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Abstract

Given a setS of elementsin a directednetworkthat are initially faulty, an
elementbecomes(functionally) faulty if all its in-neighborsor all its out-
neighborsare (functionally) faulty. A set S of initially faulty elementsis
calleddeadlyif it causesthe entirenetwork to becomefaulty accordingto
theaboverule.Weshow thatfindingaminimumdeadlysetis NP-hardfor ar-
bitrary directednetworks.For directedacyclic graphs(DAGs),weshow that
findingaweightedminimumdeadlysetis noharderthanfindingaminimum
cut.Wealsostudythecasewhereavertex becomesfaulty if at leastacertain
percentageof its in-neighborsor out-neighborsis faulty. We call a setS of
initially faulty elementsε-deadlyif it causesthewhole network to become
faulty usingthis ε-majority rule. We show thatfinding a minimumε-deadly
setis NP-hardevenfor a restrictedsubclassof directedacyclic graphs.
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1 Intr oduction

Background In mostcommunication-basedsystems,the behavior of a single
entity dependson the statusof its neighboringentities in the system.This is
trueby definition in systemssuchascellularautomata,neuralnetworks,or cou-
pled maplattices;suchdependenciescanbe found,sometimesunexpectedly, at
differentlevels in VLSI systems,datacommunicationnetworks,anddistributed
systems.This “locality” propertycanbeusedasa basicconstructfor distributed
computations[24] andhasbeenextensivelyemployedin avarietyof applications.
Thus,it regulatesthebehavior of many communicationprotocols.

In all theseenvironments,faultyelementscaninduceafaultybehavior in their
neighbors.This is for examplethe casewhen the elementsof a network main-
tain theconsistency of crucialdataby comparingtheir local copieswith theones
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held by their neighbors,and resolving inconsistenciesby performingmajority
voting [22]; thus,if themajority of its neighborshascorrupteddata,a non-faulty
elementwill exhibit a faulty behavior (e.g.,its datawill becomecorrupted)and
will thereforebeindistinguishablefrom a faulty one.

A large classof problemsrelatedto securityand fault-tolerancehave been
modeled,analyzedandsolvedusingthis view of thesystem.In thesestudies,the
systemis viewedasagraph;verticescorrespondto systementities;edgesdescribe
theneighborhoodrelation(e.g.,directcommunicationlinks betweenentities).Ev-
ery vertex is initially coloredeither“black” (faulty) or “white” (non-faulty). At
eachlocal timestep,it recolorsitself accordingto thecolorsheldby themajority
of its neighbors.Dependingon the initial assignmentof colorsto the nodesand
thedefinitionof majority, differentdynamicsemerge.

Thesedynamicshave beenextensively studiedin thecontext of synchronous
systems(mostlycellularautomata)with differentmajority functions(simplema-
jority, strongmajority, weightedthresholdfunctions,convex functions)anddif-
ferentcoloringsets(e.g.,see[1, 11, 16, 25]).

In the context of distributedcomputing,the interesthasbeenin simpleand
strongmajority;1 the focushasbeenon the patternsof initial faultswhich may
causethe entire systemto behave in a faulty manner. In termsof systemdy-
namics,theseare the patternsfor which the systemconvergesto a monochro-
maticfixedpoint.They have beencalleddynamosby Peleg who introducedtheir
study in [23]. Most of the resultsare known for the static versionof this pro-
cess,that is, consideringonly oneor two stepsin theevolution [3, 4, 14, 22]. In
the dynamiccase,resultson dynamosexist for a variety of topologies,includ-
ing chordalrings, tori, andmost interconnectionnetworks [7, 8, 9, 10, 15, 23].
Recentlynondeterministicrulesandweightedmajority functionshave beenin-
vestigatedin [12, 13, 17].

All thesestudieshave almostexclusively consideredundirectednetworks. In
thispaperwe areinterestedin thedynamicsof majority rulesin themoregeneral
caseof directednetworks. Surprisinglylittle is known for thesesystems.Theonly
relevantresultscomefrom a separateline of investigationcarriedout in thearea
of VLSI arrays.

In thesesystems,fault-toleranceis commonlyachievedby thecombineduse
of componentredundancy, bypasslinks, and reconfigurationtechniques.How-
ever, a small numberof strategically locatedfaults can renderthe entire array
unusable,regardlessof theamountof redundancy andtheclevernessof therecon-
figurationtechnique;thesesetsof faultswerecalleddeadlyandthepatternsthey
formedweretermedcatastrophicfault patterns(CFP)by Nayaketal.,who intro-
ducedtheir studyin [20]. Clearly, a deadlysetleadsthe systemto a monochro-
matic fixed point, as doesa dynamo.The fundamentaldifferencebetweenthe
dynamoandtheCFPsettingis that, in the latter, links areunidirectionalandan

1Thatis, majority is definedashalf of theneighbors.Thedifferenceis how tiesarebroken.
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elementbecomes“dead” only if all its in-neighbors(out-neighbors)are“dead”.2

Therehave beenseveral investigationson catastrophicfault patternsand their
properties,thecomplexity of recognizingwhethera setof faultsis deadly, theef-
ficientgenerationof suchCFP, andhow to routeif thepatternis not catastrophic,
etc.[27, 26, 18, 19, 20, 21].

