity of our algorithmis O

�
sort

�
N ��� . A simple

simulationtechniquereducestheI/O-complexity of ouralgorithmto O
�
perm

�
N ��� . Weproveamatching

lowerboundof Ω
�
perm

�
N ��� I/Os for computingaplanarembeddingof a givenplanargraph.

1 Introduction

I/O-efficientgraphalgorithmshavereceivedconsiderableattentionbecausemassivegraphsarisenaturallyin
many applications.Recentwebcrawls, for example,producegraphsof ontheorderof 200million nodesand
2 billion edges.Recentwork in webmodelingusesdepth-firstsearch,breadth-firstsearch,shortestpaths,
andconnectedcomponentsasprimitive operationsfor investigatingthestructureof the web [7]. Massive
graphsare also often manipulatedin GeographicInformation Systems(GIS), wheremany fundamental
problemscan be formulatedas basicgraphproblems. The graphsarising in GIS applicationsare often
planar. Yet anotherexampleof massive graphsis AT&T’ s 20TB phonecall graph[8]. When working
with suchlarge datasets,the transferof databetweeninternalandexternalmemory, andnot the internal
memorycomputation,is often thebottleneck.Thus,I/O-efficient algorithmscanleadto considerablerun-
time improvements.

Many graphalgorithmsdesignedin theRAM modelof computationusebreadth-firstsearch(BFS) or
depth-firstsearch(DFS) to explore thegivengraph,asthesetwo strategiescaneasilybe realizedin linear
time; yet they provide valuableinformationaboutthestructureof thegraph.Unfortunately, no I/O-efficient
algorithmsfor BFSandDFSin arbitrarysparsegraphsareknown, while existing algorithmsperformrea-
sonablywell on densegraphs.This forcesalgorithmdesignersto developalgorithmsthatavoid usingBFS
or DFSasprimitive operations,if they areto beI/O-efficient.

Recently, a numberof papers[4, 5, 17, 33] have focusedon developing I/O-efficient algorithmsfor
fundamentalgraphproblemson embeddedplanargraphs.Thesealgorithmssolve BFS,DFS,singlesource
shortestpaths(SSSP),andtheproblemof computingweightedseparatorsof anembeddedplanargraphin
O � sort� N ��� I/Osusinglinearspace.Fromapracticalpointof view thefactthatthesealgorithmsneedaplanar
embeddingto begivenaspartof the input is not a seriousconstraint,asin mostlargescaleapplicationsit
�
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is known that a given graphis planaronly becausea planarembeddingof the graphis given. From a
theoreticalpoint of view, however, it is desirableto designI/O-efficient algorithmsfor planaritytestingand
planarembedding,in order to obtain I/O-efficient algorithmsfor a numberof fundamentalproblemson
planargraphswhichdo not requireany additionalinformationaboutthegivengraph.

1.1 Model of Computation

Thealgorithmin thispaperis designedandanalyzedin theParallelDisk Model (PDM) [32]. In thismodel,
D identicaldisksof unlimited sizeareattachedto a machinewith an internalmemorycapableof holding
M dataitems. Thesedisksconstitutethe externalmemoryof the machine. Initially, all datais storedon
disk. Eachdisk is partitionedinto blocksof B dataitemseach.An I/O-operationis thetransferof up to D
blocks,atmostoneperdisk, to or from internalmemoryfrom or to externalmemory. Thecomplexity of an
algorithmin thePDM is thenumberof I/O-operationsit performs.

Sorting,permuting,andscanningan arrayof N consecutive dataitemsareprimitive operationsoften
usedin external memoryalgorithms. Their I/O-complexities are sort� N �
	 Θ ��� N ��� DB��� logM  B � N � B��� ,
perm� N ��	 Θ � min � N � sort� N ����� , andscan� N ��	 Θ � N ��� DB ��� , respectively [32].

1.2 Previous Results

I/O-efficient graphalgorithmshave beenstudiedin a numberof papers[1, 2, 4, 5, 9, 11, 17, 20, 22, 23,
25, 27, 31]. We only discussresultson undirectedBFS,DFS,singlesourceshortestpaths,planarembed-
ding, andgraphconnectivity here.ThebestSSSPalgorithmfor arbitraryundirectedgraphstakesO ���V ���
���E ��� B� log2 �E ��� I/Os [20]. ThebestBFSalgorithmfor arbitraryundirectedgraphstakesO ���V ��� sort���E �����
I/Os [27]. Recentlya BFS algorithm for graphsof boundeddegreehasbeenpresentedin [25]. If d is
the maximumvertex degreein the graph,the algorithmtakes O ���V ����� γ logd B��� sort� Bγ �V ����� I/Os using
O ���V ��� B1 � γ � blocksof externalmemory, for 0 � γ � 1

2.
In [17], an O � sort� N ��� I/O algorithmfor computinga 2/3-separatorof sizeO ��� N � for an embedded

planargraphG is given, provided that a BFS-treeof G is part of the input. In [4], this idea hasbeen
extendedto obtainanO � sort� N ��� I/O algorithmto computeanε-separatorof sizeO � sort� N ����� N � ε � for
anembeddedplanargraph,provided thata BFS-treeof thegraphis given. Using thecomputedseparator,
the SSSPproblemcanthenbe solved in O � sort� N ��� I/Os for the given graph[4]. In a recentpaper[5],
two DFSalgorithmsfor embeddedplanargraphsaregiven. Thefirst onetakesO � sort� N � logN � I/Os. The
secondonetakesO ����� N ��� I/Os, where � � N � is the numberof I/Os requiredto computea BFS-treeof an
embeddedplanargraph.Anotherrecentresult[33] shows how to computeanε-separatorof sizeO ��� N � ε �
for anunweightedplanargraphin O � sort� N ��� I/Os, provided that εN log2 � DB �!� M. This algorithmdoes
not requireaBFS-treeor embeddingof thegivengraphaspartof theinput. Togetherwith theresultsof [4]
and[5] this impliesthatBFS,DFS,andSSSPcanbesolvedin O � sort� N ��� I/Osonembeddedplanargraphs,
provided thatM "#� DB � 2 log2 � DB� . Also, oncea BFS-treeandanembeddingof G is given, theseparator
algorithmof [3] canbe realizedusingexternalmemorytechniquesto computein O � sort� N ��� I/Os an ε-
separatorof sizeO ��� N � ε � for a weightedplanargraphG. We arenot awareof any resultson computing
planarembeddingsI/O-efficiently.

In [22], it is shown how to testagivengraphG for outerplanarityandcomputeanouterplanarembedding
of G. Giventheembedding,it is shown how to solveBFS,DFS,andhow to computea2/3-separatorof size
2 for G. All algorithmsin [22] take O � sort� N ��� I/Os. In [23] it is shown how to solve theSSSPproblem
in O � sort� N ��� I/Os on graphsof boundedtreewidth. It is shown in [22] thatBFS,DFS,andSSSPrequire
at leastΩ � perm� N ��� I/Os,evenon outerplanargraphs.It is alsoshown thatouterplanarembeddingtakesat
leastΩ � perm� N ��� I/Os.
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In [9], I/O-efficient algorithmsfor computingthe connectedandbiconnectedcomponentsof an undi-
rectedgrapharepresented.Thesealgorithmstake O � sort� N ��� I/Os on graphswhich aresparseunderedge
contraction.This includesplanargraphs.Thesealgorithmsaretheresultof applyinga generalsimulation
techniquefor PRAM algorithmsin externalmemoryto theconnectivity algorithmof [10] andthebiconnec-
tivity algorithmof [30]. Thereareno direct resultson computingtriconnectedcomponentsI/O-efficiently,
althoughonemayapplythePRAM simulationof [9] to thetriconnectivity algorithmof [13].

A numberof PRAM algorithmsfor planaritytestingandplanarembeddinghavebeenproposed[18, 19,
26, 28]. In [19], thefirst suchalgorithmusinga linearnumberof processorswaspresented;thealgorithm
runs in O � log2

2 N � time. The algorithmof [28] runs in O � log2N � time usingO � C � N ��� processors,where
C � N � is thenumberof processorsrequiredto computetheconnectedcomponentsof a graphin O � log2 N �
time. UsingthePRAM simulationtechniqueof [9], onecanobtainI/O-efficient,but suboptimal,embedding
algorithmsfrom the algorithmsof [19, 28]. A moredirect implementationof the algorithmof [28] using
externalmemorytechniquesproducesa planarembeddingalgorithmthat takesO � sort� N ��� I/Os. However,
it is not clearwhetherthealgorithmof [28] canbeusedto testwhetheragivengraphis planar.

In internal memory, planarity testingand the problemof computinga planarembeddingof a given
graphG arewell-studied.Thefirst paperto presenta linear time algorithmfor planaritytestingandplanar
embeddingis [16]. A previousalgorithmof [21] waslatermadeto run in lineartimeusingresultsof [6, 12].
Importantimplementationdetailsof the algorithmof [16] areprovided in [24]. Any graphtraversalcan
be usedto identify the connectedcomponentsof a graphin linear time. In [29], a linear time algorithm
for finding thebiconnectedcomponentsof a graphis presented.In [15], the ideaof [29] wasextendedto
identify thetriconnectedcomponentsof abiconnectedgraph.

1.3 Our Result

In this paper, we presenta new algorithmto testwhethera given graphis planarandto computea planar
embeddingof the graphif the answeris affirmative. Our algorithm takes O � sort� N ��� I/Os using linear
space,provided that M "$� DB � 2 log2 � DB� . Intuitively, our approachcan be describedas follows: First
usethe algorithmof [33] to computea subsetS of O � N ��� DB��� verticesof G whoseremoval partitionsG
into O � N ��� DB� 2 � subgraphsG1 ��%�%�%&� Gk of sizeat most � DB� 2 each.EachgraphGi is adjacentto at most
DB separatorvertices,which we denoteby ∂Gi. Let G̃i be the subgraphof G inducedby the verticesin
V � Gi ��' ∂Gi, for 1 � i � k. Let G(1 ��%�%�%&� G(l betheconnectedcomponentsof graphsG̃1 ��%�%�%�� G̃k. Denotethe
setof separatorverticesin G( j , 1 � j � l , by Sj .

For eachgraphG( j , computeaconstraintgraphCj of sizeO ���Sj ��� whichcapturestheconstraintsimposed
on theembeddingof G by G( j . Informally, theseconstraintsareof theform: Cantwo separatorverticesbe

on the samefaceof an embeddingĜ( j of G( j? In which orderdo they have to appearalongthe boundary
of sucha face? Etc. Theseconstraintsarederived from a decompositionof G( j into its biconnectedand
triconnectedcomponents.JoininggraphsC1 ��%�%�%�� Cl at their separatorvertices,we obtainan approximate
graphA of sizeO � N ��� DB��� . We show thatG is planarif andonly if G̃1 ��%�%�%�� G̃k areplanarandA is planar.
Also, a planarembeddingof G can be obtainedfrom a planarembeddingof A by locally replacingthe
embeddingŝC1 ��%�%�%&� Ĉl of graphsC1 ��%�%�%�� Cl in Â with consistentembeddingŝG(1 ��%�%�%&� Ĝ(l of graphsG(1 ��%�%�%�� G(l .

Our algorithmspendsO � sort� N ��� I/Os to computetheseparatorS, usingtheresultof [33]. Computing
graphsC1 ��%�%�%)� Cl takesO � scan� N ��� I/Os,aseachgraphG( j hassizeat most � DB� 2 ��� DB�*� M and,hence,
theconstructionof Cj from G( j canbe carriedout in internalmemory. Computinga planarembeddingof
A takesO � N ��� DB��� I/Os usingthealgorithmof [16], as �A �+	 O � N ��� DB��� . Finally, theembeddingof G is
constructedin O � sort� N ��� I/Os,asthereplacementof embeddingŝC1 ��%�%�%�� Ĉl by embeddingsĜ(1 ��%�%�%�� Ĝ(l can
be donelocally andthusin internalmemory;thenecessarycoordinationbetweentheselocal replacement
stepsis achievedusingtime-forwardprocessing[9].
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In orderto prove thatouralgorithmis optimalup to aconstantfactor, weshow thatit takesΩ � perm� N ���
I/Os to computea planarembeddingof a given planargraph. A simple simulation techniquetogether
with any linear time embeddingalgorithm reducesthe I/O-complexity of our embeddingalgorithm to
O � perm� N ��� I/Os, therebymatchingthelowerbound.

1.4 Preliminaries

An undirectedmultigraph G 	,� V � E � is an orderedpair of a setV anda multisetE. The elementsof V
arethe verticesof G; the elementsof E arethe edgesof G andareunorderedpairs - v� w . , v� w / V. We
sometimesrepresenttheelementsin E astriples � v� w� i � to distinguishthedifferentcopiesof edge- v� w . in
E. Triples � v� w� i � and � w� v� i � areconsideredto representthesameedge.For anedge- v� w .0/ E, verticesv
andw aretheendpointsof edge- v� w . . Verticesv andw aresaidto beadjacent. Edge - v� w . is incidentto
verticesv andw. GraphG is simpleif every edgeappearsat mostoncein E.

A multigraphH 	1� W� F � is a subgraph of a multigraphG if W 2 V andF 2 E. A path in G is a
subgraphP 	,� W� F � of G suchthatW 	3- v0 ��%�%�%�� vp . andF 	3-4- vi � 1 � vi . : 1 � i � p. . In this case,we
write P 	$� v0 ��%�%�%�� vp � . We call v0 andvp theendpointsof P. A pathP 	$� v0 ��%�%�%�� vp � is simpleif vertices
v0 ��%�%�%�� vp� 1 arepairwisedistinctandverticesv1 ��%�%�%&� vp arepairwisedistinct.Wecall P acycleif v0 	 vp. In
this case,we write P 	5� v0 ��%�%�%�� vp � 1 � .

For a setW 2 V of vertices,let G 6W 7 be the subgraphof G inducedby W. GraphG 6W 7 is defined
as G 6W 78	1� W��-4- v� w .9/ E : v� w / W .:� . Similarly, for a set F 2 E of edges,graphG 6F 7 is definedas
G 6 F 7;	<�>=@? vAwBDC F - v� w .E� F � . For a setof verticesW 2 V, let G F W 	 G 6V G W 7 ; for a vertex v / V, graph
G F v is the sameas graphG FH- v . . For a set of edgesF 2 E, let G F F 	 G 6E G F 7 . For a subgraph
H 	I� W� F � of G, let G F H 	 G 6E � G�JG E � H ��7 . Let F 2 E andH 	 G 6F 7 . ThenH̄ 	 G 6E G F 7 . For agraph
G 	 G1 ' G2 suchthatV � G1 �;K V � G2 �*	 W anda graphG(1 with W 2 V � G(1 � , let G 6G1 � G(1 7 be thegraph
G(1 ' G2. Intuitively, G 6G1 � G(1 7 is thegraphobtainedfrom G by replacingsubgraphG1 with graphG(1.

A multigraphG is connectedif thereis a pathwith endpointsv andw, for all v� w / G. Theconnected
componentsof G arethemaximalconnectedsubgraphsof G. A cutpointof a connectedmultigraphG is a
vertex v suchthatG F v is disconnected.MultigraphG is biconnectedif it doesnothaveany cutpoints.The
biconnectedcomponentsor bicompsof a connectedmultigraphG arethemaximalbiconnectedsubgraphs
of G. Thebicompsof anarbitrarymultigrapharethebicompsof its connectedcomponents.

GivenamultigraphG 	L� V � E � andasubgraphH 	M� W� F � of G, thebridgesof H aredefinedasfollows:
Considertheconnectedcomponentsof G F V � H � . Let K besuchacomponent.ThenK definesanon-trivial
bridge of H which is thesubgraphof G inducedby all edgesincidentto verticesin K. A trivial bridge is an
edgein G F H with bothendpointsin H. Thetrivial andnon-trivial bridgesarethebridgesof H in G.

