On Finding Minimum Deadly Setsfor
Dir ectedNetworks

NORBERT ZEH
Sdool of ComputerScienceCarletonUniversity, Ottawa,Canada

NICOLA SANTORO
Sdool of ComputerScienceCarletonUniversity, Ottawa,Canada

Abstract

Given a setS of elementdn a directednetworkthatareinitially faulty, an

elementbecomegqfunctionally) faulty if all its in-neighborsor all its out-

neighborsare (functionally) faulty. A set S of initially faulty elementsis

calleddeadlyif it causeghe entire network to becomefaulty accordingto

theabove rule. We shaw thatfindingaminimumdeadlysetis NP-hardfor ar-

bitrary directednetworks. For directedagyclic graphgDAGs),we shawv that
finding aweightedminimumdeadlysetis no harderthanfindingaminimum

cut. We alsostudythe casewhereavertex becomedaulty if atleastacertain
percentagef its in-neighborsor out-neighborss faulty. We call a setS of

initially faulty elements-deadlyif it causeghe whole network to become
faulty usingthis e-majority rule. We shav thatfinding a minimum e-deadly
setis NP-hardevenfor arestrictedsubclas®f directedagyclic graphs.

Keywords
distributedcomputing faulttolerancemajority rule, NP-hardnessninimumcut

1 Intr oduction

Background In mostcommunication-basesystemsthe behaior of a single
entity dependson the statusof its neighboringentitiesin the system.This is

true by definitionin systemssuchascellularautomataneuralnetworks, or cou-
pled map lattices;suchdependenciesan be found, sometimesinexpectedly at

differentlevelsin VLSI systemsgdatacommunicatiometworks, anddistributed
systemsThis “locality” propertycanbe usedasa basicconstructfor distributed
computation$24] andhasbeenextensively employedin avarietyof applications.
Thus,it regulatesthe behaior of mary communicatiorprotocols.

In all theseernvironmentsfaulty elementsaninduceafaulty behaior in their
neighborsThis is for examplethe casewhenthe elementof a network main-
tain the consisteng of crucialdataby comparingtheir local copieswith theones
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held by their neighbors,and resolvinginconsistenciedy performing majority
voting [22]; thus,if the majority of its neighborshascorrupteddata,a non-faulty
elementwill exhibit a faulty behavior (e.qg.,its datawill becomecorrupted)and
will thereforebeindistinguishabldrom afaulty one.

A large classof problemsrelatedto securityand fault-tolerancehave been
modeled analyzedandsolvedusingthis view of the system.In thesestudiesthe
systemis viewedasagraph;verticescorrespondo systenentities;edgesiescribe
theneighborhoodelation(e.g.,directcommunicationinks betweerentities).Ev-
ery vertex is initially coloredeither“black” (faulty) or “white” (non-faulty). At
eachlocaltime step,it recolorsitself accordingo the colorsheld by the majority
of its neighborsDependingon theinitial assignmenbf colorsto the nodesand
thedefinition of majority, differentdynamicsemege.

Thesedynamicshave beenextensiely studiedin the contect of synchronous
systemgmostly cellularautomataith differentmajority functions(simplema-
jority, strongmajority, weightedthresholdfunctions,cornvex functions)anddif-
ferentcoloringsets(e.g.,se€[1, 11, 16, 25)).

In the contet of distributed computing,the interesthasbeenin simpleand
strongmajority;! the focus hasbeenon the patternsof initial faultswhich may
causethe entire systemto behae in a faulty manner In termsof systemdy-
namics,theseare the patternsfor which the systemcornvergesto a monodiro-
maticfixedpoint. They have beencalleddynamoshy Peley who introducedheir
studyin [23]. Most of the resultsare known for the static versionof this pro-
cessthatis, consideringonly oneor two stepsin the evolution [3, 4, 14, 22]. In
the dynamic case resultson dynamosexist for a variety of topologies,includ-
ing chordalrings, tori, and mostinterconnectiometworks[7, 8, 9, 10, 15, 23).
Recentlynondeterministicules and weightedmajority functionshave beenin-
vestigatedn [12, 13, 17].