UnidirectionalitymakestheresultsonCFPdirectly relevantfor our investiga-
tion.However, thosestudieswerelimited to arestrictedclassof networks;indeed,
dueto thenatureof theapplicationsystem(VLSI arraywith regularbypasslinks),
they applyonly to directedchordal rings in oneandtwo dimensions.

Our Results In this paper, we study the complexity of finding deadlyandε-
deadlysetsfor arbitrarydirectednetworks. In Section2, we introducethe most
importantterminologyandprove somebasicpropertiesof deadlyandε-deadly
sets,which arethe tools employed to prove the resultsof Sections3, 4, and5.
In Section3, we show that finding a minimum deadlyset in the senseof [20]
for arbitrarydirectedgraphsis NP-hard,while Section4 providesa linear time
reductionof the problemof finding a minimum deadlyset in directedacyclic
graphsto thatof findingaminimumcut in anst-graphconstructedfrom thegiven
DAG.In Section5,weprovethatfindingaminimumε-deadlysetis NP-hardeven
for a very restrictedclassof directedacyclic graphs.

Definitions A directedgraph (directednetwork) G � �
V � E � is anorderedpair

of setsV andE, wherethe elementsin E are orderedpairs
�
v� w� of elements

v� w � V. We call the elementsof V the verticesor nodesof G; the elements
of E are the edgesof G. For an edge

�
v� w��� E, we call verticesv and w the

endpointsof
�
v� w� ; v andw areadjacent. The in-neighborhoodof a vertex v � V

is the set ��� � v� �
	 u � V :
�
u � v��� E � . Analogously, the out-neighborhoodof

a vertex v � V is the set ��
 � v� �
	 w � V :
�
v� w��� E � . The in-degreeandout-

degreeof a vertex v aredefinedasdeg� � v� ��� ��� � v� � anddeg
 � v� �
� �

 � v� � ,
respectively. A path in G is a sequenceP � �

v0 � v1 ��������� vk � of verticesin G such
that

�
vi � 1 � vi ��� E, for all 1 � i � k. P is a cycle if v0

� vk. A directedacyclic
graph (DAG) is a directedgraphthat doesnot containcycles.A vertex v in a
DAG G � �

V � E � is a source if deg�G � v� � 0; vertex v is a sink if deg
G � v� � 0.
An st-graph is a DAG G � �

V � E � with exactly onesources andexactly onesink
t. In subsequentsections,we frequentlyperformtheoperationG � S for a graph
G � �

V � E � anda vertex setS. Viewing G asa collectionof verticesandedges,
thisoperationis naturallydefinedasG � S � V � S.

2Theinitially faultyelementsaredeadby definition;weareusingtheoriginal terminologyof [20]
here.
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2 DeadlySets,PropagationSequences,and Immor -
tal Subgraphs

In this section,we studypropagationsequencesandimmortal subgraphs,which
arethe basictools employed to prove the resultsin Sections3, 4, and5. Given
anassignmentω : V ����
 of weightsto theverticesof a graphG � �

V � E � , the
weightω

�
S� of a subsetsS � V is definedasω

�
S� � ∑v � Sω

�
v� . A subsetS � V

of verticesof G inducesan ε-propagation sequenceS � S0 � S1 � S2 � ����� of
subsetsof V, for 0  ε � 1, wherea vertex v � V is containedin setSi , i ! 0, if
andonly if

1. v � Si � 1,

2. ��� � v��"� /0 andω
�
Si � 1 �#��� � v����$ ε % ω � ��� � v��� , or

3. �

 � v��"� /0 andω
�
Si � 1 �#��
 � v����$ ε % ω � ��
 � v��� .

SetSis ε-deadlyif thereexistssomek $ 0 suchthatSi
� V, for all i $ k. Wecall a

subgraphI of G ε-immortalif I � S � /0 impliesthatI � Si
� /0, for all i $ 0.Wecall

a setSdeadlyif it is 1-deadly. A subgraphI of G is immortal if it is 1-immortal.
The weightedor unweighted(ε-)deadlysetproblemis the problemof finding a
minimum(ε-)deadlysetfor a weightedor unweighteddirectedgraph.3

Next weprovidenecessaryandsufficientconditionsfor asubgraphof G to be
ε-immortal,andfor a subsetof verticesof G to beε-deadly.