A pair - v� w . of verticesof a biconnectedgraphG is a separation pair if graphH 	3��- v� w .E� /0 � hasat
leasttwo non-trivial bridgesin G or at leastthreebridges,oneof which is non-trivial. In the formercase,
we call - v� w . a non-trivial separation pair. If G is a simplegraph,thenall separationpairsarenon-trivial.
GraphG is triconnectedif it doesnothave aseparationpair.

Givena separationpair - v� w . with bridgesB1 ��%�%�%�� Bq, thesplit s� v� w� i � choosestwo graphsB( andB( (
suchthat B( 	 B1 'ON�N�NP' BqQ , B( ( 	 BqQSR 1 'TN�N�NU' Bq, E � B( �V" 2 andE � B( ( �V" 2, andpartitionsG into two
subgraphsG1 	W� V � B(X�)� E � B(Y�E'Z-�� v� w� i �&.:� andG2 	M� V � B( (Y�)� E � B( (X�E'[-�� v� w� i �&.:� . Edge � v� w� i � is calledthe
virtual edge correspondingto split s� v� w� i � . Thesplit componentsof G aredefinedasthegraphsobtained
by recursively splitting G1 andG2 until thereareno moreseparationpairs. Thesplit componentsof G are
notnecessarilyunique.Therearethreetypesof split components:(1) triconnectedsimplegraphs,(2) triple
bonds(two verticeswith threeedgesbetweenthem),and(3) triangles.

The merge m� v� w� i � of two graphsG1 andG2 sharinga virtual edge � v� w� i � constructsa graphG 	
� V � G1 �\' V � G2 �)�&� E � G1 �\GV-�� v� w� i �&.:�]'^� E � G2 �_GV-�� v� w� i �&.:��� from G1 andG2. A graphG canbe recon-
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structedfrom its split componentsby recursive applicationof merge operations.To constructthe tricon-
nectedcomponentsof abiconnectedgraphG, mergebondssharingvirtual edgesuntil no two bondssharea
virtual edge,andmergesimplecyclessharingvirtual edgesuntil no two simplecyclessharea virtual edge.
TheresultinggraphsaretheTuttecomponents, triconnectedcomponents, or tricompsof G. If G is not bi-
connected,thetricompsof G arethetriconnectedcomponentsof its bicomps.Thetriconnectedcomponents
of G areuniqueandof threetypes: (1) triconnectedsimplegraphs,(2) bonds,and(3) simplecycles. The
separationpairscorrespondingto theremainingvirtual edgesaretheTuttepairs of G. Let H 	5� W� F � bea
graphobtainedby merginganumberof tricomps,andlet F ( bethesetof virtual edgesin H. Thenthekernel
H ` of H is thegraphH `a	I� W� F G F (Y� .

A graphG is planar if it canbe drawn in the planeso that the edgesof G do not intersect,exceptat
their endpoints.Sucha drawing of G is calleda topological embeddingof G anddenotedby b[� G� . Every
topologicalembeddingof G definesanorderof theedgesincidentto eachvertex v / G, clockwisearoundv.
A representationof theseordersfor all verticesv / G is calledacombinatorialembeddingof G anddenoted
by Ĝ. For mostgraphalgorithms,the latter is sufficient, so that the planarityproblemis the problemof
computinga combinatorialembeddingof a given graph. Givena topologicalembeddingb[� G� consistent
with a combinatorialembeddingĜ of G, we call theconnectedregionsof c 2 G
b[� G� the facesof Ĝ. Let
F denotethe setof facesof Ĝ. By Euler’s formula �V ���d�F �UF��E �:	 2. In particular, �E �E� 3 �V �UF 6, for
every simpleplanargraphG. We definethesize �G � of a planargraphG asthenumber �V � of verticesin G.
Theplanarembeddingof asimpletriconnectedplanargraphG is uniquein thefollowing sense[14]: Let Ĝ1

andĜ2 betwo planarembeddingsof G. ThenĜ1 andĜ2 have thesamenumberof faces,andthereexistsa
bijectionσ : 6 1 � k7_ef6 1 � k7 suchthat if f1 ��%�%�%&� fk arethe facesof Ĝ1 and f (1 ��%�%�%�� f (k arethe facesof Ĝ2, then
facesfi and f (σ g i h have thesameverticeson their boundaries;moreover, eithertheorderof theverticeson
theboundaryof face fi is thesameasthaton theboundaryof f (σ g i h , for all 1 � i � k, or theorderis reversed,
for all 1 � i � k.

Givena setS 2 V of verticesof G anda subgraphH 2 G F S, ∂H is thesetof verticesin Sadjacentto
verticesin H. Wecall ∂H theboundaryof H.

A graphG 	<� V � E � is bipartite if thevertex setV canbepartitionedinto two setsV1 andV2 suchthat
v / V1 andw / V2, for every edge- v� w .@/ E. In this casewe write G 	3� V1 � V2 � E � . We needthefollowing
technicalresults.

Lemma 1.1 [33] Let G 	3� V1 � V2 � E � bea simpleconnectedbipartiteplanargraphsuchthat theverticesin
V2 have degreeat leastthreeeach.Then �V2 �:� 2 �V1 � .
Lemma 1.2 GivenanembeddingĜ of asimplebiconnectedplanargraphG, graphG is triconnectedif and
only if thereareno two facesf1 and f2 of Ĝ andtwo verticesv andw suchthatv andw areon theboundary
of both f1 and f2, but edge- v� w . doesnotexist or is on theboundaryof atmostoneof f1 and f2.

Proof. First assumethat therearetwo facesf1 and f2 of Ĝ andtwo verticesv andw suchthatv andw are
ontheboundariesof both f1 and f2, but edge- v� w . doesnotexist or is ontheboundaryof atmostoneof f1
and f2. Assumew.l.o.g.thatedge- v� w . is on theboundaryof face f2 if this edgeexists(Figure1.1a).Let
P1 bethepathfrom v to w counterclockwisearoundf1, andP2 bethepathfrom v to w clockwisearoundf1.
As edge- v� w . is noton theboundaryof face f1, pathP1 containsaninternalvertex x, andpathP2 contains
aninternalvertex y. We canconnectverticesv andw by two curvesα andβ thatarecompletelycontained
in theinteriorsof facesf1 and f2, respectively. Theunionof curvesα andβ is aclosedJordancurve γ which
doesnot intersectany edgesof G andcontainsonly verticesv andw. Vertex x is insideγ, vertex y is outside.
Thus,any pathfrom x to y mustcontaineitherv or w, so that - v� w . is a separationpair. Hence,graphG
cannotbetriconnected.
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Figure 1.1
Proofof Lemma1.2.

Now assumethatG is not triconnected.ThenG mustcontaina separationpair - v� w . . Thevertex set
V Gi- v� w . canbe partitionedinto two non-emptysetsV1 andV2 suchthat any pathbetweentwo vertices
x / V1 andy / V2 mustcontainat leastoneof v andw. Let G1 	 G 6V1 'j- v� w .P7 andG2 	 G 6V2 'j- v� w .P7 . If
edge- v� w . is in G, remove thisedgefrom G2. GraphsG1 andG2 arebiconnectedandplanar. In particular,
let Ĝ1 andĜ2 betherestrictionsof embeddingĜ of G to G1 andG2, respectively. ThenĜ2 is containedin a
face f1 of Ĝ1, andĜ1 is containedin a face f2 of Ĝ2. Both f1 and f2 containv andw (Figure1.1b).

By joining thetwo copiesof v andw in G1 andG2, face f1 	 f2 in Figure1.1bis split into two facesf (
and f ( ( bothof which have v andw on their boundaries(Figure1.1c). However, neitherG1 nor G2 consist
of a singleedge,sothat f ( and f ( ( cannotshareedge- v� w . . Facesf ( and f ( ( arefacesof Ĝ, sothatwe have
shown that therearetwo facesf ( and f ( ( of Ĝ andtwo verticesv andw sothatv andw aresharedby faces
f ( and f ( ( , but edge- v� w . is not.

2 Overview of Our Algorithm

In this section,we presenttheframework of our algorithm. In subsequentsectionswe fill in thenecessary
details.Algorithm 2.1givesanoutlineof ouralgorithm.

Theorem 2.1 Algorithm 2.1 correctly testswhethera simple graphG is planarand computesa planar
embeddingĜ of G if G is planar. The algorithmtakesO � sort� N ��� I/Os usingO � N � B� blocksof external
memory, providedthatM "L� DB � 2 log2 � DB� .
Proof. Wefirstprovethecorrectnessof Algorithm2.1.AssumethatouralgorithmreportsthatgraphG is not
planar. This canhappenin lines2, 6, 12,or 18. If �E �:k 3 �V ��F 6, graphG is not planarby Euler’s formula.
Theseparatoralgorithmof [33] canfail for two reasons:EitherG is not sparseunderedgecontraction,or
thealgorithmidentifiesa non-planarsubgraphof G. In bothcases,G cannotbeplanar. If oneof thegraphs
G(1 ��%�%�%�� G(l is non-planar, G cannotbe planar, as thesearesubgraphsof G. Finally, if A is non-planar, G
cannotbeplanarby Lemma7.1. On theotherhand,if our algorithmdoesnot reportthatG is non-planar,
theoutputof thealgorithmis aplanarembeddingĜ of G, by Lemma8.1.

Next we analyzethe I/O-complexity of Algorithm 2.1. Lines 1–3 take O � scan� N ��� I/Os, asthey only
requirecountingtheverticesandedgesin G. As shown in [33], Lines4–7 take O � sort� N ��� I/Os, provided
thatM "W� DB� 2 log2 � DB � . Lines8–9take O � scan� N ��� I/Os,aseachsubgraphG̃i hassizeat most � DB � 2 �
� DB� ; thus, eachsubgraphfits into internal memory, and we cancomputegraphsG(1 ��%�%�%&� G(l by loading
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Input: A simplegraphG 	I� V � E � .
Output: A planarembeddingĜ of G or theanswerthatG is notplanar.

1: if �E �:k 3 �V �&F 6 then
2: ReportthatG is notplanarandexit.
3: end if
4: Computea setSof O � N ��� DB ��� verticesof G whoseremoval partitionsG into O � N ��� DB� 2 � subgraphs

G1 ��%�%�%�� Gk suchthat �Gi �:�L� DB� 2 and � ∂Gi �l� DB, for 1 � i � k.
5: if Step4 reportsanerrorthen
6: ReportthatG is notplanarandexit.
7: end if
8: Let G̃1 ��%�%�%�� G̃k bethegraphsdefinedasG̃i 	W� V � Gi �4' ∂Gi ��-4- v� w .m/ E : v / V � Gi �4n w / V � Gi �4' ∂Gi .:� .
9: Let G(1 ��%�%�%)� G(l betheconnectedcomponentsof graphsG̃1 ��%�%�%&� G̃k.

10: for j 	 1 ��%�%�%&� l do
11: if G( j is notplanarthen
12: ReportthatG is notplanarandexit.
13: end if
14: ComputetheconstraintgraphCj of G( j .
15: end for
16: Let A 	 G 6S7+' C1 '9N�N�N�' Cl

17: if A is notplanarthen
18: ReportthatG is notplanarandexit.
19: end if
20: ComputeaplanarembeddingÂ of A.
21: for i 	 1 ��%�%�%)� j do
22: Let Ĉj betherestrictionof embeddingÂ to Cj .
23: ReplaceĈj by anembeddingĜ( j of G( j .
24: end for
25: Let Ĝ betheresultingembeddingof G.

Algorithm 2.1
Planarityalgorithm.
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graphsG̃1 ��%�%�%�� G̃k into internal memory, one at a time, and partitioningeachof them into its connected
components.Similarly, Lines10–15take O � scan� N ��� I/Os,aseachsubgraphG( j is smallenoughto fit into
internalmemory. Line 16 requiressortingandscanningthevertex andedgesetsof graphsG 6S7>� C1 ��%�%�%�� Cl ,
in orderto eliminatemultiple verticesandedgeswith thesamenamein differentsubgraphs.Thus,this step
takesO � sort� N ��� I/Os. By Lemma7.2,graphA hassizeO � N ��� DB��� , sothatLines17–20take O � N ��� DB���
I/Os. Lines21–25take O � sort� N ��� I/Os,by Lemma8.1.

In Sections3 through6, wedescribetheconstructionof constraintgraphsC1 ��%�%�%�� Cl from graphsG(1 ��%�%�%�� G(l ,
show thateachsuchgraphCj hassizelinear in thenumberof separatorverticesin G( j , andthat thegraph
G 6G( j � Cj 7 is planarif andonly if G is planar. An inductive applicationof this argumentproves that A is
planarif andonly if G is planar. In Section7, we prove thatgraphA hassizeO � N ��� DB��� . In Section8, we
show thata planarembeddingĜ of G canbederivedfrom a planarembeddingÂ of A by locally replacing
the restrictionsĈ1 ��%�%�%�� Ĉl of Â to subgraphsC1 ��%�%�%�� Cl with consistentembeddingsĜ(1 ��%�%�%&� Ĝ(l of graphs
G(1 ��%�%�%�� G(l . In fact, this follows immediatelyfrom the propertiesof graphsC1 ��%�%�%&� Cl shown in Sections3
through6; but Section8 providesimportanttechnicaldetailsof thereplacementprocedure.

3 Computing the Constraint Graphs

Thecoreof ouralgorithmis theconstructionof theconstraintgraphsC1 ��%�%�%�� Cl from graphsG(1 ��%�%�%�� G(l . Our
constructionensuresthat graphG 6G( j � Cj 7 is planarif andonly if G is planar;a planarembeddingĜ of G

canbeobtainedfrom a planarembeddingĜ 6G( j � Cj 7 of G 6G( j � Cj 7 by locally replacingtheembeddingof Cj

inducedby Ĝ 6G( j � Cj 7 with aconsistentembeddingof G( j .
We assumefor therestof thepaperthatgraphsG(1 ��%�%�%�� G(l areplanarbecauseotherwiseAlgorithm 2.1

correctlyreportsthat G is non-planar, regardlessof thecorrectnessof the restof the algorithm. Thecon-
structionof graphsC1 ��%�%�%�� Cl partitionseachgraphG( j into its bicompso j A 1 ��%�%�%���o j A qj , andeachbicomp o j A k
into its tricomps p j A k A 1 ��%�%�%���p j A k A r j q k . TheconstraintgraphCj of G( j is now constructedin abottom-upfashion
from theconstraintgraphsCr

j q k q l of tricomps p j A k A l . In particular, theconstraintgraphCs j q k of a bicomp o j A k
is computedby classifyingthetricompsof o j A k into two classes;“essential”tricompsarereplacedby their
constraintgraphs;“inessential”tricompsareeithercompletelyremoved,or groupsof themarereplacedby
constraintgraphsof constantsize.Theconstructionof Cj from constraintgraphsCs j q 1 ��%�%�%�� Cs j q qj

follows the
samepattern.“Essential”bicompsarereplacedby their constraintgraphs;“inessential”bicompsareeither
removed,or groupsof themarereplacedby constraintgraphsof constantsize.

Theclassificationof subgraphsasessentialor inessentialis closelytied to theconceptof requiredver-
ticesin sucha subgraph.For any subgraphH of G, therequired verticesof H aretheverticessharedby H
andH̄. Thatis, for agraphG( j , all separatorverticesin G( j arerequired;for abicomp o all separatorvertices
andcutpointsin o arerequired;finally, for a tricomp p all separatorvertices,cutpoints,andmembersof
separationpairsarerequired.For any graphH, thevertex setof its constraintgraphCH hasto containat
leasttherequiredverticesof H. To seewhy this is necessary, assumethatthereexistsapathin H connecting
two of its requiredvertices.If this pathis partof a subgraphof G homeomorphicto K5 or K3 A 3, andoneof
thetwo requiredverticesis notpresentin CH , G 6H � CH 7 maybeplanareventhoughG is not.