All thesestudieshave almostexclusively consideredindirectednetworks In
this papermwe areinterestedn the dynamicsof majority rulesin the moregeneral
caseof directednetworks Surprisinglylittle is known for thesesystemsTheonly
relevantresultscomefrom a separatdine of investigationcarriedoutin the area
of VLSI arrays.

In thesesystemsfault-tolerancas commonlyachiezed by the combineduse
of componentredundanyg, bypasslinks, and reconfigurationtechniques How-
ever, a small numberof stratgically locatedfaults canrenderthe entire array
unusableregardles®f theamountof redundang andtheclevernes®f therecon-
figurationtechniquethesesetsof faultswerecalleddeadlyandthe patternghey
formedweretermedcatastophicfault patterns(CFP)by Nayaketal., whointro-
ducedtheir studyin [20]. Clearly, a deadlysetleadsthe systemto a monochro-
matic fixed point, as doesa dynamo.The fundamentalifferencebetweenthe
dynamoandthe CFP settingis that,in the latter, links areunidirectionalandan

1Thatis, majority is definedashalf of theneighborsThedifferenceis how tiesarebroken.
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elementecomesgdead” only if all its in-neighborgout-neighborspre“dead” ?
There have beenseveral investigationson catastrophidault patternsand their
propertiesthecomplexity of recognizingwhethera setof faultsis deadly the ef-
ficientgeneratiorof suchCFR andhow to routeif the patternis not catastrophic,
etc.[27, 26, 18, 19, 20, 21].

Unidirectionalitymalkestheresultson CFPdirectly relevantfor our investiga-
tion. However, thosestudieswerelimited to arestrictedclassof networks;indeed,
dueto thenatureof theapplicationsystem(VLSI arraywith regularbypasdinks),
they applyonly to directedchordal rings in oneandtwo dimensions.

Our Results In this paper we study the complexity of finding deadlyand e-

deadlysetsfor arbitrary directednetworks. In Section2, we introducethe most
importantterminologyand prove somebasicpropertiesof deadlyand e-deadly
sets,which arethe tools employed to prove the resultsof Sections3, 4, and5.

In Section3, we shaw that finding a minimum deadlysetin the senseof [20]

for arbitrary directedgraphsis NP-hard,while Section4 providesa lineartime
reductionof the problemof finding a minimum deadlysetin directedagyclic

graphgo thatof findingaminimumecutin anst-graphconstructedrom the given
DAG. In Sectionb, we provethatfindinga minimume-deadlysetis NP-hardeven
for averyrestrictedclassof directedagyclic graphs.

Definitions A directedgraph (directednetwork) G = (V, E) is anorderedpair

of setsV andE, wherethe elementsin E are orderedpairs (v,w) of elements
v,w € V. We call the elementsof V the verticesor nodesof G; the elements
of E arethe edgesof G. For an edge(v,w) € E, we call verticesv andw the
endpointf (v,w); v andw areadjacent Thein-neighborhoof avertex v e V

is thesetA[~(v) = {u € V : (u,v) € E}. Analogously the out-neighborhoodf

avertex veV isthesetA[t(v) = {we V : (v,w) € E}. Thein-degreeandout-

degreeof avertex v aredefinedasdeg™ (v) = | A~ (v)| anddeg™ (v) = | AT (v)],

respectiely. A pathin G is a sequencé = (v, Vv1,...,Vk) of verticesin G such
that (vi—1,vi) € E, for all 1 <i < k. Pis acycleif vp = w. A directedacyclic
graph (DAG) is a directedgraphthat doesnot containcycles. A vertex v in a
DAG G = (V,E) is asourceif degg(v) = 0; vertex v is a sink if deg5(v) = 0.

An st-graphis aDAG G = (V, E) with exactly onesources andexactly onesink

t. In subsequergectionswe frequentlyperformthe operationGN Sfor a graph
G = (V,E) andavertex setS. Viewing G asa collectionof verticesand edges,
this operationis naturallydefinedasGNS=VnNS

2Theinitially faulty elementsaredeadby definition;we areusingthe original terminologyof [20]
here.
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2 Deadly Sets,PropagationSequencesand Immor -
tal Subgraphs

In this section,we study propagatiorsequenceandimmortal subgraphsyhich
arethe basictools employed to prove theresultsin Sections3, 4, and5. Given
anassignmento: V — Rt of weightsto the verticesof a graphG = (V,E), the
weight w(S) of asubsetsSC V is definedasw(S) = ¥ esw(V). A subsetSCV
of verticesof G inducesan e-propagationsequenc&=SH5C S C S C ... of
subsetof V, for 0 < € < 1, whereavertex v e V is containedn setS, i > 0, if
andonly if

1. ve S,
2. A (V) #0andw(S_1NA (V) > - (A (v)), or
3. ALF(V) #Z0andw(S_1NAH(V)) > - (A (V).