Lemma 1 A subgraphI of G is ε-immortal,0  ε � 1, if andonly if everyvertex
v � I satisfiesthefollowing two conditions:

(i) Either ��� � v� � /0 or ω
� ��� � v�&� I �'! �

1 ( ε � ω � �
� � v��� , and

(ii) Either � 
 � v� � /0 or ω
� � 
 � v�&� I �'! �

1 ( ε � ω � � 
 � v��� .
Proof. Firstassumethateveryvertex v � I satisfiestheaboveconditionsandthat
S � I � /0. Wehaveto show thatSi � I � /0, for all i $ 0, whereS � S0 � S1 � S2 ������� is
theε-propagationsequenceinducedby S. Theproof is by induction.

Thebasecaseis trivial becauseS � S0 andS� I � /0. SoassumethatSi � I � /0,
for 0 � i � k. Wehaveto show thatSk 
 1 � I � /0. Assumefor thesakeof contradic-
tion that thereis a vertex v � Sk 
 1 � I . Note thatv "� Sk. Thus,either ��� � v�)"� /0
and ω

� ��� � v�*� Sk �)$ ε % ω � ��� � v��� , or ��
 � v�+"� /0 and ω
� ��
 � v�*� Sk �)$ ε %

ω
� ��
 � v��� . However, ��� � v�,"� /0 impliesthatω

� ��� � v�-� I �.! � 1 ( ε � ω � ��� � v��� ,
by thefirst conditionof thelemma,and ��
 � v��"� /0 impliesthatω

� ��
 � v�&� I �/!�
1 ( ε � ω � �

 � v��� , by the secondconditionof the lemma.This leadsto a con-

tradiction becauseSk � I � /0 and thus ω
� � � � v�0� � I 1 Sk ���2! ω

� � � � v��� and
ω
� ��
 � v�&� � I 1 Sk ���/! ω

� ��
 � v��� .
3In anunweightedgraph,all verticeshaveequalweight.
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Now assumethat I is ε-immortal. We have to show that every vertex in I
satisfiesthe two conditionsof the lemma.So let S � G 3 I andS � S0 � S1 � S2 �������
betheε-propagationsequenceinducedby S. Let v bea vertex of I thatdoesnot
satisfythefirst conditionof thelemma.Thatis, ��� � v��"� /0 andω

� ��� � v�4� I �'��
1 ( ε � ω � ��� � v��� . Thenω

� ��� � v�5� S�6$ ε % ω � ��� � v��� becauseS 1 I � V, sothat
v � S1, contradictingtheε-immortality of I . A similar argumentappliesif v does
not satisfythesecondcondition. 7
Lemma 2 A subsetS of the verticesof G is ε-deadly, 0  ε � 1, if and only if
S � I "� /0, for everyε-immortalsubgraphI of G.

Proof. First assumethat thereis an ε-immortal subgraphI of G suchthat I �
S � /0. Let S � S0 � S1 � S2 ������� betheε-propagationsequenceinducedby S. By the
definition of ε-immortal subgraphs,I � Si

� /0, for i $ 0. Thus,S cannotbe ε-
deadly.

Now assumethatSis notε-deadly. Weshow thattherehasto beanε-immortal
subgraphI of G suchthat I � S � /0. As S is not ε-deadly, therehasto beanindex
k suchthatSi

� Sk "� V, for i $ k. Let v0 � V 3 Sk 
 1.
Weconstructanε-immortalsubgraphI of G suchthatI � S � /0. Wedothisby

constructingasequenceof subgraphsI0 � I1 � %�%�% � Ir suchthatV
�
I0 � �8	 v0 � and

Ir � I . Giventhatwe have constructeda sequenceI0 ��������� I j , we show thateither
all verticesin I j satisfytheconditionsof Lemma1, or we canadda vertex not in
Sk 
 1 to I j to obtainapropersupergraphI j 
 1 of I j with I j 
 1 � Sk
 1

� /0. As wecan
repeatthis augmentationprocessonly a finite numberof times,we mustfinally
obtainanε-immortalsubgraphIr of G with Ir � Sk
 1

� /0. As S � Sk
 1, Ir � S � /0,
asdesired.