Thefollowing sectionsfollow thebottom-upconstructionof graphsC1 ��%�%�%�� Cl . Section4 describesthe
constructionof the constraintgraphCr of a tricomp p . Section5 shows how to constructthe constraint
graphCs of a bicomp o , usingthe constraintgraphsof the tricompsof o asbuilding blocks. Section6
describeshow to assembletheconstraintgraphCj of graphG( j from theconstraintgraphsof thebicompsof
G( j .
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(a) (b)

Figure 4.1
(a) A tricomp p with its face-on-vertex graphGF . Requiredverticesarewhite discs;verticesthatarenot
requiredareblackdiscs;faceverticesaresquares.Edgesof p aresolid; edgesof GF aredashed.(b) The
compressedface-on-vertex graphG(F of p .

4 The Constraint Graph of a Tricomp

Let p bea tricomp,andlet R��p[� denoteits setof requiredvertices.Our goal is to constructa constraint
graphCr for p whosevertex sethassizeO ���R��p[�P��� , which containsall virtual edgesof p , andsuchthat
G is planarif andonly if G 6tp ` � C `r 7 is planar. If p is a bond,theconstraintgraphCr of p is p itself. If p
is acycle pW	#� v1 ��%�%�%�� vk � , let v(1 ��%�%�%&� v(l betherequiredverticesin p , appearingin thisorderalong p . Then
Cr is thecycleCr 	#� v(1 ��%�%�%�� v(l � . Therestof thissectiondealswith theconstructionof Cr in thecasewhen
p is a triconnectedsimplegraph.

Let ˆp be theuniqueplanarembeddingof p . The face-on-vertex graphGF of ˆp is definedasfollows
(Figure4.1a): GF containsall verticesof p aswell asonevertex vf per face f in ˆp . Thereis an edge
betweena facevertex vf anda vertex w /up if andonly if w appearson theboundaryof face f . GraphGF

is planar. Orderingedges- vf � w1 .E��%�%�%���- vf � wk . aroundvf in thesameorderasverticesw1 %�%�%�� wk alongthe
boundaryof face f in ˆp , weobtainaplanarembeddingĜF of GF .

Ourgoalis to constructCr sothattheorderof requiredverticesaroundthefacesof ˆp is preservedin any
embeddingof Cr . Weremoveall verticesin V ��p[��G R��p9� from GF . Next weremove faceverticesadjacent
to atmostonerequiredvertex from GF ; but we ensurethatthedegreeof any requiredvertex in GF remains
at leasttwo. Wecall theresultinggraphG(F thecompressedface-on-vertex graphof ˆp (Figure4.1b).

Lemma 4.1 Thecompressedface-on-vertex graphG(F of a tricomp p is planarandhasat most10�R��pv�P�
vertices.

Proof. As G(F is a subgraphof GF , theplanarityof G(F is obvious. In fact,we will usetheembeddingĜ(F
of G(F inducedby theembeddingĜF of GF in theremainderof this section.In orderto countthenumber
of verticesin G(F , we partitiontheverticesin R��p[� into two groups.Theverticesin thefirst group,R1, are
adjacentonly to faceverticesof degreeone.Theverticesin thesecondgroup,R2, haveat leastoneneighbor
of degreeat leasttwo.

Thetotal numberof faceverticesadjacentto verticesin R1 is 2 �R1 � . Every vertex in R2 hasat mostone
adjacentfacevertex of degreeone. In order to countthe faceverticesof degreetwo in G(F , considerthe
subgraphH of G(F inducedby all verticesin R2 andall faceverticesof degreetwo in G(F . We constructa
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Figure 4.2
Proofof Lemma4.1.

graphH ( containingall verticesin R2. Thereis anedge- v� w .w/ H ( if thereexistsafacevertex in H whichis
adjacentto v andw. As H is asubgraphof G(F , H is planar. A planarembeddingof H ( caneasilybederived
from a planarembeddingof H. Hence,H ( hasat most3 �R2 � edges.We associatea facevertex x of degree
two with edge- v� w .@/ H ( if x is adjacentto v andw in H. Weshow thatthereareatmosttwo facevertices
associatedwith eachedgein H ( , sothatthereareat most6 �R2 � faceverticesof degreetwo in G(F .

Let v andw betwo verticessothatedge- v� w . hasthreefaceverticesvf1, vf2, andvf3 associatedwith it.
SeeFigure4.2.Then c 2 G!� v ' w ' f1 ' f2 ' f3 � consistsof threedisjoint regionsR1, R2, andR3. Only oneof
theseregionscanbedegenerate,i.e.,consistonly of theembeddingof edge- v� w . . W.l.o.g.,assumethatR2

is this region. ThenR1 containssomevertex x, andR3 containssomevertex y. Any pathfrom x to y must
passthrougheitherv or w, asthereareno edgescrossingfacesf1, f2, and f3. Thus, - v� w . is a separation
pair, contradictingthetriconnectivity of p .

ThesubgraphH ( ( of G(F inducedby all verticesin R2 andall faceverticesof degreeatleast3 isplanarand
bipartite,whereV1 	 R2 andV2 containsall faceverticesof degreeat least3. Hence,by Lemma1.1, �V2 �:�
2 �V1 �x	 2 �R2 � . Thus,G(F hasat most ���R1 �D� 2 �R1 ���J�����R2 �D�y�R2 �D� 6 �R2 ��� 2 �R2 ���z� 10�R��pv�P� vertices.

Next we useG(F to constructtheconstraintgraphCr of p . In orderto constructCr , we augmentG(F so
that we canconstructa graphH whoseface-on-vertex graphhasG(F asa subgraph.In particular, every
face-vertex in G(F musthave degreeat leastthreein order to representa valid face. Thus, for eachface
vertex vf in G(F of degreeatmosttwo, weaddoneor two dummyverticesandmake themadjacentto vf . If
vf hasdegreetwo, let x andy bethetwo requiredverticesadjacentto vf in G(F . If thereis anedgebetween
x andy in p , assumethatx, edge- x � y . , andy appearin this orderclockwisealong f ’s boundary. Thenwe
addthedummyvertex z incidentto vf clockwisebetweeny andx in theembeddingĜ(F . This construction
is illustratedin Figure4.3afor thetricomp p shown in Figure4.1a.

We constructa graphH whoseface-on-vertex graphhasG(F asa subgraph.GraphH hasthe required
anddummyverticesof G(F asvertices.Thereis anedge - x � y . in H if thereexists a face-vertex vf in G(F
suchthatedges- vf � x . and - vf � y . appearconsecutively in theclockwiseorderaroundvf . Thisconstruction
is shown in Figure4.3b. The embeddingĤ of graphH hasa numberof faceswhich arenot represented
by faceverticesin G(F . (In Figure4.3btheonly suchfaceis theouterface.) In orderto constructCr , we
augmentH sothattheresultinggraphCr is triconnectedandhasthepropertythatevery facein theunique
planarembeddingof Cr which doesnot correspondto a facevertex in G(F hasat mostonerequiredvertex
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(a) (b) (c)

Figure 4.3
(a) Thecompressedface-on-vertex graphG(F of tricomp p shown in Figure4.1a,augmentedwith dummy
vertices. (b) The graphH whoseface-on-vertex graphhasthe augmentedface-on-vertex graphG(F asa
subgraph.(c) TheconstraintgraphCr of p .

on its boundary. As aresult,thereexistsanaturalbijectionbetweenthefacesof ˆp andĈr with at leasttwo
requiredverticeson their boundaries.

The augmentationof H proceedsin threephases.First we iterateover all facesof Ĥ which do not
correspondto faceverticesin G(F . For every boundarycycle of sucha face f , let v1 ��%�%�%&� vk betherequired
verticesin thatcycle. (Notethatthis cycle is notnecessarilysimple,andsomerequiredverticesmayappear
morethanoncealongthe cycle.) For eachvertex vi , we split the two edgesprecedingandsucceedingvi

in the cycle by addingtwo dummyverticesui andwi on thesetwo edges;we connectverticesui andwi

by an edge - ui � wi . . As a result face f is partitionedinto a numberof triangles - ui � vi � wi . anda face f (
which doesnot have any requiredvertex on its boundary. If H is disconnected,the graphobtainedafter
this augmentationis alsodisconnected.This is equivalentto someface f ( having morethanoneboundary
cycle. As longasthereis sucha face f ( , we choosetwo of its boundarycyclesandtwo pairsof consecutive
vertices - x � y . and - u � v . on thesetwo cycles. Let x � y andu � v appearin this orderclockwisealongthese
two cycles. Thenwe addedges- x � v .E��- x � u .E��- y� u . to H, therebyconcatenatingthe two boundarycycles.
Oncethis procedureis finished,every faceof H hasa singleboundarycycle. We triangulateeachface f (
notcorrespondingto avertex in G(F by addingadummyvertex in thecenterof f ( andconnectingthisvertex
to every vertex on theboundaryof f ( . Theresultinggraphis theconstraintgraphCr of p .

Lemma 4.2 TheconstraintgraphCr of a tricomp p is aplanargraphwith O ���R��p[�P��� vertices.

Proof. Forbondsandcyclestheclaimtrivially holds,asall verticesin Cr arerequired.If p is atriconnected
simplegraph,we show the lemmaas follows. By Lemma4.1, graphG(F containsat most2 �R��p[�P� face
verticesof degreeoneandat most6 �R��p[�P� faceverticesof degreetwo. Thus,we addat most10�R��pv�P�
dummyverticesto G(F , in orderto increasethedegreeof eachfacevertex to at leastthree.Hence,graphH is
a planargraphwith at most11�R��pv�P� vertices.Theconstructionof Cr from H addsat mostonevertex per
edgeof H andat mostonevertex perfaceof H, 55�R��pv�P� verticesin total. Thus,Cr hasat most66�R��pv�P�
vertices.Theplanarityof Cr is explicitly guaranteedby theabove construction.

Lemma 4.3 TheconstraintgraphCr of a triconnectedsimplegraph p is a triconnectedsimplegraph.

Proof. To show thatCr doesnot containmultiple edges,observe thatgraphH constructedfrom G(F does
not have multiple edges:As we adddummyverticesseparatelyfor eachfacevertex of G(F , theonly edges
thatmaybeduplicatedin H arethosebothof whoseendpointsarerequiredvertices.If therearetwo faces
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f1 and f2 sharingverticesv andw in H, thetwo correspondingfacesin p sharev andw aswell. Hence,they
shareedge- v� w . , by thetriconnectivity of p andLemma1.2. In thiscase,ourconstructionguaranteesthat
no dummyverticesareinsertedbetweenv andw in theembedding.Thus,edge - v� w . is sharedby f1 and
f2. All edgesthataresubsequentlyaddedto H during theconstructionof Cr areaddedbetweenvertices
thatarenot in H; it is easyto verify thatwe addeachsuchedgeonly once.Hence,Cr is asimplegraph.

To show thatCr is triconnected,let Ĉr betheplanarembeddingof Cr derivedfrom theplanarembed-
ding ˆp of p usingtheaboveconstruction.By Lemma1.2,it is sufficient to show thatfor all facesf1 and f2
sharingtwo verticesv andw, edge- v� w . is on theboundaryof both f1 and f2.

To prove this,wepartitionthefacesof Ĉr into two categories:Required facesarethosethatcorrespond
to faceverticesin G(F ; all otherfacesareauxiliary faces.

If f1 and f2 areboth requiredfaces,thenv andw arerequiredvertices. This is true becausedummy
verticesarecreatedseparatelyfor eachfacevertex of G(F , so that no two requiredfacessharea dummy
vertex. Facesf1 and f2 correspondto two facesf (1 and f (2 of p sharingverticesvandw. Thus,by Lemma1.2,
edge - v� w . mustbeon theboundaryof both f (1 and f (2. As shown above, edgesbetweenrequiredvertices
arepreservedin Cr .

It is easyto verify thatall auxiliary facesof Ĉr aretriangles.Thus,if f1 and f2 arebothauxiliary faces,
edge- v� w . is on theboundaryof both f1 and f2.

If f1 and f2 areof differenttypes,assumew.l.o.g. that f1 is requiredand f2 is anauxiliary face.As f2
is a triangle,edge - v� w . is on theboundaryof face f2. Thus,it remainsto show thatedge - v� w . is on the
boundaryof face f1.

Let f bethefaceof H containingface f2. Face f is split into two typesof faces:trianglesproducedby
bridgingrequiredverticesontheboundaryof f andtrianglesproducedby triangulatingtheresultingface f ( .
If f2 is of theformertype, f1 and f2 canonly shareverticesui andvi or verticesvi andwi becausevertices
ui andwi areon theboundaryof differentrequiredfaces.Assumew.l.o.g. that f1 and f2 shareverticesui

andvi . Vertex ui hasbeeninsertedon anedge - x � vi . on theboundaryof a requiredface f0, so thatui , vi ,
andedge- ui � vi . areon theboundaryof face f0. As requiredfacesarenotpartitionedby ouralgorithm,and
f0 is theonly requiredfacehaving vertex ui on its boundary, wehave f1 	 f0. Hence,edge- ui � vi . is on the
boundaryof face f1.

If f2 is of the latter type, the edgesharedby f1 and f2 is on the boundaryof face f ( . By the above
argument,no facein f ( cansharetwo verticesui andwi with a requiredface. Also, no facecansharethe
centralvertex x of f ( with a requiredface. All otherpairsof verticeson the boundaryof trianglesin f (
correspondto edgeson theboundariesof requiredfaces.

Lemma 4.4 Let ˆp beaplanarembeddingof p , andĈr beaplanarembeddingof Cr . Let f1 ��%�%�%�� fk bethe
facesof ˆp with at leasttwo requiredverticeson their boundaries,and f (1 ��%�%�%&� f (l bethefacesof Ĉr with at
leasttwo requiredverticesontheirboundaries.Thenk 	 l , andthereexistsabijectionσ : 6 1 � k7�e{6 1 � k7 such
thatfacesfi and f (σ g i h have thesamerequiredverticeson their boundaries,in thesameorder.

Proof. Thelemmaholdstrivially for bondsandsimplecycles.
If p is a triconnectedsimplegraph,Cr is triconnectedby Lemma4.3. Hence,embeddingŝp andĈr

areunique. In particular, Ĉr is the embeddingof Cr derived from ˆp by our constructionabove. Faces
f1 ��%�%�%�� fk in ˆp correspondto faceverticesw1 ��%�%�%�� wk in G(F , which in turn correspondto facesf (1 ��%�%�%�� f (k in
Ĉr . Moreover, it is easilycheckedthatourconstructionpreservestheorderof requiredverticesaroundthese
faces.

Thus,in orderto prove the lemma,we have to show thateachauxiliary facehasat mostonerequired
vertex on its boundary. Every auxiliary faceis the resultof partitioninga face f of graphH in the above
constructionwhich doesnot correspondto a vertex in G(F . Face f is partitionedinto triangles - ui � vi � wi . ,
for eachrequiredvertex vi on theboundaryof f , anda face f ( which doesnot have any requiredvertices
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on its boundary. Verticesui andwi on theboundaryof a triangle - ui � vi � wi . aredummyvertices.Face f ( is
partitionedinto trianglesnoneof which hasa requiredvertex on its boundary. Thus,no auxiliary facehas
morethanonerequiredvertex on its boundary.