SetSis e-deadlyif thereexistssomek > 0 suchthatS =V, foralli > k. Wecalla
subgraph of G e-immortalif | NS= 0impliesthatl NS = 0, for all i > 0. Wecall
asetSdeadlyif it is 1-deadly A subgrapH of G is immortalif it is 1-immortal.
The weightedor unweightede-)deadlyset problemis the problemof finding a
minimum (s-)deadlysetfor aweightedor unweighteddirectedgraph?

Next we provide necessarandsufiicient conditionsfor asubgraptof G to be
e-immortal,andfor a subsebf verticesof G to bee-deadly

Lemmal Asubgiaphl of Gis e-immortal,0 < € < 1, if andonlyif everyvertex
v € | satisfieghefollowing two conditions:

(i) EitherAl=(v) =0or (A~ (v)N1) > (1—e)w(N~(v)), and
(i) Either AT (v) =0or (AT (V)N1) > (1—€)(ANT(V)).

Proof. Firstassumehateveryvertexv € | satisfiesheabove conditionsandthat
SNl = 0. Wehaveto shav thatSN 1 =0, for alli > 0,whereS=%,5,,S,... is
thee-propagatiorsequencénducedby S. Theproofis by induction.

Thebasecaseis trivial becaus&= S andSN | = 0. SoassumehatS N1 = 0,
for 0<i < k. We haveto shaw thatS, 1 NI = 0. Assumefor thesale of contradic-
tion thatthereis avertex v e S.1N 1. Notethatv ¢ S. Thus,either AL~ (v) # 0
and WA\~ (v) NS0 > & WA (v)), or AF(v) # 0 and (N () N S) > &
W(A(v)). However, AL~ (V) # 0 impliesthatw(A~(v)N1) > (1—&)w(N~(V)),
by thefirst conditionof thelemma,and AT (v) # 0 impliesthatw(A T (v)N1) >
(1—&)w(AT(v)), by the secondcondition of the lemma. This leadsto a con-
tradiction becauseScN1 = 0 and thus w(A~(v) N (1 U X)) > (A~ (v)) and
WA (V) N(1US) > (A (v)).

3In anunweightedyraphall verticeshave equalweight.
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Now assumethat | is e-immortal. We have to shav that every vertex in |
satisfieghe two conditionsof thelemma.Solet S= G\ | andS= §,5,S,...
bethe e-propagatiorsequencénducedby S. Let v be a vertex of | thatdoesnot
satisfythefirst conditionof thelemma.Thatis, AL~ (v) # 0 andw(A~(v)N1I) <
(1—&)w(A (V). Thenw(A~(v)NS) > €-w(A(v)) becaus&SU| =V, sothat
v € S, contradictingthe e-immortality of |. A similar argumentappliesif v does
not satisfythe secondcondition. O

Lemma 2 A subsetS of the verticesof G is e-deadly 0 < € < 1, if and only if
SN # 0, for everye-immortal subgaphl of G.

Proof. Firstassumehatthereis an e-immortal subgraph of G suchthatl N
S=0.LetS=%,5,S,... bethee-propagatiorsequencénducedby S. By the
definition of e-immortal subgraphs| NS = 0, for i > 0. Thus, S cannotbe ¢-
deadly

Now assumehatSis note-deadly We shaw thattherehasto beane-immortal
subgrapH of G suchthatl N S= 0. As Sis note-deadly therehasto beanindex
ksuchthat§ = S(#V, fori > k. Letvg € V\ Seyi1.