Soassumethatthereis avertex v � I j whichdoesnotsatisfythefirst condition
of Lemma1. Thatis, ��� � v��"� /0 andω

� ��� � v�9� I j �6� �
1 ( ε � ω � ��� � v��� . As v "�

Sk 
 1, ω
� �:� � v�4� Sk �/ ε % ω � �:� � v��� . Thus,ω

� ��� � v�4� I j �<; ω
� ��� � v�4� Sk �/ 

ω
� � � � v��� , andtherehasto beavertex u �=� � � v�>3 � I j 1 Sk � . SinceSk

� Sk
 1, u "�
I j 1 Sk 
 1. We obtainI j 
 1 by addingu to I j . If vertex v doesnot satisfythesecond
conditionof Lemma1, asimilarprocedurefindsavertex w �?��
 � v�93 � I j 1 Sk 
 1 �
to beaddedto I j . 7
3 Deadly Setsfor Arbitrary Dir ectedGraphs

In order to prove the NP-hardnessof all variantsof the deadlysetproblemfor
arbitrarydirectedgraphs,we provide a linear time reductionof the vertex cover
problemto the unweighteddeadlysetproblem.A vertex cover of an undirected
graphG is asetC of verticesof G suchthateveryedgehasatleastoneendpointin
C. It hasbeenshown thatfindingsuchasetC of minimumcardinalityis NP-hard
(e.g.,see[6]).
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Theorem1 Theunweightedandweighteddeadlyandε-deadlysetproblems,0  
ε  1, areNP-hard on directedgraphs.

Proof. GivenanundirectedgraphG, we constructa directedgraphG@ � �
V � E @A�

with edgesetE @ �B	 � v� w�C� � w� v� : 	 v� w �2� E � . Every edgein G correspondsto a
cycle in G@ . Thus,every deadlysetfor G@ coversevery edgein G becausecycles
areimmortal.Conversely, if a vertex cover doesnot containa vertex v of G, all
neighborsof v must be in the vertex cover. Thus,every vertex cover for G is
deadlyfor G@ . 7
4 Deadly Setsfor Dir ectedAcyclic Graphs

Next we provide a linear time reductionof the problemof finding a minimum
deadlysetfor a givenDAG to thatof finding a minimumcut in anst-graphcon-
structedfrom the given DAG. A cut of an st-graphG � �

V � E � is a setC � E
of edgessuchthatany pathfrom s to t containsat leastoneedgein C. As sucha
minimumcutcanbefoundin O

�
nmlog

�
n2 D m��� time[2], thisprovidesanefficient

solutionfor thedeadlysetproblemon DAGs.

Theorem2 It takesO
�
MC

�
n � m��� timeto solvetheweighteddeadlysetproblem

on directedacyclic graphs,where MC
�
n � m� is the time required to computea

minimumcut in an st-graphwith n verticesandmedges.

Proof. Let a DAG G � �
V � E � anda functionω : V ����
 assigningweightsto

theverticesof G begiven.AssumethatG doesnot containisolatedvertices.We
show how to dealwith thegeneralcaseat theendof theproof. We constructan
st-graphG@ � �

V @ � E @ � with vertex setV @ � �
V E 	 0 � 1 �-�41 	 s� t � andedgeset

E @ �?	 � s� � v� 0��� : v is a sourcein G �-1	 ��� w� 1�C� t � : w is a sink in G �F1	 ��� v� 0�G� � v� 1��� : v � V �F1	 ��� v� 1�G� � w� 0��� :
�
v� w�,� E �9�

(SeeFigure1.) Wedefinea functionω @ : E @>�H��
 assigningweightsto theedges
of G@ as

ω @ � e� �
IJJJK JJJL

ω
�
v� if e � �

s� � v� 0���
ω
�
w� if e � ���

w� 1�G� t �
ω
�
v� if e � ���

v� 0�G� � v� 1���
max

�
ω
�
v�G� ω � w��� if e � ���

v� 1�G� � w� 0���
�

We show how to constructa deadlysetSof G from a cutC of G@ andthatS is a
minimumdeadlysetof G if anonly if C is aminimumcut for G@ .
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Figure 1: A graphG � �
V � E � (left) and its correspondinggraphG@ � �

V @ � E @ �
constructedin the proof of Theorem2. Any st-pathin G@ mustcrossoneof the
threesolid lines representinga minimum st-cut of G@ . The white verticesin G
representthecorrespondingminimumdeadlysetof G.

Givena cutC of G@ , we constructa deadlysetS for G asfollows: For every
edgee@ � �

v@M� w@N�/� C, we addv to S if v@ � �
v� x� for somev � V andx � 	 0 � 1 � .

Otherwise,e@ � �
s� � w� 0��� , andwe addw to S.

First weprovethatS is deadlyfor G. Assumethecontrary. Thatis, thereis an
immortalsubgraphI of G suchthatI � S � /0. A simpleinductiveargumentshows
thatI mustcontainasource-to-sinkpathP � �

v0 ��������� vk � asa subgraph.Thenthe
correspondingst-path P@ � �

s� � v0 � 0�G� � v0 � 1�C� � v1 � 0�G� � v1 � 1�C��������� � vk � 0�G� � vk � 1�G� t �
in G@ cannotcontainanedgein C, acontradiction.