Let p 1 ��%�%�%&��p q bethetricompsof graphsG(1 ��%�%�%)� G(l . Thenwedefineasequenceof graphsG g 1h0 ��%�%�%&� G g 1hq such

thatG g 1h0 	 G andG g 1hi 	 G g 1hi � 1 6tp `i � C `r i
7 , for 1 � i � q. GraphG g 1h is definedasG g 1h 	 G g 1hq .

Lemma 4.5 GraphG g 1hi is planarif andonly if G g 1hi � 1 is planar, for 1 � i � q. A planarembeddingof G g 1hi � 1

canbeobtainedby locally replacingtheembeddingof C `r i
inducedby aplanarembeddingĜ g 1hi of G g 1hi with

aconsistentembeddingof pZ`i .

Proof. ConsideranembeddingĜ g 1hi � 1 of G g 1hi � 1. Let ˆp i betheuniqueplanarembeddingof p i, and ˆp `i bethe

planarembeddingof pZ`i obtainedfrom ˆp i by removing all virtual edgesin p i . Let Ĉr i
betheuniqueplanar

embeddingof Cr
i
, andĈ `r i

betheplanarembeddingof C `r i
obtainedfrom Ĉr

i
by removing all virtual edges

in Cr i
.

We partition ¯pZ`i into maximalsubgraphseachof which is embeddedinsidea face f of ˆpZ`i . Eachsuch
graphK is incidentonly to requiredverticeson theboundaryof f . If f is the resultof merging a number
of facesof ˆp i by removing virtual edges,eachconstituentfaceof f in ˆp i hasat leasttwo requiredvertices
on its boundary. Thus,theseconstituentfacesarepreservedin Ĉr i , by Lemma4.4.Moreover, they sharethe
samevirtual edgesin Ĉr

i
asin ˆp i. Thus,face f hasa correspondingface f ( in Ĉ `r i

with thesamerequired

verticeson its boundary, in thesameorder. If f is a faceof ˆp[`i consistingof asinglefaceof ˆp i with at least
two requiredverticeson its boundary, this faceis preserved in Ĉr

i
andthusin Ĉ `r i

, by Lemma4.4. Thus,
in bothcases,we canembedK inside f ( . If face f hasonly onerequiredvertex on its boundary, K canbe
embeddedinsidean arbitraryfaceof Ĉ `r

i
with this vertex on its boundary. Embeddingall subgraphsK in

thismanner, weobtainaplanarembeddingof G g 1hi from Ĝ g 1hi � 1. Theproof thatG g 1hi � 1 is planarif G g 1hi is planar
is similar.

Corollary 4.1 GraphG g 1h is planarif and only if graphG is planar. A planarembeddingof G can be
obtainedby locally replacingtheembeddingsof graphsC `r 1

��%�%�%�� C `r
q

with consistentembeddingsof graphs
p 1̀ ��%�%�%���p q̀ .

5 The Constraint Graph of a Bicomp

GivengraphG g 1h , whichwasconstructedby replacingeachtricompof graphsG(1 ��%�%�%�� G(l with its constraint
graph,we show next how to constructthe constraintgraphof a bicomp o . In order to do this, we usea
two-stepprocedureto classifythe tricompsof o asessentialor inessential.For anessentialtricomp p of
o , we leave theconstraintgraphCr of p in G g 1h unchanged.An inessentialtricomp is eithercompletely
removed from G g 1h , or it is groupedtogetherwith otherinessentialtricomps;eachsuchgroupis replaced
with aconstraintgraphof constantsize.

Let R��o|� bethesetof requiredverticesof o , and p 1 ��%�%�%)��p q beits tricomps.Wedefinethe tricomptree
T 	 T3 ��om� asfollows (seeFigure5.1): TreeT hasq verticesτ1 ��%�%�%&� τq, oneper tricomp p i . Thereis an
edge - τi � τ j .}/ T if tricomps p i and p j sharea virtual edge.By the recursive definitionof thetricompsof
a biconnectedsimplegraph,T is indeeda tree. For eachvertex v / R��o|� , we choosea tricomp pO� v� such
thatv /9pT� v� . Wecall a tricomp p i essentialif thereis avertex v / R��o|� suchthat p i 	LpO� v� . A tricomp p j

is potentiallyessentialif therearetwo essentialtricomps p i and p k suchthatvertex τ j is on thepathfrom
τi to τk in T. All othertricompsareinessential. In thenext section,we show that removing all inessential
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tricompsfrom G g 1h doesnot alter its (non-)planarity. Thenwe finish the classificationof the tricompsby
decidingwhich of thepotentiallyessentialtricompsareessential,andwhichareinessential.In Section5.2,
we replaceall tricompsclassifiedasinessentialin this secondroundof classificationby a smallnumberof
constantsizeconstraintgraphs.Section5.3putsthepiecestogetherandshowsthatthefinal constraintgraph
Cs of o hassizeO ���R��o|�P��� .

5.1 Discarding Inessential Tricomps

Let T ( be the treeobtainedby removing all verticesτ j correspondingto inessentialtricomps p j from T.
Let o~( bethesubgraphof o obtainedby merging all tricompscorrespondingto verticesin T ( . Thenodes
τ j / T correspondingto inessentialtricomps p j induceasetof maximalsubtreesT1 ��%�%�%�� Ts of T. Eachsuch
subtreeTj is connectedto T ( througha singleedge.Let K j be thesubgraphof o obtainedby merging all
tricompscorrespondingto the nodesin treeTj . As Tj andT ( shareonly a singleedge,K j and o�( share
exactlyonevirtual edge� v j � w j � i j � . Let o ( ( bethegraphobtainedby replacinggraphsK1̀ ��%�%�%�� Ks̀ with edges
� v1 � w1 � i1 �)��%�%�%&�&� vs � ws � is � in o . Alternatively, o�( ( is obtainedby makingall virtual edgesin o�( non-virtual.

Let o 1 ��%�%�%���o q bethebicompsof graphsG(1 ��%�%�%�� G(l . Thenwedefineasequenceof graphsG g 2h0 ��%�%�%�� G g 2hq ,

whereG g 2h0 	 G g 1h andG g 2hi 	 G g 2hi � 1 6to i ��o�( (i 7 . GraphG g 2h is definedasG g 2h 	 G g 2hq .

Lemma 5.1 GraphG g 2hi is planarif andonly if graphG g 2hi � 1 is planar, for 1 � i � q. A planarembedding

of G g 2hi � 1 canbeobtainedby locally replacingedgesin anembeddingof G g 2hi with embeddingsof inessential
tricompsof o i .

Proof. Let o�	Mo i , andlet treesT, T ( , andT1 ��%�%�%�� Ts andgraphso ( andK1 ��%�%�%�� Ks bedefinedasabove. Let
Ĝ g 2hi � 1 bea planarembeddingof graphG g 2hi � 1. For eachsubgraphK j of o , thereis a pathfrom v j to w j in K j̀ .

Thus,replacingK j̀ by edge� v j � w j � i j � in Ĝ g 2hi � 1 correspondsto removing thewholegraphK j̀ exceptthatpath
from G, andthenreplacingthis pathby a singleedge.As all tricompsin K j areinessential,v j andw j are
theonly verticessharedby K j̀ andK̄ `j . Hence,two pathsfrom verticesv j to w j in graphK `j andfrom vk to
wk in Kk̀ areinternallyvertex disjoint, so that replacingbothpathsby a singleedgedoesnot introducean

intersectionin theplanarembeddingof Ĝ g 2hi � 1. Applying this argumentto graphsK1̀ ��%�%�%�� Ks̀ in turn shows

thatG g 2hi is planarif G g 2hi � 1 is planar.

To show that G g 2hi � 1 is planarif G g 2hi is planar, recall that eachgraphK j̀ sharesonly verticesv j andw j

with K̄ j̀ . Hence,we canobtainanembeddingof G g 2hi � 1 from anembeddingof G g 2hi by replacingeachedge

� v j � w j � i j � in G g 2hi with an embeddingof graphK j̀ which hasverticesv j andw j on its outer face. The
existenceof suchan embeddingfollows immediatelyfrom the planarityof the tricompsof a biconnected
planargraph.

Corollary 5.1 GraphG g 2h is planarif andonly if graphG g 1h is planar. A planarembeddingof G g 1h canbe
obtainedby locally replacingedgesin anembeddingof G g 2h with embeddingsof inessentialtricomps.

Having disposedof thefirst setof inessentialtricomps,we now classifythepotentiallyessentialtricomps
of o�( ( asessentialor inessential.A potentiallyessentialtricomp is essentialif its correspondingvertex in
T ( hasdegreeat leastthree;otherwise,it is inessential.Note that all verticesin T ( whosecorresponding
tricompsareinessentialhave degreetwo. This is truebecauseall leavescorrespondto essentialtricomps,
andall tricompscorrspondingto internalnodesof degreeat leastthreehave beendeclaredessential.We
partitionthesetof nodescorrespondingto inessentialtricompsinto maximalpathsin T ( .
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Figure 5.1
A biconnectedplanargraphG, its tricomps,andits tricomptree. Tricompsarelabeledwith capitalletters.
Virtual edgesin thetricompsaredashed.
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Left fan Right fanCore

Separatingtricomps

Figure 5.2
Tricomps p 1 ��%�%�%)��p s andthefivegraphsinto which themergeof thesetricompsis beingdecomposed.

Let P 	I� τ1 ��%�%�%�� τs � besucha path,andlet τ0 andτsR 1 bethetwo otherneighborsof τ1 andτs, respec-
tively. Tricomps p 0 and p sR 1 areessential.Let � v j � w j � i j � be the virtual edgesharedby tricomps p j and
p j R 1, 0 � j � s. Let HP bethegraphobtainedby merging tricomps p 1 ��%�%�%&��p s. ThenHP containstwo virtual
edges: � v0 � w0 � i0 � and � vs � ws � is � . Also, asall tricompsin HP areinessential,graphHP̀ sharesonly vertices
v0, w0, vs, andws with H̄P̀.

5.2 Compressing Chains of Inessential Tricomps

In this section,we constructa constraintgraphCP for eachgraphHP inducedby a pathP of verticesin T (
which correspondto inessentialtricomps,andreplaceHP̀ with CP̀. GraphCP hassizeO � 1� ; replacingHP̀
with CP̀ in o preservesthe(non-)planarityof G g 2h .

To constructCP, we partition tricomps p 1 ��%�%�%���p s into five (possiblyempty)groups,andreplaceeach
suchgroupby its own constraintgraphof constantsize.

Thefanof tricomp p 0 is definedasfollows: Let j0 bethemaximalindex suchthat - v j0 � w j0 ._K�- v0 � w0 .|�	
/0. Thenthefanof tricomp p 0 is theunionof tricomps p 1 ��%�%�%���p j0. Thefanof p 0 is emptyif j0 	 0.

Analogously, the fan of tricomp p sR 1 is definedas follows: Let js be the minimal index suchthat
- v js � w js .]K�- vs � ws .}�	 /0. Thenthefanof tricomp p sR 1 is theunionof tricomps p js R 1 ��%�%�%���p s. Thefanof p sR 1

is emptyif js 	 s.
If j0 � js, let p j0 R 1 betheseparating tricompfor p 0. If j0 � js F 1, let p js betheseparating tricompfor

p sR 1. If j0 � js F 2, let theunionof tricomps p j0 R 2 ��%�%�%&��p js � 1 bethecore of graphHP. Figure5.2illustrates
thisconstruction.Wereplaceeachnon-emptyfan,separatingtricomp,andcoreby its own constraintgraph
of constantsize.For aseparatingtricomp p , wekeeptheconstraintgraphCr constructedin Section4. The
constraintgraphsof fansandcoresaredescribednext.

5.2.1 The Constraint Graph of a Fan

Let � bea fanof somegraphHP with virtual edges� a � b � i � and � a � c � j � . For a non-emptyfan � , we have
to distinguishtwo cases.If b 	 c, the fanconsistsof a singlebond. In this casetheconstraintgraphof �
is theconstraintgraphof thebond,which is thebonditself. Otherwise,we areinterestedin capturingthe
possibleembeddingsof verticesa, b, andc andedges� a � b � i � and � a � c � j � . In particular, we have to capture
thefollowing possibilities:
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(a) Fan � hasa planarembeddingˆ� suchthattherearetwo faceswith edges� a � b � i � and � a � c � j � on their
boundaries.

(b) Fan � hasa planarembedding ˆ� suchthat thereis one facewith edges � a � b � i � and � a � c � j � on its
boundary, andanotherfacewith edge � a � b � i � andvertex c on its boundary. (Thereis a symmetriccase
wherethesecondfacehasedge � a � c � j � andvertex b on its boundary.)

(c) Fan � hasa planarembedding ˆ� suchthat thereis one facewith edges � a � b � i � and � a � c � j � on its
boundary, andanotherfacewith verticesa, b, andc on its boundary.

(d) Fan � hasa planarembedding ˆ� suchthat thereis one facewith edges � a � b � i � and � a � c � j � on its
boundary.

(e) Fan � hasaplanarembeddingˆ� suchthatthereis atleastonefacewith verticesb andconits boundary.

(f) For every faceof any embeddingˆ� of � , therequiredverticeson its boundaryareeitherin - a � b . or in
- a � c . .

Figure5.3shows fans � illustratingthesesix possibilitiesandtheconstraintgraphsweconstructin eachof
thesecases.It is easyto verify that if fan � satisfiesoneof theabove conditions,thenits constraintgraph
C� satisfiesthesamecondition,andviceversa.

Observe that therearealwaysa facewith verticesa andb anda facewith verticesa andc on their
boundaries,as � containsedges� a � b � i � and � a � c � j � . Thus,thedistinctionis whetherthereis a facewith
verticesb andc onits boundary. ForCases(a)–(e),suchafaceexists.For Case(f), suchafacedoesnotexist.
Cases(a)–(e)furtherdistinguishwhethertherearefacesthathave all threeverticeson their boundaries.In
Cases(a)–(d)sucha faceexists; in Case(e) it doesnot. Now observe that if thereis a facewith verticesa,
b, andc on its boundary, wecanensurethatit hasedges� a � b � i � and � a � c � j � on its boundary, by embedding
thesetwo edgesinsidethatface.Thus,theonly differencebetweenCases(a)–(d)is whetherthereis asecond
facewith all threeverticeson its boundaryandwhetherthissecondfacehasnone,one,or bothof thevirtual
edgeson its boundary. Thus,Cases(a)–(f) aretheonly possibilitiesfor thestructureof fan � .

It is easyto testwhichof thesix casesapplies:To testfor Case(a),weaddtwo extraverticesx andy on
thetwo virtual edgesandconnecteachof theverticesa, b, c, x, andy to two verticesz1 andz2 representing
thetwo facesin Case(a). Case(a)appliesif andonly if theresultinggraphis planar. To testfor Case(b), we
remove edge- y� z2 . . (In orderto testfor thesymmetriccase,we remove edge- x � z2 . .) To testfor Case(c),
we remove bothedges- x � z2 . and - y� z2 . . To testfor Case(d), we remove vertex z2 andall incidentedges.
To testfor Case(e),we removeedges- a � z1 . , - x � z1 . , and - y� z1 . . If noneof thesegraphsis planar, Case(f)
applies.

Let � 1 ��%�%�%&��� q bethefansof all graphsHP in G g 2h . WedefineasequenceG g 3h0 ��%�%�%�� G g 3hq of graphswhere

G g 3h0 	 G g 2h andG g 3hi 	 G g 3hi � 1 6t�T`i � C `� i
7 , for 1 � i � q. GraphG g 3h is definedasG g 3h 	 G g 3hq .

Lemma 5.2 GraphG g 3hi is planarif andonly if G g 3hi � 1 is planar, for 1 � i � q. A planarembeddingof G g 3hi � 1

canbeobtainedfrom aplanarembeddingof G g 3hi by locally replacingtheembeddingof C `� i
with aconsistent

embeddingof �O`i .