We constructane-immortalsubgrapH of G suchthatl NS= 0. We dothisby
constructingasequencef subgraph$y C 11 C --- C Iy suchthatV (lg) = {vo} and
Ir = I. Giventhatwe have constructeda sequencdy, .. ., |j, we shav thateither
all verticesin | satisfythe conditionsof Lemmal, or we canadda vertex notin
S«t1to | to obtainapropersupegraphl ;1 of Ij with ;41N S+1 = 0. Aswecan
repeatthis augmentatiorprocessonly a finite numberof times,we mustfinally
obtainane-immortalsubgrapH; of G with I, NS 1 =0. ASSC S;1, [ NS=10,
asdesired.

Soassumehatthereis avertex v € |; which doesnotsatisfythefirst condition
of Lemmal. Thatis, AL~ (v) # 0 andw(A~ (V) N1j) < (1—€)w(A~(v)). Asv¢
Ser1, WA (V) NS < £-w(A (V). Thus, (A (V) N1j) + (A~ (V) NS <
w(A~(v)), andtherehasto beavertexu € AL~ (v) \ (IjUS). SinceSc = Sqt1, u¢
I US1. We obtainlj 1 by addingu to I. If vertex v doesnotsatisfythe second
conditionof Lemmal, asimilar procedurdindsavertecw € AL+ (v) \ (I; USc1)
to beaddedto I;. O

3 Deadly Setsfor Arbitrary DirectedGraphs

In orderto prove the NP-hardnes®f all variantsof the deadlysetproblemfor
arbitrarydirectedgraphswe provide a linear time reductionof the vertex cover
problemto the unweighteddeadlysetproblem.A vertex cover of anundirected
graphG is asetC of verticesof G suchthatevery edgehasatleastoneendpointn
C. It hasbeenshawn thatfinding sucha setC of minimumcardinalityis NP-hard
(e.g.,se€[6)).
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Theorem1 Theunweightecandweighteddeadlyande-deadlysetproblems0 <
€ < 1, are NP-had on directedgraphs.

Proof. GivenanundirectedgraphG, we constructadirectedgraphG’' = (V,E’)
with edgesetE’ = {(v,w), (w,v) : {v,w} € E}. Everyedgein G correspondso a
cyclein G'. Thus,every deadlysetfor G’ coversevery edgein G becauseycles
areimmortal. Corversely if a vertex cover doesnot containa vertex v of G, all
neighborsof v mustbe in the vertex cover. Thus, every vertex cover for G is
deadlyfor G'. O

4 Deadly Setsfor DirectedAcyclic Graphs

Next we provide a linear time reductionof the problemof finding a minimum
deadlysetfor a given DAG to thatof finding a minimum cutin an g-graphcon-
structedfrom the given DAG. A cut of an st-graphG = (V,E) is asetC C E
of edgessuchthatary pathfrom stot containsatleastoneedgein C. As sucha
minimumcutcanbefoundin O(nmlog(n?/m)) time[2], this providesanefficient
solutionfor thedeadlysetproblemon DAGs.

Theorem 2 It takesO(MC(n,m)) timeto solvethe weighteddeadlysetproblem
on directedacyclic graphs,where MC(n,m) is the time required to computea
minimumcutin an -graphwith n verticesandm edges.

Proof. LetaDAG G = (V,E) andafunctionw:V — R* assigningwveightsto
theverticesof G be given.Assumethat G doesnot containisolatedvertices.We
shav how to dealwith the generalcaseat the endof the proof. We constructan
g-graphG’' = (V/,E’) with vertex setV’ = (V x {0,1}) U{s,t} andedgeset

={(s,(v,0)) : visasourcein G}U
{((w1),t) : wisasinkin G}u
{((%0),(v1)):veViu
{((v1),(w0)) : (ww) € E}.

(SeeFigurel.) We definea function : E' — R assigningveightsto theedges
of G' as

w(v) f e= (s (40)
~Jeow f e= ((w1),0)
YO =1 o) i e=((w0),(w1)

max(w(v),w(w)) if e=((v1),(w0))

We shav haow to constructa deadlysetS of G from a cutC of G’ andthatSis a
minimumdeadlysetof G if anonly if C is aminimumcutfor G'.
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Figure 1: A graphG = (V,E) (left) andits correspondinggraphG' = (V',E’)
constructedn the proof of Theorem2. Any g-pathin G' mustcrossone of the
threesolid lines representinga minimum st-cut of G'. The white verticesin G
representhe correspondingninimumdeadlysetof G.