It is easyto seethat ω
�
S��� ω @ � C � . Thus,the weight of a minimum deadly

set of G doesnot exceedthe weight of a minimum cut in G@ . Now assume
thatC is a minimum cut of G@ , and thereexists a minimum deadlysetS@ of G
suchthat ω

�
S@A�O ω @ � C � . Let C@ be the edgeset 	 ��� v� 0�G� � v� 1��� : v � S@N� . Thus,

ω @ � C@P� � ω
�
S@A�� ω @ � C � . We show thatC@ is a cut for G@ , therebycontradicting

theminimality of C.
So assumethat there exists an st-path

�
s� � v0 � 0�G� � v0 � 1�G� � v1 � 0�C� � v1 � 1�G����������

vk � 0�G� � vk � 1�G� t � in G@ that doesnot containa singleedgein C@ . Then the cor-
respondingsource-to-sinkpathP@ � �

v0 � v1 ��������� vk � in G cannotcontaina vertex
in S@ . But this is a contradiction,asP@ is immortal.

If G containsisolatedvertices,let H be the subgraphof G obtainedby re-
moving all isolatedvertices.By Lemmas1 and2, every isolatedvertex hasto be
containedin any deadlysetfor G. Thus,it is sufficient to find a deadlysetfor H.
Let n@Q� n be the numberof verticesin H, andm@*� m be the numberof edges
in H. Thenm@<$ n@ D 2. ThegraphH @ constructedfrom H by theaboveprocedure
has2n@R; 2 � O

�
n� verticesandat most3n@S; m@ � O

�
m� edges.Thus,finding

a minimumdeadlysetfor G takesO
�
n ; m�4; MC

�
O
�
n�C� O � m��� � O

�
MC

�
n � m���

time. 7
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5 εε-Deadly Setsfor Dir ectedAcyclic Graphs

We now show that theε-deadlysetproblemis NP-hardevenfor a restrictedsub-
classof directedacyclic graphswhoseverticeshave weightswithin a restricted
range.

Theorem3 The weightedε-deadly set problem, 0  ε  1, is NP-hard for
directedacyclic graphs whosenodeshave in-degree and out-degree bounded
by someconstantD and weightsbetweenw and W, provided that D $ 2 ;
max

�UT 2w
εW V � T εwW

1 � ε X W V � .
WeproveTheorem3 by constructingagraphG

�
F � ε � for agivenBooleanformula

F in 3-CNFsuchthatF is satisfiableif andonly if G
�
F � ε � hasanε-deadlysetof

low weight.We show that G
�
F � ε � canbe constructedin time polynomialin the

sizeof F andensurethatit satisfiestheconditionsof Theorem3.
Weneedthefollowing definitionsandresults.GivenasetX �Y	 x1 � x2 ��������� xn �

of Booleanvariables,a Booleanformula F
�
x1 ��������� xn � is in conjunctive normal

form with clausesof sizeexactly3 (3-CNF)if

1. F
�
x1 ��������� xn � � C1 Z C2 Z %�%�% Z Cm,

2. Ci
� λi [ 1 \ λi [ 2 \ λi [ 3, for 1 � i � m, and

3. For all pairs
�
i � j � , 1 � i � m, 1 � j � 3, thereexistsa k, 1 � k � n, such

thatλi [ j � xk or λi [ j � x̄k.

A Booleanformula F
�
x1 ��������� xn � is satisfiableif thereis a truth assignmentβ :

X � 	 true � false� suchthatF
�
β
�
x1 �G��������� β � xn ��� � true. It hasbeenshownthatthe

problemof decidingwhethera givenformulaF in 3-CNF (3-SAT) is satisfiable
is NP-hard(e.g.,see[5]).

Literal
gadgets Layers

Figure2: Theglobalstruc-
tureof G

�
F � ε � .

GivenformulaF , thegraphG
�
F � ε � consistsof

a numberof subgraphs,called gadgets. Most of
thesegadgetsareduplicated,so that we canthink
of G

�
F � ε � asbeingcomposedof 2n identical lay-

ers L1 ��������� Lk (seeFigure 2). Each of theselay-
ersis comprisedof 2n multiplier gadgets, n nega-
tor gadgets, m clausegadgets, one final gadget,
andone feedback gadget. We add 2n literal gad-
gets to G

�
F � ε � , which are connectedto all layers

of G
�
F � ε � . We describeG

�
F � ε � for thecaseε � 1

2.
For ε ! 1

2, G
�
F � ε � containsan additionalbooster

gadget. Detailswill appearin thefull paper.
Wefirst describethegadgetsin onelayerLi andshow how they areconnected

to form layerLi . Theotherlayersareidentical.Thenwe describetheliteral gad-
getsandshow how they arelinkedto thelayers.Assumethatwehavenormalized
w andW sothatw � 1.All nodesin G