Proof. Considera planarembeddingĜ g 3hi � 1 of graphG g 3hi � 1. Let ˆ�O`i betheplanarembeddingof �O`i induced

by Ĝ g 3hi � 1. We partition ¯�O`i into maximalsubgraphssothateachsuchsubgraphK is embeddedinsidea face
of ˆ�O`i . Denotethetwo virtual edgesin � i by � a � b � j � and � a � c � k � .

If ˆ� i hasat leastonefacewith verticesa, b, andc on its boundary, oneof Cases(a)–(d)applies.It is an
exerciseto verify that in all threecases,theembeddingsˆ�O`i andĈ `� i

asshown in Figure5.3have thesame
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Figure 5.3
Fansillustratingthedifferentpossibleconstellationsof virtual edges� a � b � i � and � a � c � j � . Theleft graphin
eachfigureis a fan � . Theright graphis its constraintgraphC� .
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faceswith all threeverticeson their boundaries.Thus,we canembeda graphK embeddedinsidea faceof
ˆ�O`i with all threeverticesa, b, andc on its boundaryin thecorrespondingfaceof Ĉ `� i

.

Now considerthefacesof ˆ�T`i with two verticeson their boundaries.In all cases,but Cases(b) and(f),
sucha face f canhave any two of the vertices - a � b � c . on its boundary. However, in all cases,but Cases
(b) and(f), thereexists a face f ( in Ĉ `� i

suchthat the two verticesappearconsecutively1 along f ( . Thus,
we canembedagraphK embeddedinside f insideface f ( without intersectingany othergraphsembedded
inside f ( . In Case(b), a face f with two requiredverticeson its boundaryhaseithera andb or b andc on
its boundary. EmbeddingĈ `� i

hastwo facessuchthat a andb (resp.b andc) appearconsecutively on the
boundaryof thosefaces.In Case(f), a face f with two requiredverticeson its boundaryhaseithera and
b or a andc on its boundary. Again, embeddingĈ `� i

hastwo facessuchthata andb (resp.a andc) appear
consecutivly on theboundaryof thosefaces.

Any graphK embeddedin a face f of ˆ� `i which hasonly onerequiredvertex on its boundarycanbe
embeddedinsideany faceof Ĉ `� i

which hasthesamerequiredvertex on its boundary, without creatingany
conflicts.

Now assumethat we are given a planarembeddingĜ g 3hi of G g 3hi . Let Ĉ� i be the embeddingof C� i

inducedby Ĝ g 3hi , andlet Ĉ `� i
be the restrictionof Ĉ� i to C `� i

. It is easyto verify that in eachof the above

cases,thereexistsanembeddingˆ� i of � i suchthat for every faceof Ĉ `� i
, thereexistsa correspondingface

in therestriction ˆ�O`i of ˆ� i to �O`i with thesamerequiredverticeson its boundary. Moreover, if therearetwo
facesin Ĉ `� i

with threerequiredverticeson their boundaries,thentherearetwo suchfacesin ˆ� `i . Usingthe

sameargumentsasabove, this impliesthatG g 3hi � 1 is planarif G g 3hi is planar.

Corollary 5.2 GraphG g 3h is planarif andonly if G g 2h is planar. A planarembeddingof G g 2h canbeobtained
from aplanarembeddingof G g 3h by locally replacingtheembeddingsof graphsC `� 1

��%�%�%�� C `� q
with consistent

embeddingsof graphs� 1̀ ��%�%�%���� q̀ .

5.2.2 The Constraint Graph of a Core

For thecore � of a graphHP, we needto capturethedifferentembeddingsof its two virtual edges� a � b � i �
and � c � d � j � . If - a � b .~	L- c � d . , � consistsof asinglebond,andwedefineC��	L� . Soassumethat - a � b .��	
- c � d . . Thentherearethreepossibilities:

(a) Thereexistsanembeddingof � whichhastwo faceswith edges� a � b � i � and � c � d � j � ontheirboundaries.

(b) Thereexistsanembeddingof � whichhasonefacewith edges� a � b � i � and � c � d � j � on its boundary.

(c) Thereexistsnoembeddingof � suchthatedges� a � b � i � and � c � d � j � appearon thesameface.

Figure5.4shows cores� illustratingthesethreepossibilitiesandtheconstraintgraphsweconstructin each
of thesecases. It is easyto verify that if core � satisfiesoneof the above conditions,thenC� satisfies
the samecondition,andvice versa. Moreover, thesearetheonly possibilitiesfor the structureof core � ,
astherecannotbe threefaceswith edges� a � b � j � and � c � d � k � on their boundaries.This canbe shown as
follows: Assumethat thereexists an embeddingsuchthat threefaceshave edges� a � b � j � and � c � d � k � on
their boundaries.Eachsuchfaceneedsto have all endpointsof edges� a � b � i � and � c � d � j � on its boundary.
However, since ��- a � b � c � d .J��" 3, this implies that the face-on-vertex graphGF of suchanembeddingof �
containsK3 A 3 asasubgraph.Thiscontradictstheplanarityof GF .

1Here,two verticesareconsecutive if thereexistsno required vertex betweenthemon theboundaryof theface.Theremaybe
otherverticesbetweenthem.
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Figure 5.4
Threeexamplesof coresillustrating thedifferentconstellationsof virtual edges� a � b � j � and � c � d � k � . The
left graphin eachfigureis acore � . Theright graphis its constraintgraphC� .
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We testfor thesethreepossibilitiesin a way similar to theprocessingof a fan. In particular, we split
edge � a � b � i � into two edges- a � x . and - x � b . andedge � c � d � j � into two edges- c � y . and - y� d . . Thenwe
addtwo verticesz1 andz2 to � andconnectbothof themto verticesa, b, c, d, x, andy. Thefirst caseapplies
if andonly if theresultinggraphis planar. To testfor thesecondcase,we remove z2 andits incidentedges
from thegraphandtestfor planarityagain.If bothtestsfail, thethird caseapplies.

Let � 1 ��%�%�%���� q bethecoresof all graphsHP in G g 3h . Thenwedefineasequenceof graphsG g 4h0 ��%�%�%�� G g 4hq ,

whereG g 4h0 	 G g 3h andG g 4hi 	 G g 4hi � 1 6t�
ì � C `� i
7 , for 1 � i � q. GraphG g 4h is definedasG g 4h 	 G g 4hq .

Lemma 5.3 GraphG g 4hi is planarif andonly if graphG g 4hi � 1 is planar, for 1 � i � q. A planarembeddingof

G g 4hi � 1 canbeobtainedfrom a planarembeddingof G g 4hi by replacingtheembeddingof C `� i
inducedby the

embeddingof G g 4hi with aconsistentembeddingof �
ì .

Proof. Let Ĝ g 4hi � 1 bea planarembeddingof G g 4hi � 1, andlet ˆ� ì be theembeddingof � ì inducedby Ĝ g 4hi � 1. By
theconstructionof core � i , noneof theverticesin � i is requiredin thebicomp o containing � i . Hence,no
vertex in ¯o canbeadjacentto any vertex in � i . Splitss� a � b � j � ands� c � d � k � partition o into threegraphs� i,
K1, andK2; graphK1 sharesvirtual edge � a � b � j � with � i ; graphK2 sharesvirtual edge � c � d � k � with � i . As
a result,graphK1̀ sharesverticesa andb with �
ì , andgraphK2̀ sharesverticesc andd with �
ì . Thus,K1̀
mustbeembeddedin a faceof ˆ� ì which hasverticesa andb on its boundary;K2̀ mustbeembeddedin a
faceof ˆ��ì whichhasverticesc andd on its boundary. Sinceno vertex in ¯o is adjacentto a vertex in � i , all
componentsof ¯�
ì areembeddedinsideoneof thefacesof Ĉì containingK1̀ andK2̀.

Thefaceof ˆ� ì containingK1̀ is theoneobtainedby removing edge� a � b � j � from ˆ� i. Thefacecontaining
K2̀ is theoneobtainedby removing edge � c � d � k � from ˆ� i . It is easyto verify that in all threecasesshown
in Figure5.4, the orderof verticesa � b � c � d aroundthesefacesis preserved. Hence,any subgraphof ¯� ì
embeddedin sucha faceof Ĉì canbeembeddedinsidethecorrespondingfaceof Ĉ `� i

. As theconstellations

shown in Figure5.4aretheonly possibilities,asarguedabove, this shows thata planarembeddingof G g 4hi

canalwaysbe derived from a planarembeddingof G g 4hi � 1. In order to show that G g 4hi � 1 is planarif G g 4hi is
planar, we reversetheabove argument.

Corollary 5.3 GraphG g 4h is planarif andonly if graphG g 3h is planar. A planarembeddingof G g 3h can
be obtainedfrom a planarembeddingof G g 4h by replacingthe embeddingsof graphsC `� 1

��%�%�%&� C `� q
with

consistentembeddingsof graphs� 1̀ ��%�%�%���� q̀ .

5.3 The Constraint Graph of the Bicomp

Theaboveconstructionreplaceseverybicomp o in G with amultigraphC(s . In orderto finish theconstruc-
tion, we remove all multiple edgesfrom G g 4h . Let G g 5h be the resultinggraph. The constructionof G g 5h
is equivalent to the following two-stepprocedure:First replaceevery bicomp o with a graphCs , which
is obtainedfrom C(s by removing multiple edges.Thenremove remainingmultiple edgesfrom theunion
of graphsCs 1 ��%�%�%&� Cs q, where o 1 ��%�%�%���o q arethebicompsof graphsG(1 ��%�%�%�� G(l . GraphCs is theconstraint
graphof bicomp o . Thefollowing lemmais obvious.

Lemma 5.4 GraphG g 5h is planarif andonly if G g 4h is planar. A planarembeddingof G g 4h canbeobtained
from a planarembeddingĜ g 5h of G g 5h by duplicatingedgesin Ĝ g 5h .
Next we show thattheconstraintgraphCs of abicomp o is small.

Lemma 5.5 TheconstraintgraphCs of abicomp o is asimpleplanargraphwith O ���R��o|�P��� vertices.
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Proof. Theplanarityof Cs followsimmediatelyfrom theaboveconstruction.Weshow thatthereareatmost
2 �R��o|�P� essentialtricompsin o . Therearetwo typesof essentialtricomps. Type-I tricompsaretricomps
pO� v� , v / R��o|� . Type-II tricompsare tricompswhosecorrespondingverticesin T ( have degreeat least
three,whereT ( is thetreeconstructedfrom thetricomptreeT 	 T3 � B� in Section5.1. Clearly, thereareat
most �R��o|�P� tricompsof typeI. Let T ( ( bethetreeobtainedfrom T ( by replacingeverymaximalpathwhose
internalverticescorrespondto inessentialtricompswith a singleedge.TreeT ( ( containsall verticesof T (
correspondingto essentialtricomps.All leavesof T ( ( correspondto type-I tricomps,sothatthereareatmost
�R��o|�P� leavesin T ( ( . Theverticescorrespondingto type-II tricompsareasubsetof theverticesof degreeat
leastthreein T ( ( . Therecanbeat most �R��om�P�)F 1 suchvertices,asthereareat most �R��o|�P� leavesin T ( ( .
Thus,thereareat most2 �R��o|�P��F 1 essentialtricompsin o .

Every edgein T ( ( representsa (possiblyempty)pathof verticesof degreetwo in T ( , which correspond
to inessentialtricomps.For eachsuchpath,thegraphHP obtainedby merging thetricompscorresponding
to theverticesin P hasbeenreplacedby a constraintgraphCP of constantsize. This implies that the total
sizeof all constraintgraphsnot correspondingto essentialtricompsis O ���R��om�P��� . The constraintgraph
CP correspondingto an edgein T ( ( sharesat most four verticeswith the tricompscorrespondingto the
endpointsof the edge. Thus,the total numberof requiredverticesin all essentialtricompsis O ���R��om�P��� ,
which implies that the constraintgraphsof thesetricompshave total sizeO ���R��o|�P��� , by Lemma4.2. As
merging all constraintgraphscanonly reducethenumberof verticesin the resultinggraph,graphC(s has
O ���R��o|�P��� vertices.GraphCs is obtainedfrom C(s by removing edges.

6 The Constraint Graph of a Connected Component

Sofar we have replacedevery bicomp o of graphsG(1 ��%�%�%�� G(l by a small constraintgraphCs . In orderto
obtainconstraintgraphsC1 ��%�%�%�� Cl , we remove someinessentialbicompsaltogetherandreplacechainsof
inessentialbicompsby constraintgraphsof constantsize.Theconstructionis similar to theconstructionof
theconstraintgraphCs of abicomp o from theconstraintgraphsof its tricomps.Thatis,wefirst classifythe
bicompsof agraphG( j asessential,potentiallyessential,or inessential,andremove all inessentialbicomps.
Thenwefinish theclassificationof potentiallyessentialbicompsbasedonthedegreeof theircorresponding
verticesin the bicomp-cutpoint-treeof G( j . The remaininginessentialbicompsform chainsin G( j sharing
only two verticeswith therestof G( j . We replaceeachsuchchainwith a constraintgraphof constantsize.
Next we describethis constructionin detail.

Let G( j beoneof thegraphsG(1 ��%�%�%�� G(l , let Sj be thesetof separatorverticesin G( j , andlet o 1 ��%�%�%���o q

be the bicompsof G( j . The bicomp-cutpoint-tree T 	 T2 � G( j � is definedas follows: TreeT containsall
cutpointsv1 ��%�%�%�� vr of G( j andonebicompvertex βi, for every bicomp o i of G( j . Thereis an edge - vk � βi .
in T if cutpointvk is containedin bicomp o i . For every vertex v / Sj , we choosea bicomp o�� v� suchthat
v /�o�� v� . As T containsbicompnodesaswell ascutpoints,we classify the nodesof T, ratherthan the
bicompsof G( j , asessential,potentiallyessential,or inessential.A nodeβi in T is essentialif thereexistsa
vertex v / Sj suchthat o�� v�8	Wo i. A nodev is potentiallyessentialif therearetwo essentialnodesu andw
in T suchthatv is on thepathfrom u to w in T. All othernodesof T areinessential.

In thenext section,weshow thatremoving all bicompscorrespondingto inessentialnodesin T fromG g 5h
preservesthe(non-)planarityof G g 5h . Thenwe classifythepotentiallyessentialnodesaseitheressentialor
inessential.In Section6.2,we replaceevery maximalchainof bicompscorrespondingto inessentialnodes
with a constraintgraphof constantsize,andshow that this preserves the (non-)planarityof the graph. In
Section6.3,weshow thattheresultingconstraintgraphCj of G( j hassizeO ���Sj ��� .
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6.1 Discarding Inessential Bicomps

Let C(j bethegraphobtainedfrom G( j by replacingevery bicomp o of G( j with its constraintgraphCs . Let
T ( bethetreeobtainedby removing all inessentialnodesfrom T, andlet C( (j bethesubgraphof C(j obtained
by removing all constraintgraphsCs i from C(j which correspondto bicompnodesβi that wereremoved
from T.

WedefineasequenceG g 6h0 ��%�%�%�� G g 6hl of graphs,whereG g 6h0 	 G g 5h andG g 6hi 	 G g 6hi � 1 6C(i � C( (i 7 , for 1 � i � l .

GraphG g 6h is definedasG g 6h 	 G g 6hl .

Lemma 6.1 GraphG g 6hi is planarif andonly if graphG g 6hi � 1 is planar, for 1 � j � l . A planarembeddingof

G g 6hi � 1 canbeobtainedfrom a planarembeddingĜ g 6hi by locally replacingtheembeddingĈ( (j of C( (j induced

by Ĝ g 6hi with aconsistentplanarembeddingof C(j .
Proof. GraphG g 6hi is obtainedfrom G g 6hi � 1 by removing verticesandedgesfrom G g 6hi � 1. Thus,if G g 6hi � 1 is planar,

G g 6hi is obviously planar.