GivenacutC of G/, we constructa deadlysetSfor G asfollows: For every
edgee = (V,w) € C, we addv to Sif V' = (v,x) for somev € V andx € {0,1}.
Otherwiseg = (s,(w,0)), andwe addwto S.

Firstwe provethatSis deadlyfor G. Assumethecontrary Thatis, thereis an
immortalsubgraph of G suchthatl NS= 0. A simpleinductive algumentshovs
thatl mustcontaina source-to-sinlpathP = (vo, ..., V) asasubgraphThenthe
Correspondingst—path P = (S, (VOa O), (VOJ 1)7 (Vla O)a (Vla 1)7 tee (Vka 0)7 (Vk7 l)at)
in G’ cannotcontainanedgein C, acontradiction.

It is easyto seethat w(S) < f(C). Thus,the weight of a minimum deadly
setof G doesnot exceedthe weight of a minimum cut in G'. Now assume
thatC is a minimum cut of G/, andthereexists a minimum deadlysetS of G
suchthat w(S) < w/(C). Let C' be the edgeset {((v,0),(v,1)) : v € S}. Thus,
W (C) = w(S) < WI(C). We shaw thatC' is a cut for G, therebycontradicting
theminimality of C.

So assumethat there exists an s-path (s, (vo,0), (o, 1), (v1,0), (v1,1),...,
(v, 0), (v, 1),t) in G’ that doesnot containa single edgein C'. Thenthe cor
respondingsource-to-sinkpath P’ = (vo,v1,...,V) in G cannotcontaina vertex
in S. Butthisis acontradictionasP’ isimmortal.

If G containsisolatedvertices,let H be the subgraphof G obtainedby re-
moving all isolatedvertices.By Lemmasl and?2, every isolatedvertex hasto be
containedn ary deadlysetfor G. Thus,it is sufficientto find a deadlysetfor H.
Let n’ < n bethe numberof verticesin H, andm’ < m be the numberof edges
in H. Thenm' > n’ /2. ThegraphH’ constructedrom H by the above procedure
has2n’ + 2 = O(n) verticesand at most3n’ + m = O(m) edges.Thus, finding
aminimumdeadlysetfor G takesO(n+ m) + MC(O(n),O(m)) = O(MC(n,m))
time. O
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5 ¢&-Deadly Setsfor DirectedAcyclic Graphs

We now shaw thatthe e-deadlysetproblemis NP-hardevenfor a restrictedsub-
classof directedagyclic graphswhoseverticeshave weightswithin a restricted
range.

Theorem3 The weighted e-deadly set problem, 0 < € < 1, is NP-had for
directedacyclic graphs whosenodeshave in-degree and out-degree bounded
by someconstantD and weights betweenw and W, provided that D > 2 +

max([ 247, [ r2 ).

We prove Theorens by constructinga graphG(F, €) for agivenBooleanformula
F in 3-CNF suchthatF is satisfiablef andonly if G(F, ) hasane-deadlysetof
low weight. We shav that G(F,€) canbe constructedn time polynomialin the
sizeof F andensurehatit satisfieghe conditionsof Theorem3.

We needthefollowing definitionsandresults Givena setX = {x1,X2,...,Xn}
of Booleanvariables,a Booleanformula F (xq,...,X%n) is in conjunctive normal
form with clauseof sizeexactly 3 (3-CNF)if

1. F(X1,---,%) =C1ACyA--- ACp,
2. G =MAi1VAi2VAiz for1<i<mand

3. Forall pairs(i,j), 1<i<m, 1< j <3, thereexistsak, 1 <k < n, such
that)\i,j = Xk Or )\i,j = X.

A Booleanformula F(x1,...,X,) is satisfiableif thereis a truth assignmen§ :
X — {true,false} suchthatF (B(x1),...,B(X))) = true. It hasbeenshavn thatthe
problemof decidingwhethera givenformulaF in 3-CNF (3-SAT) is satisfiable
is NP-hard(e.g.,se€[5]).