�
F � ε � haveweight1 unlessstatedotherwise.
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Thereis onemultiplier gadget in Li for eachof the2n literalsx1 � x̄1 � x2 � x̄2 ���������
xn � x̄n over X (seeFigure3a).The multiplier gadgetfor literal λ is a binary tree
Λi with root λ̂i . The edgesof Λi aredirectedfrom the root towardsthe leaves.
There is one more leaf in Λi than clausesin F containingλ. We augmentΛi

with additionalnodes.In particular, every internalnodeof Λi has
T 2

εW V additional
leavesof weightW aschildren.Theseextra childrenserve asfeedback blockers
andarenot consideredregularleavesof Λi .

Thereis onenegator gadget in Li for eachof the n variablesin X (seeFig-
ure3b).Thenegatorgadgetfor variablex j consistsof a singlenegatornodeχi [ j .

There is one clausegadget per clauseCj in F (seeFigure 3c). Eachsuch
clausegadgetconsistsof two nodesγi [ j andγ̂i [ j andanedgefrom γ̂i [ j to γi [ j . Node
γi [ j is calledtheclausenodefor clauseCj in layerLi .

Thereis onefinal gadget in Li (seeFigure3f). It consistsof a binarytreeΨi

with rootψ̂i , k � T εW
1 � ε X W V nodesψ @i [ 1 ��������� ψ @i [ k of weightW each,andk final nodes

ψi [ 1 ��������� ψi [ k of weightW each.We addedgesfrom ψ̂i to all nodesψ @i [ 1 ��������� ψ @i [ k
andedges

�
ψ @i [ j � ψi [ h � , 1 � j � h � k. Thereis oneleaf in Ψi for every clausein F

andeveryvariablein X, n ; m in total.Theedgesin Ψi aredirectedfromtheleaves
towardsthe root. Every internalnodeof Ψi hasa numberof additionalchildren;
thepurposeof thesechildrenis to increasethein-weightof every regularnodein
Ψi , in orderto enforcealogicalAND behavior of thenodesin Ψ. Theseadditional
childrenarenotconsideredregularleavesof Ψi . TheirnumberdependsonW and
ε. In particular, if W � 1

ε , everynodehas ] 2 � 2ε
εW ^ additionalchildrenof weightW

each.If 1
ε  W  2 � 2ε

ε , everynodein Ψi has2 additionalchildrenof weight 1 � ε
ε .

If W $ 2 � 2ε
ε , everynodein Ψi hasoneextra child of weight 2 � 2ε

ε .
Thereis onefeedback gadget in Li (seeFigure3d). It consistsof a binarytree

Φi with root φ̂i anda feedback nodeφi . Thereis anedgefrom φi to φ̂i . TreeΦi has
oneleaf for eachof the2n literalsover X. Theedgesin Φi aredirectedfrom the
root towardsthe leaves.Every internalnodeof Φi has

T 2
εW V additionalchildren

of weightW thatserve asfeedbackblockersandarenot consideredto beregular
leavesof Φi .

Weconnectthesegadgetsto form layerLi . Weaddedgesfrom theleavesin the
multiplier gadgetsto thenodesin theclausegadgetsasfollows:Consideraclause
gadgetcorrespondingto clauseCj

� λ j [ 1 \ λ j [ 2 \ λ j [ 3. Thenwe addedgesfrom
two leavesin treesΛi [ j [ 1 andΛi [ j [ 2 to γ̂i [ j andanedgefrom a leaf in treeΛi [ j [ 3 to
γi [ j . Every leaf in eachtreeΛi is connectedto atmostonenodein aclausegadget.
This leavesoneregular leaf per treeΛi with out-degree0. We addedgesfrom
theremainingtwo leavesin treesXi [ j andX̄i [ j to thenegatornodeχi [ j , for every
variablex j � X. Weaddedgesfrom theclausenodesin all clausegadgetsandthe
negatornodesin all negatorgadgetsto theleavesof thefinal gadget,sothatevery
leaf in the final gadgetis connectedto exactly onenodein a clauseor negator
gadget,andviceversa.We addedgesfrom thefeedbacknodeφi to all final nodes
ψi [ 1 ��������� ψi [ k.
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(a)

λ̂i Λi

(e)

λ∆ Γ

(b)

χi _ j

(d)

φ̂i Φiφi

(f)

ψ̂iΨi φi _ 2
φi _ 1

φì _ 3
φì _ 2
φì _ 1

φi _ 3

(c)

γ̂i _ j
γi _ j

Figure3: Thegadgetsin G
�
F � ε � . Regularnodesarewhite.Additionalnodessuch

as feedbackblockers are black. (a) A multiplier gadget.(b) A negatorgadget.
(c) A clausegadget.(d) A feedbackgadget.(e)A literal gadget.(f) A final gadget.