To show thatG g 6hi � 1 is planarif G g 6hi is planar, we partition thegraphC(j F C( (j into its connectedcompo-
nents. EachsuchcomponentK is composedof inessentialbicompsof C(j andsharesonly onecutpointv

with C( j . Hence,graphK sharesonly vertex v with K̄ andcanbeembeddedinsideany faceof G g 6hi which

hasvertex v on its boundary. As this is truefor all componentsif C( j F C( (j , graphG g 6hi � 1 is planarif graphG g 6hi
is planar.

Corollary 6.1 GraphG g 6h is planarif andonly if G g 5h is planar. A planarembeddingof G g 5h canbe ob-
tainedfrom aplanarembeddingĜ g 6h of G g 6h by replacingtheembeddingsof graphsC( (1 ��%�%�%�� C( (l in Ĝ g 6h with
consistentembeddingsof graphsC(1 ��%�%�%�� C(l .
Having disposedof the first setof bicompscorrespondingto inessentialnodesin T, we now classify the
potentiallyessentialnodesof T ( aseitheressentialor inessential.A potentiallyessentialnodeis essentialif
it hasdegreeat leastthreein T ( ; otherwise,it is inessential.Notethatall inessentialnodeshave degreetwo,
sinceall leavesof T ( areessential,andall internalnodesof degreeat leastthreeareessential.Thus,we can
partitionthesetof inessentialnodesin T ( into maximalpaths.For eachsuchpathP containingat leastone
bicompnodeβi , let HP 	Mo i1 'vN�N�N�'vo iq, whereβi1 ��%�%�%&� βiq arethebicompnodesin P. Next we replaceeach
suchgraphHP by aconstraintgraphCP of constantsize.

6.2 Compressing Chains of Inessential Bicomps

Let HP beagraphcorrespondingto apathP of inessentialnodesin T ( . As all bicompsin HP areinessential,
andevery nodein P hasdegreetwo, graphHP sharesexactly two verticesa andb with H̄P. If HP hasan
embeddingsuchthatverticesa andb areon theboundaryof thesameface,graphCP consistsof thesingle
edge- a � b . . Otherwise,we replaceHP by thegraphCP shown in Figure6.1. GraphCP is triconnectedand
hasthepropertythatverticesa andb arenoton theboundaryof thesamefacein theuniqueembeddingĈP

of CP. Thetestwhichof thetwo casesappliescanbecarriedout in lineartime: If thegraph � V � HP �)� E � HP �l'
-4- a � b .4.:� is planar, thereexistsaplanarembeddingof HP suchthatverticesa andb appearonthesameface.
Otherwise,thereexistsno suchembedding.

Let T (1 ��%�%�%&� T (l bethetreesobtainedfrom treesT2 � G(1 �)��%�%�%)� T2 � G(l � usingtheconstructionin Section6.1.
Let P1 ��%�%�%�� Pq bethemaximalpathsof inessentialverticesin treesT (1 ��%�%�%�� T (l . Wedefineasequenceof graphs

G g 7h0 ��%�%�%�� G g 7hq asfollows: G g 7h0 	 G g 6h . For 1 � i � q, G g 7hi 	 G g 7hi � 1 6HPi � CPi 7 . TheapproximategraphA of G

is definedasA 	 G g 7hq .
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Figure 6.1
Theconstraintgraphof a “twisted” chainof bicomps.

Lemma 6.2 GraphG g 7hi is planarif andonly if graphG g 7hi � 1 is planar, for 1 � i � q. A planarembeddingof

G g 7hi � 1 canbeobtainedfrom a planarembeddingof G g 7hi by locally replacingtheembeddingĈPi of graphCPi

with aconsistentembeddingof graphHPi .

Proof. First assumethatG g 7hi � 1 is planar. Let Ĝ g 7hi � 1 bea planarembeddingof G g 7hi � 1, andlet ĤPi betheplanar

embeddingof HPi inducedby Ĝ g 7hi � 1. We partition H̄Pi into maximalsubgraphssuchthateachof thesesub-
graphsis embeddedin a differentfaceof ĤPi . As all bicompsin HPi areinessential,sucha subgraphcan
containonly cutpointsai andbi . If therearesubgraphsof H̄Pi containingbothai andbi , ĤPi hasa facewith
bothverticesai andbi on its boundary. Hence,CPi consistsof edge - ai � bi . , andall subgraphsof H̄Pi con-
tainingai andbi canbeembeddedwithout intersectionsin theonly faceof ĈPi . Subgraphsof H̄Pi containing
only oneof verticesai andbi canbeembeddedinsideany faceof ĈPi which hastherespective vertex on its

boundary. Hence,G g 7hi is planarif G g 7hi � 1 is planar.

Now assumethatG g 7hi is planar. Let Ĝ g 7hi beaplanarembeddingof G g 7hi . If CPi consistsof asingleedge,
thenHPi hasanembeddingĤP with verticesai andbi onthesameface.A simpletransformationguarantees

that theouterfaceof ĤPi hasverticesai andbi on its boundary. Thenwe replaceedge - ai � bi . in Ĝ g 7hi with

embeddingĤPi . This producesa planarembeddingof G g 7hi � 1, asai andbi aretheonly verticessharedby HPi

andH̄Pi .
If CPi is thegraphshown in Figure6.1,every componentof H̄Pi embeddedinsidea faceof ĈPi contains

only oneof ai andbi . Hence,it canbeembeddedinsideany faceof anembeddingĤPi of HPi whichhasthe

respective vertex on its boundary. Thus,graphG g 7hi � 1 is planarif graphG g 7hi is planar.

Corollary 6.2 GraphA is planar if and only if graphG g 6h is planar. A planarembeddingof G g 6h can
be obtainedfrom a planarembeddingÂ of A by locally replacingthe embeddingsĈP1 ��%�%�%&� ĈPq of graphs
CP1 ��%�%�%�� CPq with consistentembeddingsof graphsHP1 ��%�%�%�� HPq.

6.3 The Constraint Graph of the Component

Theconstructionof theprevioussectionsreplaceseachgraphG( j with its constraintgraphCj . In thissection
we show thatCj is small.

Lemma 6.3 TheconstraintgraphCj of graphG( j is asimpleplanargraphwith O ���Sj ��� vertices,for 1 � j � l .
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Proof. Theplanarityof Cj follows immediatelyfrom theabove construction.In orderto show thatCj has
O ���Sj ��� vertices,let T 	 T2 � G( j � bethebicomp-cutpoint-treeof G( j . Let T ( bethetreeconstructedfrom T in
Section6.1. Wepartitiontheessentialnodesof T ( into two classes:Type-Inodesarebicompnodesβi such
that o i 	Lo�� v� , for somevertex v / Sj . Type-II nodeshave degreeat leastthreein T ( . Thereareatmost �Sj �
type-I nodes.As in theproof of Lemma5.5,thenumberof type-II nodescanbeboundedby thenumberof
leavesin T ( , which is �Sj � becauseall leavesof T ( areof typeI. Thus,thereareatmost2 �Sj � essentialnodes
in T ( .

LetT ( ( bethetreeobtainedfrom T ( by replacingeverymaximalpathwhoseinternalnodesareinessential
by asingleedge.Thenthenodesof T ( ( aretheessentialnodesin T ( , sothatT ( ( hasatmost2 �Sj � nodesandat
most2 �Sj ��F 1 edges.Everyedgein T ( ( correspondsto apathP in T ( , whichin turncorrespondsto apossibly
emptygraphHP in C(j . EachsuchgraphHP is beingreplacedby aconstraintgraphCP of constantsize.Every
essentialbicompin C( j containsatmostasmany cutpointsasedgesincidentto its correspondingnodein T ( ( .
Thus,the total numberof requiredverticesin all essentialbicompsis at most5 �Sj � . By Lemma5.5, each
suchbicompis representedby a planarconstraintgraphwhosesizeis linear in thenumberof its required
vertices.Thus,Cj hasO ���Sj ��� vertices.

7 The Approximate Graph

TheapproximategraphA of G is thegraphobtainedafterapplyingthereplacementproceduresof Sections4
through6 to G. Thefollowing two lemmasshow thatgraphA hasthedesiredproperties.

Lemma 7.1 GraphA is planarif andonly if G is planar.

Proof. This follows immediatelyfrom Corollaries4.1,5.1,5.2and5.3,Lemma5.4,andCorollaries6.1and
6.2.

Lemma 7.2 GraphA hassizeO � N ��� DB��� .
Proof. In Step3 of Algorithm 2.1, graphG is partitionedinto O � N ��� DB � 2 � graphsG1 ��%�%�%�� Gk suchthat
� ∂Gi �4� DB, for 1 � i � k. In particular, ∑k

i � 1 � ∂Gi ��	 O � N ��� DB��� . As graphsG(1 ��%�%�%�� G(l aretheconnected
componentsof graphsG̃1 ��%�%�%�� G̃k, this implies that ∑l

j � 1 �Sj �l	 ∑k
i � 1 � ∂Gi �:	 O � N ��� DB��� . By Lemma6.3,

�Cj ��	 O ���Sj ��� , for 1 � j � l , so that∑l
j � 1 �Cj �:	 O � ∑l

j � 1 �Sj ���a	 O � N ��� DB ��� . GraphA consistsof graphs
C1 ��%�%�%�� Cl andthesubgraphG 6S7 of G inducedby theseparatorverticesin S. GraphG 6S7 hasO � N ��� DB���
vertices.Thus, �A �:� ∑l

j � 1 �Cj ���y�G 6S7D�P	 O � N ��� DB ��� .

8 Constructing the Final Embedding

Given a planarembeddingof A, Lemma7.1 implies that G is planar. In this sectionwe describehow to
derive a planarembeddingĜ of G from an embeddingÂ of the approximategraphA. Conceptually, the
constructionis fairly simple: Replacetheembeddingsof graphsC1 ��%�%�%�� Cl inducedby Â oneby onewith
consistentembeddingsof graphsG(1 ��%�%�%�� G(l . This intuitively simpleprocesspresentsa few technicalities
thathave to bedealtwith, in orderto obtainavalid embeddingof G.

Section8.2 definesformally whatwe meanby anembeddingof G( j which is “consistent”with anem-

beddingof Cj , andshows how to derive suchanembedding.The“replacement”of embeddingĈj with the
computedembeddingĜ( j is doneasfollows: First partition C̄j into maximalsubgraphssuchthat eachof

themis embeddedinsideadifferentfaceof Ĉj . Thenplaceeachsuchsubgraphinsideanappropriatefaceof
Ĝ( j , without changingits embedding.
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An importantconstrainton thereplacementof graphsC1 ��%�%�%&� Cl with graphsG(1 ��%�%�%�� G(l is givenby the
factthatit wouldbecomputationallytooexpensive to extracttheembeddingof graphCj immediatelybefore
thereplacementof Cj with G( j . Thus,we extractall embeddingŝC1 ��%�%�%�� Ĉl of graphsC1 ��%�%�%�� Cl inducedby

Â beforestartingto replacethemwith graphsG(1 ��%�%�%�� G(l . The constructionof embeddingĜ( j dependson

theembeddingĈj of Cj . Thus,we have to ensurethatreplacingembeddingŝC1 ��%�%�%&� Ĉj � 1 with embeddings
Ĝ(1 ��%�%�%�� Ĝ( j � 1 in Â doesnotchangetheembeddingĈj of Cj inducedby Â; otherwise,theextractedembedding
would be invalid at the time whenCj is replacedwith G( j . The constructionin Section8.2 takesthis into

account.Beforewe describetheconstructionof Ĝ from Â in detail,we explain how theplanarembedding
Â of A andthefinal embeddingĜ of G areto berepresented,andhow to extractgraphsC1 ��%�%�%�� Cl andtheir
embeddingŝC1 ��%�%�%�� Ĉl I/O-efficiently.

8.1 Extracting the Embeddings of Constraint Graphs

Given thepartitionof G into graphsG(1 ��%�%�%�� G( j andG 6S7 , every edgein G belongsto exactly oneof these
graphs.We labelevery edgein G with thenameof thesubgraphcontainingit. Similarly, every edgein A
belongsto oneof thegraphsC1 ��%�%�%�� Cl andG 6S7 . Edgesin G 6S7 arein bothG andA. Theedgesin C1 ��%�%�%�� Cl

caneasilybelabelledasbelongingto oneof thesegraphswhile constructinggraphsC1 ��%�%�%&� Cl from graphs
G(1 ��%�%�%�� G(l .

We representthe embeddingÂ of A as a collection of interlacededge cycles. That is, every edge
e 	,- v� w .[/ A storesfour pointers: two pointerssuccvA � e� and predv

A � e� to its two neighborsclockwise
andcounterclockwisearoundv, respectively, andtwo pointerssuccwA � e� andpredw

A � e� to its two neighbors
aroundw. Our goal is to modify thesepointersto obtaininterlacededgecyclesrepresentinga valid planar
embeddingĜ of G. In orderto beableto extracttheembeddingof only asubsetof theedgesincidentto any
vertex in A, it is convenientto have theedgesincidentto eachvertex v numberedclockwisearoundv. That
is, in additionto pointerspredv

A � e� , succvA � e� , predw
A � e� , andsuccwA � e� , every edgee 	3- v� w . in A should

storetwo labelsνv � e� andνw � e� representingthe numbersof edgee in the clockwiseordersof the edges
aroundverticesv andw, respectively. Sucha labellingof theedgescanbederivedfrom theinterlacededge
cyclesrepresentinĝA asfollows:

Representeachedgee 	d- v� w . in A by two triples � v� e� succvA � e��� and � w� e� succwA � e��� . Sorttheresulting
setof triples by their first components.The result is a concatenationof lists, eachrepresentinga circular
linked list of edgesclockwisearounda vertex of A. Replacingoneof thetriples � v� e� succvA � e��� in eachlist
by thetriple � v� e� null � , we obtaina collectionof regular linkedlists. Now applythelist-rankingprocedure
of [9] to all of theselists simultaneously. Theresultis anassignmentof a labelνv � e� to eachtriple � v� e��Nt� ,
whereνv � e� is thenumberof edgee in theorderof edgesclockwisearoundvertex v. Sortingthesetriples
by their secondcomponentsandscanningthe resultinglist, we cannow computetriples � e� νv � e�)� νw � e��� ,
for all edgese 	L- v� w . in A. ThisproceduretakesO � sort� N ��� DB����� I/Os.

GraphsC1 ��%�%�%�� Cl andtheir embeddingsĈ1 ��%�%�%�� Ĉl arenow easilyextracted:In orderto extract graphs
C1 ��%�%�%�� Cl , sort the edgesin A by their componentlabels. This producesa partition of E � A� into sets
E � G 6S7��)� E � C1 �)��%�%�%�� E � Cl � . Given graphCj , a representationof its embeddingas interlacededgecycles
can be extractedby reversing the constructionof the previous paragraph. In particular, we createtwo
triples � v� νv � e�)� e� and � w� νw � e�)� e� , for eachedgee 	�- v� w . in Cj , and sort the resulting list lexico-
graphically. As a result,all edgesincident to a vertex v / Cj arestoredconsecutively, sortedclockwise
aroundv. In a singlescanwe replaceevery triple � v� νv � e�)� e� with a triple � e� predv

Cj
� e�)� succvCj

� e��� . Sort-
ing thesetriples by their first componentsandscanningthe resultinglist, we computea list of quintuples
� e� predv

Cj
� e�)� succvCj

� e�)� predw
Cj
� e�)� succwCj

� e��� , for eachedgee 	M- v� w . in Cj . Thewholeconstructiontakes
O � sort� N ��� DB����� I/Os, for all graphsC1 ��%�%�%�� Cl .