GivenformulaF, the graphG(F, €) consistsof
a numberof subgraphscalled gadgets Most of
thesegadgetsare duplicated,so that we canthink
of G(F,€) asbeingcomposedf 2n identicallay-
ers L1,...,Lx (seeFigure 2). Each of theselay-
ersis comprisedof 2n multiplier gadgets n nega-
tor gadgets m clausegadgets one final gadget, Literal
and one feedbak gadget We add 2n literal gad- gadgets
getsto G(F,¢), which are connectedo all layers
of G(F, £). We describeG(F, ¢) for thecasee < 3.  Flgure2: Theglobalstruc-
For € > % G(F,¢) containsan additionalbooster tureof G(Fg).
gadget Detailswill appeaiin thefull paper

We first describehegadgetsn onelayerL; andshav how they areconnected
to form layerL;. The otherlayersareidentical. Thenwe describeheliteral gad-
getsandshowv how they arelinkedto thelayers.Assumethatwe have normalized
wandW sothatw = 1. All nodesn G(F,€) haveweight1 unlessstatedotherwise.

Layers
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Thereis onemultiplier gadgetin L; for eachof the2n literalsxy, X1, X2, X2, . . .,
Xn,%n Over X (seeFigure 3a). The multiplier gadgetfor literal A is a binary tree
A with root A;. The edgesof A; aredirectedfrom the root towardsthe leaves.
Thereis one more leaf in A;j than clausesin F containingA. We augmentA;
with additionalnodesIn particular everyinternalnodeof A; has{%} additional
leavesof weightW aschildren. Theseextra childrensene asfeedba& blodkers
andarenot consideredegularleavesof A;.

Thereis one nggator gadget in L; for eachof the n variablesin X (seeFig-
ure3b). The negatorgadgefor variablex; consistof a singlenegator nodey;, ;.

Thereis one clausegadget per clauseC;j in F (seeFigure 3c). Eachsuch
clausegadgetonsistof two nodesy; j andy; ; andanedgefrom ; j toy; j. Node
Vi, is calledthe clausenodefor clauseC;j in layerL,;.

Thereis onefinal gadgetin L; (seeFigure3f). It consistsof a binarytreeW;
with root (), k= (m] nodesy ..., of weightW eachandk final nodes
Wiz, .- Wi of weightW each.We addedgesirom §); to all nodesys; 4,...,
andedges(y; j,Win), 1 < j,h < k. Thereis oneleafin W for every clausein F
andeveryvariablein X, n+min total. Theedgesn W; aredirectedromtheleaves
towardstheroot. Every internalnodeof W; hasa numberof additionalchildren;
the purposeof thesechildrenis to increasdhein-weightof every regularnodein
Y, in orderto enforcealogical AND behaior of thenodesn W. Theseadditional
childrenarenot consideredegularleavesof W;. Theirnumberdepend®nW and

e. In particularif W < 1, every nodehas| Z;% | additionalchildrenof weightw

eachlf 1 <W < £% everynodein W; has2 additionalchildrenof weight 2.
If W > 222 every nodein W; hasoneextra child of weight 2.

Thereis onefeedbak gadcetin L; (seeFigure3d). It consistof abinarytree
@; with rootfn andafeedba& nodeq. Thereis anedgefrom ¢ to fn Tree®; has
oneleaffor eachof the 2n literalsover X. Theedgesn @; aredirectedfrom the
root towardsthe leaves.Every internalnodeof @; has [%1 additionalchildren
of weightW thatsene asfeedbackblockersandarenot consideredo beregular
leavesof @;.

We connecthesegadgetdo formlayerL;. We addedgedrom theleavesin the
multiplier gadgetdo thenodesn theclausegadgetasfollows: Consideraclause
gadgetcorrespondingdo clauseCj = Aj 1V Aj2 V Aj 3. Thenwe addedgesfrom
two leavesin trees/; j 1 andA; j » to i ; andanedgefrom aleafin tree/; j 3 to
vi,j- Everyleafin eachtree/\; is connectedo atmostonenodein aclausegadget.
This leaves oneregular leaf per tree A; with out-degree0. We add edgesfrom
the remainingtwo leavesin treesX; j andX j to the negatornodey; j, for every
variablex; € X. We addedgesrom theclausenodesin all clausegadgetsandthe
negatornodesin all negatorgadgetdo theleavesof thefinal gadgetsothatevery
leaf in the final gadgetis connectedo exactly onenodein a clauseor negator
gadgetandvice versaWe addedgedrom thefeedbacknodeg to all final nodes

l-lJi,la [EEE) l~|Ji,k-
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)
)