Apart from layersL1 ��������� Lk, graphG
�
F � ε � containsa numberof literal gad-

gets.Thereis oneliteral gadget for eachof the2n literalsover thesetX of vari-
ablesin F (seeFigure3e).The literal gadgetfor literal λ consistsof two binary
trees∆ andΓ sharingthesamerootλ. Theedgesin ∆ aredirectedfrom theleaves
towardstheroot; theedgesin Γ aredirectedfrom theroottowardstheleaves.Both
treeshave2n leaves.Let µ1 andµ2 bethechildrenof λ in ∆, andν1 andν2 bethe
childrenof λ in Γ. Thenwe guaranteethateachof µ1, µ2, ν1, andν2 hasn leaves
asdescendants.Let the descendantleavesof µ1 andν1 be numbered1 through
n, and the descendantleavesof µ2 andν2 be numberedn ; 1 through2n. The
internalnodesin Γ have

T 2
εW V additionalchildrenof weightW each.Theinternal

nodesin ∆ have the samenumberof additionalchildrenasthe internalnodesin
treeΨi in afinal gadget.Again,theseadditionalchildrenarenot consideredto be
regularnodesof ∆ andΓ.

To finish the constructionof G
�
F � ε � , we have to connectthe literal gadgets

with layersL1 ��������� Lk. To do thatweaddedgesbetweentheleavesin all feedback
gadgetsandtheleavesin trees∆, andbetweentheleavesin treesΓ andtheroots
of the treesin all multiplier gadgets.More precisely, if λ � x j , we connectthe
leafcorrespondingto λ in treeΦi to the i-th leafof tree∆, andthe i-th leafof tree
Γ to nodeλ̂i ; if λ � x̄ j , we connectthe leaf correspondingto λ in treeΦi to the���

i ; nD 2� mod2n� -th leaf of tree∆, andthe
���

i ; n D 2� mod2n� -th leaf of treeΓ
to nodeλ̂i .
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x1

x̄1

x2

x̄2

x3

x̄3

x4

x̄4

γi _ 3γ̂i _ 3

γ̂i _ 2
γi _ 2

γ̂i _ 4
γi _ 4

x̂i _ 2
x̃i _ 2
x̂i _ 3
x̃i _ 3

x̂i _ 4
x̃i _ 4 χi _ 4

χi _ 3

χi _ 2

χi _ 1
x̃i _ 1
x̂i _ 1 γi _ 1γ̂i _ 1

ψ̂i

ψì _ 1 ψi _ 1
ψi _ 2ψì _ 2

ψì _ 3 ψi _ 3φ̂iφi

Figure4: OnelayerLi of graphG
�
F � ε � , for F � �

x1 \ x2 \ x̄3 � Z � x̄1 \ x̄2 \ x4 � Z�
x1 \ x3 \ x̄4 � Z � x2 \ x3 \ x4 � andε � 1

2. Theconnectionsof nodesin Li to literal
gadgetsareshown asdashedlines.Feedback,multiplier, clause,andfinal gadgets
areshaded.

To illustratethis constructionat anexample,Figure4 shows onelayerof the
graphG

�
F � ε � constructedfor the formula F � �

x1 \ x2 \ x̄3 � Z � x̄1 \ x̄2 \ x4 � Z�
x1 \ x3 \ x̄4 � Z � x2 \ x3 \ x4 � andε � 1

2. Clearly, G
�
F � ε � canbe constructedin

O
�
n
�
n ; m� D ε @a� time from F, whereε @ � min

�
1 ( ε � ε � . Also, it is easilyverified

that G
�
F � ε � satisfiesthe conditionsof Theorem3. Next we prove a numberof

propertiesof the graphG
�
F � ε � which, togetherwith the NP-hardnessof 3-SAT,

providetheproof for Theorem3.

Lemma 3 Everyε-deadlysetof G
�
F � ε � of weightat mostn containsexactlyone

of thenodesx j andx̄ j , for all x j � X.

Proof. Assumethatthereexistsanε-deadlysetSof weightatmostn thatdoesnot
satisfytheconditionof thelemma.We show thatthereis anε-immortalsubgraph
I with I � S � /0, therebycontradictingtheε-deadlinessof S.
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First assumethat thereexists a variablex j � X suchthat noneof the literal
gadgetsfor x j andx̄ j containsanodein S. As thereare2n layers,andnonodehas
weight lessthan1, therehasto be a layer Li suchthat Li � S � /0. Let H be the
subgraphof G

�
F � ε � consistingof thepathsfrom φi to x j andx̄ j , thepathsfrom x j

andx̄ j to χi [ j , andthepathsfrom χi [ j to all final nodesψi [ h in Li . Let I bethegraph
inducedby all nodesin H andall sinksandsourcesadjacentto nodesin H. Then
it is easyto verify that I satisfiesthe conditionsof Lemma1 andthat I � S � /0.
Hence,by Lemma2, Scannotbeε-deadly.