In order to be able to performthe replacementof Ĉj with an embeddingĜ( j efficiently, we augment
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graphCj with edgespredv
A � e� , succvA � e� , predw

A � e� , andsuccwA � e� , for eachedgee 	<- v� w .�/ Cj . Let D j

bethegraphobtainedby augmentingCj in this manner, andlet D̂ j be its planarembeddinginducedby Â.
Observe thatfor every (copy of a) requiredvertex v ontheboundaryof a face f of Ĉj , graphD j containsthe
first andlastedges,e( ande( ( , in clockwiseorderaroundv whichareembeddedinside f . If K is thesubgraph
of C̄j embeddedinside f , all edgesin K thatareincidentto v appearbetweentwo suchedgese( ande( ( in the
clockwiseorderaroundv. As we replaceĈj with anembeddingĜ( j of G( j without changingtheembedding
of K, the edgesin E � D j �;G E � Cj � aretheonly edgesin K whoseneighborsin theembeddingchangeasa
consequenceof thereplacement,andall edgesin G( j have their neighborseitherin G( j or in E � D j ��G E � Cj � .
Thus,graphD j andits embeddingD̂ j provide sufficient informationto performthereplacementof Ĉj with
Ĝ( j . Moreover, asevery edgein Cj hasfour neighborsin Â, D j containsat mostfive timesasmany edgesas

Cj , sothatD j fits into internalmemory, andthetotalsizeof graphsD1 ��%�%�%)� Dl is O � ∑l
j � 1 �Cj ����	 O � N ��� DB ��� .

8.2 Replacing the Embedding of a Constraint Graph

Given graphsD1 ��%�%�%�� Dl and their embeddingsD̂1 ��%�%�%�� D̂l , we now replacethe embeddingsĈ1 ��%�%�%�� Ĉl of
graphsC1 ��%�%�%&� Cl with consistentembeddingsof graphsG(1 ��%�%�%�� G(l . Weperformthis replacementonegraph
at a time. In this section,we areconcernedwith deriving theembeddingĜ( j of G( j from Ĉj andreplacing

Ĉj with Ĝ( j . Section8.3 shows how to exchangeinformationaboutupdatesof the interlacededgecycles
resultingfrom thesereplacementsbetweengraphsD1 ��%�%�%)� Dl . This ensuresthat subsequentreplacements
canbeperformedcorrectly.

GivenanembeddingĈj of Cj , thegoalof theconstructionin this sectionis to constructanembedding
Ĝ( j of G( j sothatthesubgraphsof C̄j embeddedin thefacesof Ĉj canbeembeddedinsideappropriatefaces

of Ĝ( j . This goal is achieved by undoingthe compressionstepsof Sections4 through6, oneby one,and
maintaininga planarembeddingof the currentgraphaswell asa mappingof the subgraphsof C̄j to the
facesof theembedding.We call thecurrentembeddingandthemappingof subgraphsof C̄j to thefacesof
theembeddingconsistentwith Ĉj if thefollowing invariantholds:

(I1) Let K1 ��%�%�%�� Ks be the maximalsubgraphsof C̄j so that eachof themis embeddedinsidea different
faceof Ĉj . Theneachof thegraphsK1 ��%�%�%�� Ks is embeddedcompletelyinsideonefaceof thecurrent
embedding.Let e1 ��%�%�%�� eq be the edgesin E � K1 �;'ON�N�N)' E � Ks� incidentto a vertex v / Cj . If edges
e1 ��%�%�%�� eq appearin this order clockwisearoundv in Â, then edgese1 ��%�%�%�� eq appearin this order
clockwisearoundv in thecurrentembedding.

This invariantensuresthattheembeddingsof graphsCj R 1 ��%�%�%)� Cl arenot changedby thereplacementof Cj

with G( j . Giventhatwe do not modify theembeddingsof graphsK1 ��%�%�%�� Ks whenreplacingĈj with Ĝ( j , the
following invariantis equivalentto Invariant(I1):

(I2) Let E1 ��%�%�%�� Es be the maximalsubsetsof E � D j �_G E � Cj � suchthat the edgesin eachsubsetareem-
beddedinsidea differentfaceof Ĉj . Thentheedgesin eachof thesesubsetsareembeddedinsidethe
samefaceof thecurrentembedding.Let e1 ��%�%�%�� eq betheedgesin E � D j �JG E � Cj � incidentto a vertex
v / Cj . If edgese1 ��%�%�%&� eq appearin this orderclockwisearoundv in D̂ j , thenedgese1 ��%�%�%&� eq appear
in thisorderclockwisearoundv in thecurrentembedding.

Next weprovide thedetailsof thereconstructionof G( j fromCj alongwith anembeddingĜ( j of G( j ; thiscon-

structionmaintainsInvariant(I2). Sections8.2.1through8.2.7describetheconstructionof Ĝ( j . Section8.2.8

discussesthechangesto the interlacededgecyclesrepresentinĝA thatneedto bemade,in orderto obtain
interlacededgecyclesrepresentingthe embeddingÂ 6Cj � G( j 7 of graphA 6Cj � G( j 7 obtainedby replacingĈj

with theconstructedembeddingĜ( j .
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8.2.1 Introducing Parallel Edges

Recall that the constructionof the constraintgraphsof bicompsremovesall paralleledgesthat may have
beenintroducedby theremoval of inessentialtricomps.Theseedgesneedto bere-introduced,sothat they
can later be replacedby the (group of) tricompsthey represent.For every groupof paralleledgeswith
endpointsv andw, we embedtherequiredadditionalcopiesof edge - v� w . parallelto theonly edge - v� w .
in Cj sothatthefacesboundedby theseedgesdonotcontainany vertices.As thischangesneithertheorder
of edgesin E � D j ��G E � Cj � aroundtheir endpointsnor placesedgesthatwerein thesamefaceinto different
faces,Invariant(I2) is preserved.

8.2.2 Replacing the Embedding of a Triconnected Component

The next step is to replacethe embeddingsĈ `r 1
��%�%�%�� Ĉ `r q

of the kernelsof constraintgraphsCr 1 ��%�%�%�� Cr q

of essentialor separatingtricomps p 1 ��%�%�%���p q in G( j with embeddingsˆp 1̀ ��%�%�%�� ˆp q̀ of the kernelsof these
tricomps.

Thetreatmentof tricomp p dependson its type. If p is abond,thenCr 	Lp , andwechooseˆp ` 	 Ĉ `r .
If p is acycle,everypathin p whoseinternalverticesarenotrequiredhasbeenreplacedby asingleedgein
Cr . Now we reversethis operation,replacingeachsuchedgeby its correspondingpath. This replacement
caneasilybe donewhile maintainingInvariant (I2). The processof replacingthe embeddingĈ `r of C `r
with anembeddingˆp ` of p ` is only slightly morecomplicatedin thecasewhen p is a triconnectedsimple
graph.

First recall that in this case p andCr both have a uniqueplanarembedding. The constructionin
Section4 preserves the orderof faceswith at leasttwo requiredverticeson their boundariesaroundthe
requiredverticesof p[` . Thus,every subgraphof C̄ `r embeddedinsidesucha faceof Ĉ `r will beembedded

insidethecorrespondingfaceof ˆp ` . Thispreservestheorderof edgesin thesegraphsincidentto a required
vertex of pZ` clockwisearoundthatvertex. Any graphembeddedinsidea faceof Ĉ `r with only onerequired

vertex v on its boundarysharesonly vertex v with C `r . Hence,it canbe embeddedinsideany faceof ˆp `
which hasvertex v on its boundary. This givesusenoughfreedomto embedthesesubgraphsin a way that
preserves the order of all edgesin C̄ `r aroundthe requiredverticesin C `r . Thus, Invariant (I2) is being
preserved.

8.2.3 Replacing the Embedding of a Core

Thenext stepis thereplacementof theembeddingsof theconstraintgraphsof coreswith embeddingsof the
cores.Let � bea core.We treatthethreedifferentcasesdepictedin Figure5.4separately. In Case(a), two
edgesin thecurrentembeddingneedto bereplacedby theembeddingsof two graphssharingtwo vertices
eachwith therestof thegraph.This is easilydonein a mannerpreservingInvariant(I2). In Case(b), the
wholegraphC̄� is embeddedin theouterfaceof C `� . Thus,we chooseanembeddingof � suchthatvirtual
edges� a � b � i � and � c � d � j � areon its outerboundaryandthenembedC̄� in the outer faceof ˆ�
` . In Case
(c), finally, graphC̄� consistsof two subgraphs,oneof which is embeddedin thefaceof Ĉ `� with verticesa
andb on its boundary;theotheris embeddedin thefacewith verticesc andd on its boundary. Sincethese
two subgraphsdo not shareany vertices,embeddingeachof themin thecorrespondingfaceof ˆ� maintains
Invariant(I2). Thus,in all threecasesĈ� canbereplacedwith anembeddingof � whichpreservesInvariant
(I2).
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8.2.4 Replacing the Embedding of a Fan

Next wereplacetheembeddingsof theconstraintgraphsof fanswith embeddingsof therespective fans.As
for cores,we distinguishthedifferentpossibleconfigurationsshown in Figure5.3. In Cases(a)–(c),edges
in theconstraintgraphson theright have to bereplacedwith thecorrespondingsubgraphson theleft. Each
of thesesubgraphssharesonly thetwo endpointsof thecorrespondingedgewith therestof D j . Thus,this
replacementcaneasilybedonein a way thatpreservesInvariant(I2). In Cases(d)–(f), it is easilyverified
thattheorderof faceswith at leasttwo requiredverticeson theirboundariesaroundtherequiredverticesof
thefanis thesamein theembeddingof thefanasin theembeddingof its constraintgraph.Thus,all graphs
embeddedin facesof Ĉ� with at leasttwo requiredverticeson their boundariescanbe embeddedinside
thecorrespondingfacesof ˆ� . This preservesInvariant(I2). As in the caseof a triconnectedcomponent,
a graphembeddedinsidea faceof Ĉ� with at mostonerequiredvertex on its boundarycanbeembedded
insideany faceof ˆ� with thatvertex on its boundary. Hence,we have thefreedomto arrangethesegraphs
sothatInvariant(I2) is not violated.

8.2.5 Introducing Inessential Tricomps

Inessentialtricompsthat wereremoved in Section5.1 weregroupedinto maximalgroupscorresponding
to completesubtreesin the tricomp tree of the bicomp containingthem. The subgraphK obtainedby
merging the tricompsin onesuchgroupsharesexactly one virtual edge � a � b � i � with the restof G, and
wasconsequentlyreplacedby a non-virtualedge � a � b � i � . In order to re-introducethis subgraphinto the
embedding,wehave to replaceedge � a � b � i � with anembeddingof K ` thathasverticesa andb on theouter
face.This preservesInvariant(I2).

8.2.6 Replacing the Embedding of a Chain of Inessential Bicomps

Having dealtwith theembeddingsof essentialandinessentialtricomps,wehave to re-introduceall inessen-
tial bicompsthatwereremovedfrom G. Thefirst groupof inessentialbicompsarethosethatwerereplaced
by constraintgraphsof constantsizein Section6.2. Thesecondgrouparethosethatwerecompletelyre-
moved from G in Section6.1. The bicompsin the first groupform chainssuchthat eachchainK shares
exactly two vertices,a andb, with the restof G. Dependingon whethera andb canappearon the same
faceof anembeddingof K, K wasreplacedby asingleedge- a � b . or by aconstraintgraphof constantsize
which doesnot allow a andb to appearon theboundaryof thesameface. In the formercase,we have to
replaceedge - a � b. with an embeddingof K with verticesa andb on the outerface. As before,this pre-
servesInvariant(I2). In thelattercase,nosubgraphof K̄ cancontainbotha andb. Thus,wecanchooseany
embeddingK̂ of K andembedthesubgraphsof K̄ incidentto a andb in thefacesof K̂ incidentto verticesa
andb in amannerthatpreservestheirorderaroundthesevertices.

8.2.7 Introducing Inessential Bicomps

Finally, all bicompsthatwerecompletelyremovedfrom G( j weregroupedintomaximalconnectedsubgraphs
suchthateachsuchsubgraphsharesonevertex with therestof G. EachsuchsubgraphK sharinga vertex
v with K̄ canbe embeddedinsideany faceof the currentembeddingwhich hasvertex v on its boundary,
without violating Invariant(I2).

8.2.8 Updating the Interlaced Edge Cycles

After finishingthereplacementstepsin Sections8.2.1through8.2.7,weobtainanembeddingĜ( j of G( j and

anembeddingof theedgesin E � D j �JG E � Cj � insidethefacesof Ĝ( j . It remainsto integratethis information
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with the embeddingÂ of A, in order to obtainan embeddingÂ 6Cj � G( j 7 of A 6Cj � G( j 7 . In Â 6Cj � G( j 7 , every
edgee in G( j hasboth its neighborsaroundboth its endpointsin E � G( j �\'�� E � D j �_G E � Cj ��� . Thus, if G(
is the graphinducedby the edgesin E � G( j �_'u� E � D j ��G E � Cj ��� , andĜ( is the embeddingof G( derived in
Sections8.2.1through8.2.7,thenthepointersto bestoredwith e in theinterlacededgecyclesrepresenting
Â 6Cj � G( j 7 arethesameastheonesstoredwith e in theinterlacededgecyclesrepresentingĜ( . Similarly, as

our constructionensuresthat theembeddingsof subgraphsof C̄j embeddedinsidedifferentfacesof Ĉj are
notchanged,all edgesin E � C̄j ��G E � D j � have thesameneighborsin Â 6Cj � G( j 7 asin Â. Finally, let e 	L- v� w .
beanedgein E � D j �JG E � Cj � . We discussthenecessaryupdatesfor edgee, usingits pointersuccvA � e� to its
successorclockwisearoundv asanexample.Theotherthreepointersareupdatedin asimilar fashion.

Observe that sincee / E � D j �\G E � Cj � , eithersuccvA � e�w/ Cj or predv
A � e�~/ Cj , or both. Let K be the

subgraphof C̄j containingedgee and let A(�	 A 6Cj � G( j 7 . If succvA � e��/ Cj , then succvAQ � e�V	 succvGQ � e� .
Otherwise,succvA � e��/ K. As theembeddingof graphK is not modifiedby thereplacementof Ĉj with Ĝ( j ,
succvAQ � e�8	 succvA � e� in this case.

8.3 Iterative Replacement of Subgraphs

In theprevious section,we have shown that an embeddingÂ 6Cj � G( j 7 of graphA 6Cj � G( j 7 canbe computed

from anembeddingÂ of graphA by locally modifying thepredecessorandsuccessorpointersof edgesin
D j andG( j . Now we usetheproceduredescribedin theprevious sectionto producea sequenceof graphs

A0 ��%�%�%�� Al andembeddingsÂ0 ��%�%�%�� Âl of thesegraphs,whereA0 	 A andAi 	 Ai � 1 6Ci � G(i 7 , for 1 � i � l .
EmbeddingÂ0 is theembeddingÂ of graphA0 	 A. TheembeddingÂi of graphAi is computedfrom the
embeddingÂi � 1 of graphAi � 1 by applyingtheprocedureof theprevioussection,in orderto replaceĈi with
a consistentembeddingĜ(i of G(i. Thefinal graphAl is graphG, sothatĜ 	 Âl is thedesiredembeddingof
graphG.