(b) (©

(d) (e)

Figure3: Thegadgetsn G(F, €). Regularnodesarewhite. Additional nodessuch
as feedbackblockers are black. (a) A multiplier gadget.(b) A negatorgadget.
(c) A clausegadget(d) A feedbaclgadget(e) A literal gadget(f) A final gadget.

Apart from layersL, ..., Lk, graphG(F,€) containsa numberof literal gad-
gets.Thereis oneliteral gadget for eachof the 2n literals over the setX of vari-
ablesin F (seeFigure3e). Theliteral gadgeffor literal A consistsof two binary
treesA andl” sharingthesamerootA. Theedgesn A aredirectedfrom theleaves
towardstheroot; theedgesn I' aredirectedfrom theroottowardstheleaves.Both
treeshave 2n leaves.Let uy andpy bethechildrenof A in A, andv; andv; bethe
childrenof A in I'. Thenwe guaranteghateachof 1, Y, v1, andv, hasn leaves
asdescendantd.et the descendanteavesof i andv; be numberedL through
n, and the descendanteaves of Py andv, be numberedh + 1 through2n. The
internalnodesin I have [%1 additionalchildrenof weightW each.Theinternal
nodesin A have the samenumberof additionalchildrenasthe internalnodesin
treeW; in afinal gadgetAgain, theseadditionalchildrenarenot consideredo be
regularnodesof A andr.

To finish the constructionof G(F,€), we have to connectthe literal gadgets
with layersLi,...,Lx. To dothatwe addedgedetweertheleavesin all feedback
gadgetsandtheleavesin treesA, andbetweerthe leavesin treesl” andtheroots
of the treesin all multiplier gadgetsMore precisely if A = X;, we connectthe
leafcorrespondingo A in tree®; to thei-th leafof treeA, andthei-th leafof tree
I" to nodeA;; if A = Xj, we connectthe leaf correspondingdo A in tree ®; to the
((i+n/2) mod2n)-th leaf of treeA, andthe ((i + n/2) mod 2n)-th leaf of treel”

to nodeA;.
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(Vo)
04D @
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Figure4: OnelayerL; of graphG(F,¢), for F = (x1 VX2 VX3) A (X1 V X2 V Xa) A
(X1 VX3V X4) A (X2 VX3V Xa) ande < % Theconnection®f nodesin L; to literal
gadgetareshavn asdashedines.Feedbackmultiplier, clause andfinal gadgets
areshaded.

To illustratethis constructionat an example,Figure 4 shovs onelayer of the
graphG(F,€) constructedor the formulaF = (x; VX2V X3) A (X1 V X2 V Xq) A
(X1Vx3VXa) A (X2 VX3V Xq) ande < % Clearly, G(F,€) canbe constructedn
O(n(n+ m)/¢’) time from F, whereg’ = min(1—¢, ). Also, it is easilyverified
that G(F, €) satisfiesthe conditionsof Theorem3. Next we prove a numberof
propertiesof the graphG(F, €) which, togetherwith the NP-hardnessf 3-SAT,
provide the proof for Theorem3.

Lemma 3 Everye-deadlysetof G(F,€) of weightat mostn containsexactlyone
of thenodesxj andx;, for all xj € X.

Proof. Assumethatthereexistsane-deadlysetSof weightatmostn thatdoesnot
satisfytheconditionof thelemma.We shaw thatthereis ane-immortalsubgraph
| with | NS= 0, therebycontradictinghee-deadlines®f S.
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First assumehat thereexists a variablex; € X suchthatnoneof the literal
gadgetdor x; andx; containsanodein S. As thereare2n layers,andno nodehas
weightlessthan1, therehasto be a layerL; suchthatLinS= 0. Let H bethe
subgraptof G(F, &) consistingof the pathsfrom @ to X; andx;, the pathsfrom x;
andx; tox; j, andthepathsfromx; ; to all final nodesy; , in L. Let | bethegraph
inducedby all nodesin H andall sinksandsourcesadjacento nodesin H. Then
it is easyto verify that| satisfieshe conditionsof Lemmal andthatl NS= 0.
Hence by Lemma2, Scannotbee-deadly