Thus,Scontainsexactlyonenodein theliteral gadgetsfor x j andx̄ j , for every
variablex j � X. Now assumethat thereexists a variablex j suchthat x j � x̄ j "� S.
Thentherehasto bea layerLi suchthat thepathsfrom φi to x j andx̄ j andfrom
x j andx̄ j to χi [ j do not containa nodein S. Also, Li � S � /0. Thus,I � S � /0, for
thesamesubgraphI asconstructedabove,andScannotbeε-deadly. 7

Lemma3 implies that G
�
F � ε � doesnot have an ε-deadlysetof weight less

thann. It alsoimpliesthateveryε-deadlysetSof G
�
F � ε � of weightn corresponds

to an assignmentof truth valuesto the variablesin X. In particular, we define
β
�
x j � � true if x j � S, andβ

�
x j � � false if x̄ j � S. Conversely, every assignment

β : X � 	 true � false� of truth valuesto the variablesin X correspondsto a set
Sβ
�B	 x j : β

�
x j � � true �61 	 x̄ j : β

�
x j � � false� .

Lemma 4 ThesetSβ is ε-deadlyfor G
�
F � ε � if andonly if F

�
β
�
x1 �C��������� β � xn ��� �

true.

Proof. It is easyto verify that the set Sβ is ε-deadly for graph G
�
F � ε � if

F
�
β
�
x1 �C��������� β � xn ��� � true. So assumethat F

�
β
�
x1 �G��������� β � xn ��� � false. Then

therehasto beaclauseCj
� λ j [ 1 \ λ j [ 2 \ λ j [ 3 suchthatβ

�
Cj � � β

�
λ j [ 1 � \ β

�
λ j [ 2 � \

β
�
λ j [ 3 � � false. Let H bethesubgraphof G

�
F � ε � inducedby thepathsfrom φi to

nodesλ j [ 1, λ j [ 2, andλ j [ 3, thepathsfrom λ j [ 1, λ j [ 2, λ j [ 3 to γi [ j , andthepathsfrom
γi [ j to all final nodesψi [ h in layerLi . Let I bethesubgraphof G

�
F � ε � inducedby

all nodesin H aswell asall sourcesandsinksadjacentto verticesin H. Thenit is
easyto verify thatI satisfiestheconditionsof Lemma1 andthatI � Sβ

� /0. Thus,
Sβ cannotbeε-deadlyfor G

�
F � ε � , by Lemma2. 7

Lemmas3 and4 togetherimply thatG
�
F � ε � hasanε-deadlysetof weightn if

andonly if F is satisfiable.If F is notsatisfiable,everyε-deadlysetof G
�
F � ε � has

weightgreaterthann. Thus,wecandecidewhetherF is satisfiableonly by decid-
ing whetherG

�
F � ε � hasanε-deadlysetof weightn. An algorithmthatcomputes

anε-deadlysetof this weightactuallygivesa truth assignmentβ which satisfies
F. As thesizeof G

�
F � ε � is polynomialin thesizeof F , andit takestime polyno-

mial in thesizeof F to constructG
�
F � ε � , this provesTheorem3. The following

two corollariesareimmediateconsequencesof Theorem3.

Corollary 1 Theweightedε-deadlysetproblem,0  ε  1, is NP-hard for di-
rectedacyclicgraphswhosenodeshavein-degreeandout-degreeat most3.
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Corollary 2 The unweightedε-deadlyset problem,0  ε  1, is NP-hard for
directedacyclic graphswhoseverticeshave in-degree and out-degree at most
2 ; T

2 D ε @ V , whereε @ � min
�
ε � � 2 ( 2ε � D ε � .

6 Conclusion

Our negative resultsof Sections3 and5 arevery strongin the following sense.
Our proof in Section3 implies that for any classof undirectedgraphsfor which
the vertex cover problemis NP-hard,the deadlysetproblemis NP-hardfor the
correspondingclassof directedgraphs.As mentionedat the endof Section5,
theconstructionof thatsectionimpliesthatin generalevenjustdecidingwhether
a given DAG hasan ε-deadlysetof weight (or size)at mostk is NP-hard.An
algorithmthatcomputesaminimumdeadlysetisalsoableto computeasatisfying
truthassignmentfor a givenformulaF in 3-CNF.

Froma practicalpoint of view, themostimportantopenquestionis theexis-
tenceof efficientapproximationalgorithms.We did not investigatethisquestion.
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