Therearetwo issuesthat needto be addressed,in order to make this iterative replacementof graphs
C1 ��%�%�%�� Cl with graphsG(1 ��%�%�%�� G(l work: (1) WhenreplacingĈi with Ĝ(i , the neighborsof the edgesin Ci

clockwiseandcounterclockwisearoundtheir endpointsarenot necessarilythesamein Â andÂi � 1. Hence,
graphDi mustbe updated,in orderto correctlyrepresentthis neighborhoodinformation,beforeit canbe
usedto constructĜ(i from Ĉi, andderiveembeddingÂi from Âi � 1. (2) Let pv � sv � pw � sw bethefour neighbors
of anedgee in G(i in theembeddingÂi obtainedafter replacingĈi with Ĝ(i. If oneof theseneighbors,say
pv, is containedin agraphCj , j k i, thenpv will bereplacedby anotheredgep(v whengraphCj is replaced
with graphG( j . Thus,immediatelyafterreplacingCi andG(i, thecounterclockwiseneighborof edgeearound

vertex v in thefinal embeddingĜ is notknown. Hence,weneedacriterionto decidewhentheneighborhood
relationshipbetweentwo edgescannotbebrokenasaresultof subsequentreplacements,sothatwecanadd
pointersbetweenthesetwo edgesto thefinal embedding.Weaddressthesetwo problemsnext.

8.3.1 Updating the Augmented Constraint Graph

In orderto updategraphDi sothatit containsthecorrectneighborsof theedgesin Ci in thecurrentembed-
ding Âi � 1 of Ai � 1, weuseapriority queueQ to collectinformationaboutthenecessaryupdatesof Di ; before
replacingCi with G(i, we retrieve this informationfrom Q andmake thenecessarychangesin Di.

Recallthatevery edgein A is labelledasbelongingto oneof thegraphsC1 ��%�%�%�� Cl or G 6S7 . If thereis an
edgee 	L- v� w .m/ E � D j �EG E � Cj � suchthate / E � Ci � , for i k j, andpredv � e� changesasaresultof replacing
Cj with G( j , thenwe put a quintuple � e� v� “pred” � j � predv � e��� into Q andgive it priority i. For a successor
changethequintupleis of the form � e� v� “succ” � j � succv � e��� . WhenreplacinggraphCi with graphG(i , we
retrieve all quintupleswith priority i from Q. As we have alreadyreplacedgraphsC1 ��%�%�%�� Ci � 1 with graphs
G(1 ��%�%�%�� G(i � 1 whenthis happens,all entrieswith lower priority have alreadybeenretrievedfrom Q. Hence,
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retrieving all entrieswith priority i from Q amountsto repeatedapplicationof delete-minoperationsuntil
thefirst entrywith priority i � 1 is retrieved.This entryis thenputbackinto Q.

Next we usethe quintuplesretrieved from Q to updategraphDi . We sort the list of retrieved quintu-
pleslexicographically, so thatall quintuples� e� v� “pred” ��NY��Nt� andall quintuples � e� v� “succ” ��NY��Nt� arestored
consecutively, for eachedgee 	5- v� w . . Thesequintuplesaresortedby their fourth componentwhich can
be interpretedas the time whenthis quintuplewasqueued.Hence,the quintuplewith the largestfourth
componentis the most recentupdateof the predecessorof edgee in the clockwiseorder aroundvertex
v, so that its fifth componentrepresentsthe correctpredecessorof e aroundv in Âi � 1. The sameis true
for quintuples � e� v� “succ” ��NY��Nt� . Hence,we scanthe sortedlist anddiscardall quintuples � e� v� “pred” ��NY��Nt�
and � e� v� “succ” ��NY��Nt� , exceptthe last one,for eachpair � e� v� . The result is a list Li containingquintuples
� e� v� “pred” ��NY� predv

Ai � 1
� e��� and � e� v� “succ” ��NY� predv

Ai � 1
� e��� , for all edgeswhoseneighborsaroundtheir end-

pointsaredifferentin Â andÂi � 1. Thesizeof this list is at mostthesizeof Di. Hence,graphsG(i, Di, and
list Li fit into internalmemory. We uselist Li to updategraphDi, andthenproceedto theconstructionof
embeddingĜ(i from Ĉi .

Thetotalnumberof I/Osspentonqueuinganddequeuingquintuplesin Q, aswell assortingtheretrieved
entriesbeforereplacinggraphCi with graphG(i, is O � sort� T ��� , for all graphsG(1 ��%�%�%�� G(l , whereT is the
total numberof quintuplesproducedby changingtheneighborsof edgesin setsE � Di �;G E � Ci � , 1 � i � l .
This number, however, is proportionalto the total numberof edgesin setsE � Di �_G E � Ci � , 1 � i � l , as
the replacementof graphCi with graphG(i canchangeat mostall four neighborsof an edgein E � Di �_G
E � Ci � . Hence,T 	 O � N ��� DB ��� , andit takesO � sort� N ��� DB����� I/Os to maintaingraphsD1 ��%�%�%�� Dl andtheir
embeddings,which provide the requiredinformation to replaceembeddingsĈ1 ��%�%�%�� Ĉl with embeddings
Ĝ(1 ��%�%�%�� Ĝ(l .
8.3.2 Adding Pointers to the Final Edge Lists

It remainsto addresstheproblemof producingtheinterlacededgecyclesrepresentingthefinal embedding
Ĝ of G. Theproblemis thatthesuccessorof anedgee / G(i is changedafterreplacingCi with graphG(i if this
successoris anedgee( / Cj , j k i. Thischangeof successorhappenswhengraphCj is replacedwith graph
G( j . Thus,whengraphCi is replacedwith graphG(i, wecannotwrite thesuccessorof edgee to diskyet. The
following simplecriterionguaranteesthatwe write theneighborpointersfor anedgee only whenthey do
not changeany more: If an edgee / G(i hasits successorin a graphCj , j k i, this successorwill change.
Thus,we do not write it to disk yet. If on theotherhand,edgee hasits successorin a graphG( j , j � i, or
in G 6S7 , thenthisneighborhoodrelationcannotchangeany moreasa resultof replacinggraphsCi R 1 ��%�%�%�� Cl

with graphsG(i R 1 ��%�%�%�� Gl . This is truebecauseedgee andits successorareembeddedinsidethesamefaces
of embeddingsĈi R 1 ��%�%�%�� Ĉl , andwe do not changethe embeddingsof the maximalsubgraphsembedded
insidethe facesof embeddingĈj whenreplacingCj with G( j . Thus,we canwrite thesuccessorpointerof
e andthepredecessorpointerof its successorto disk asrepresentingtheneighborhoodrelationshipin the
final embeddingĜ of G.

Onceall graphsC1 ��%�%�%�� Cl have beenreplacedwith graphsG(1 ��%�%�%�� G(l , the algorithm hasproduceda
list of 4 �E � quadruples� e� v� “pred” � predv

G � e��� and � e� v� “succ” � succvG � e��� , four quadruplesper edge. We
sort thesequadrupleslexicographically, so that the quadruplesrepresentingthe four neighborsof an edge
e arestoredconsecutively. Now we scanthis sortedlist to producethe interlacededgecyclescontaining
quintuples� e� predv

G � e�)� succvG � e�)� predw
G � e�)� succwG � e��� , which representthefinal embeddingĜ of G.

Wesummarizethissectionin thefollowing lemma,whichconcludestheproof of Theorem2.1.

Lemma 8.1 Givena planarembeddingÂ of graphA, it takesO � sort� N ��� I/Os andlinearspaceto perform
thelocalreplacementof embeddingŝC1 ��%�%�%�� Ĉl with consistentembeddingŝG(1 ��%�%�%�� Ĝ(l . Theresultis aplanar
embeddingĜ of graphG.
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9 Lower Bound

In this section,we prove an Ω � perm� N ��� I/O lower boundfor computinga planarembeddingof a planar
graphG. WealsodescribeasimplesimulationtechniquewhichreducestheI/O-complexity of ouralgorithm
to O � perm� N ��� , therebymatchingthelowerbound.

9.1 The Lower Bound

Theproof of the lower boundof Ω � perm� N ��� I/Os for computinga planarembeddingof a planargraphG
usesa reductionfrom the problemof permutinga list of N itemsx1 ��%�%�%�� xN. In particular, we show that
if a representationof a planarembeddingof a planargraphG asinterlacededgecyclescanbe computed
in o � perm� N ��� I/Os, thenit takeso � perm� N ��� I/Os to computethedesiredpermutationof itemsx1 ��%�%�%�� xN.
Thiscontradictsthelowerboundof Ω � perm� N ��� I/Os shown for thisproblemin [32].

Lemma 9.1 Givenanalgorithm � thatcomputesa planarembeddingof a planargraphwith N verticesin
O ����� N ��� I/Os, thereexistsanalgorithm �[( thatpermutesa list of N dataitemsin O ����� N ��� I/Os.

Proof. We assumethat the input to algorithm � ( is given asfollows: Let x1 ��%�%�%�� xN beN dataitemsto be
arrangedin the orderxσ g 1h ��%�%�%)� xσ g N h , for somepermutationσ : 6 1 � N 7�e�6 1 � N 7 . Thenalgorithm �[( is pre-
sentedwith two listsL1 	5��� 1 � x1 �)��%�%�%��&� 1 � xN ��� andL2 	5��� σ � 1�)� y1 �)��%�%�%)�&� σ � N �)� yN ��� . Thegoalof algorithm
� ( is to computea list L 	<��� xσ g 1h � y1 �)��%�%�%)�&� xσ g N h � yN ��� . In orderto achieve this, algorithm � ( computesa
graphG whoseplanarembeddingis unique,andsuchthat list L canbeextractedfrom the interlacededge
cyclesrepresentingtheembeddingĜ of G in O ����� N ��� I/Os. Theconstructionof graphG takesO � scan� N ���
I/Os, so thatwe cancomputelist L in O ��� � N ��� I/Os by constructingG, computinginterlacededgecycles
representingĜ, andextractingL from Ĝ.

Thevertex setV of graphG consistsof four setsV0 � V1 � V2 � V3: SetV0 containsa specialcentralvertex
z; setV1 containsall elementsof L1; setV2 containsall elementsof L2; andsetV3 contains2N vertices
numbered1 through2N. TheedgesetE of G containsedges- v� z. , for all v / V1 ' V2, edges- 2i F 1 �&� i � xi �&. ,
for 1 � i � N, edges- 2σ � i �)�&� σ � i �)� yi �&. , for 1 � i � N, andedges- 1 � 2 .E��- 2 � 3 .E��%�%�%x��- 2N F 1 � 2N .E��- 2N � 1 . .
GraphG is shown in Figure9.1.

The vertex setof G canbe constructedin O � scan� N ��� I/Os: appendvertex z andvertices1 ��%�%�%)� 2N to
theconcatenationof lists L1 andL2. In orderto representtheedgesetof G, we computetheadjacency lists
of all verticesin G. Theadjacency list of every vertex � i � xi �!/ V1 containsvertices2i F 1 andz. Theselists
caneasilybeconstructedin asinglescanoverL1. Theadjacency list of everyvertex � σ � i �)� yi �a/ V2 contains
vertices2σ � i � andz. Again it takes a singlescanover L2 to constructtheselists. The adjacency list of
vertex z is theconcatenationof lists L1 andL2, which canbeproducedin O � scan� N ��� I/Os. Theadjacency
list of a vertex 2i F 1, 1 � i � N, containsvertices2i F 2, 2i, and � i � xi � . Theselists canbe producedin
a single scanover list L1. The adjacency list of a vertex 2σ � i � , 1 � i � N, containsvertices2σ � i ��F 1,
2σ � i �;� 1, and � σ � i �)� yi � . Theselists canbe producedin a singlescanover list L2. Thus,graphG canbe
constructedin O � scan� N ��� I/Os. Moreover, theembeddingof graphG shown in Figure9.1is unique.Hence,
aftercomputingĜ, succz ��- z�&� i � xi �&.:�z	I- z�&� i � yσ � 1 g i h �&. . We scanthe interlacededgecyclesrepresentingĜ
anddiscardall quintuplesexcept thosebelongingto edges- z� v . , v / V1 ' V2. Eachremainingquintuple
is transformedinto the pair � xi � yσ � 1 g i h � . The resultinglist is a permutationof the desiredlist L. In order
to computelist L, we reversethe I/O-operationsthat have beenperformedto arrangeitemsy1 ��%�%�%�� yN in
thecurrentorder. This reversalperformsthesamenumberof I/O-operationsastheconstructionof Ĝ, i.e.,
O ����� N ��� I/Os. Hence,list L canbeextractedfrom Ĝ in O � scan� N �J�H� � N ���\	 O ��� � N ��� I/Os.
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Figure 9.1
ThegraphG constructedin theproof of Lemma9.1.

Corollary 9.1 It takesΩ � perm� N ��� I/Os to computeanembeddingof aplanargraphwith N vertices,if this
embeddingis to berepresentedasinterlacededgecycles.

A fairly straightforwardadaptationof theproof of [22] thatouterplanarembeddingtakesΩ � perm� N ��� I/Os
shows thatit takesΩ � perm� N ��� I/Os to computeaplanarembedding,if theembeddingis to berepresented
asa numberingof the edgesin G clockwisearoundeachvertex. We believe that a representationof the
embeddingasinterlacededgecyclesis aweaker representationof theembeddingthansuchanumbering,so
thatCorollary9.1 is stronger.

9.2 Achieving Optimality

Thefollowing lemmaprovidesasimplesimulationtechniquewhichallowsusto improvetheI/O-complexity
of Algorithm 2.1sothatit matchesthelowerboundprovedin theprevioussection.

Lemma 9.2 Giventwo algorithms� and �Z( solvinga problem� in � � N � and ��(�� N � I/Os usingS� N � and
S(�� N � space,respectively, thereexistsanalgorithm �Z( ( solvingproblem� in O � min ��� � N �)����(�� N ����� I/Osand
O � S� N ��� S( � N ��� space,providedthatmax��� � N �)��� ( � N ����	 Ω � scan� N ��� .
Proof. Givenan instanceP of problem � , createtwo identicalcopiesP1 andP2 of instanceP. This takes
O � scan� N ��� I/Os. Now run algorithm � on instanceP1, andsimultaneouslyrun algorithm � ( on instance
P2. Whenalgorithm � cannotproceedwithout performingan I/O-operation,let algorithm � performthis
I/O-operationand thenswitch to algorithm �Z( . Whenalgorithm �[( cannotproceedwithout performing
an I/O-operation,let algorithm �Z( performthis I/O-operationandthenswitch backto algorithm � . Stop
this procedureas soonas one of the two algorithmsfinishes. The I/O-complexity of this procedureis
O � min ����� N �)��� ( � N ����� . Therequiredspaceis O � S� N �J� S( � N ��� .
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Corollary 9.2 GivenagraphG 	#� V � E � it takesO � perm���V �����E ����� I/Os to testwhetherG is planarandto
computeaplanarembeddingĜ of G if theansweris affirmative.

Proof. Let � be Algorithm 2.1, and � ( be the linear time planarityalgorithmof [16]. Algorithm � takes
O � sort� N ��� I/Os to computean embeddingĜ of G. Algorithm �Z( takes linear time andhenceO � N � I/Os
to solve this task. Both algorithmsuselinearspace.Hence,by theprevious lemma,thesimultaneoussim-
ulationof bothalgorithmstakesO � perm� N ��� I/Os andO � N � B� blocksof externalmemoryto testwhether
graphG is planarandto computeaplanarembeddingif theansweris affirmative.

10 Conclusions

In this paper, we have provided the last missingpieceto obtain I/O-efficient algorithmsfor a numberof
fundamentalproblemson planargraphs.As our algorithmusestheseparatoralgorithmof [33], it inherits
theconstraintthatM "�� DB� 2 log2 � DB � . It isachallengingopenproblemtodesignalgorithmsfor computing
planarseparatorsandplanarembeddingsthattake O � sort� N ��� I/Os usinglessmemory.
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