Thus,Scontainsexactly onenodein theliteral gadgetsor x; andx;, for every
variablex; € X. Now assumehat thereexists a variablex; suchthatx;,x; ¢ S.
Thentherehasto be alayerL; suchthatthe pathsfrom ¢ to x; andx; andfrom
Xj andx;j to X j do not containanodein S. Also, LiNnS= 0. Thus,| NS= 0, for
thesamesubgrapH asconstructegbove,andS cannotbe e-deadly O

Lemma3 implies that G(F,€) doesnot have an e-deadlysetof weight less
thann. It alsoimpliesthatevery e-deadlysetS of G(F, €) of weightn corresponds
to an assignmenbf truth valuesto the variablesin X. In particular we define
B(x;) =true if x; € S, andB(x;) = falseif x; € S. Corversely every assignment
B: X — {true,false} of truth valuesto the variablesin X correspondgo a set

S = {Xj 1 B(xj) = true } U {Xj : B(x;) = false}.

Lemma4 ThesetS; is e-deadlyfor G(F, ) if andonlyif F(B(x1),...,B(X)) =
true.

Proof. It is easyto verify that the set § is e-deadly for graph G(F,e) if
F(B(x1),...,B(xn)) = true. So assumethat F (B(x1),...,B(xn)) = false Then
therehasto beaclauseCj =Aj 1V Aj2VAj 3 suchthatB(Cj) = B(Aj,1) VB(Aj2) V
B(Aj3) = false LetH bethesubgraplof G(F, €) inducedby the pathsfrom @ to
nodeshj 1, Aj 2, andAj 3, thepathsfrom Aj 1, Aj 2, Aj 3 toy; j, andthe pathsfrom
y,,j to all final nodes; 1, in layerL;. Let | bethe subgraptof G(F,¢) inducedby
all nodesn H aswell asall sourcesandsinksadjacento verticesin H. Thenit is
easyto verify thatl satisfieghe conditionsof Lemmal andthatl NS = 0. Thus,
S cannotbee-deadlyfor G(F, €), by Lemma2. O

Lemmas3 and4 togetheimply thatG(F, €) hasane-deadlysetof weightn if
andonly if F is satisfiablelf F is notsatisfiablegvery e-deadlysetof G(F,€) has
weightgreatetthann. Thus,we candecidewhetherf is satisfiableonly by decid-
ing whetherG(F,€) hasane-deadlysetof weightn. An algorithmthatcomputes
ane-deadlysetof this weightactuallygivesa truth assignmenf which satisfies
F. Asthesizeof G(F,¢) is polynomialin the sizeof F, andit takestime polyno-
mial in the sizeof F to constructG(F,€), this provesTheorem3. The following
two corollariesareimmediateconsequencesf Theorems3.

Corollary 1 Theweightede-deadlysetproblem,0 < € < 1, is NP-had for di-
rectedacyclicgraphswhosenodeshavein-degreeand out-degreeat most3.
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Corollary 2 The unweightede-deadly set problem,0 < € < 1, is NP-had for
directedacyclic graphswhoseverticeshave in-degree and out-degree at most
2+ [2/€'], where € = min(g, (2 — 2¢) /¢).

6 Conclusion

Our negative resultsof Sections3 and5 arevery strongin the following sense.
Our proofin Section3 impliesthatfor ary classof undirectedgraphsfor which
the vertex cover problemis NP-hard,the deadlysetproblemis NP-hardfor the
correspondingclassof directedgraphs.As mentionedat the end of Section5,
the constructiorof thatsectionimpliesthatin generalevenjust decidingwhether
a given DAG hasan e-deadlyset of weight (or size) at mostk is NP-hard.An
algorithmthatcomputesaminimumdeadlysetis alsoableto computeasatisfying
truthassignmentor a givenformulaF in 3-CNFE

Froma practicalpoint of view, the mostimportantopenquestionis the exis-
tenceof efficientapproximatioralgorithms.We did notinvestigatethis question.
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