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3 Shool of Computer Siene, Carleton University, Canada, mhe�g.ss.arleton.aAbstrat. In many appliations, the properties of an objet being mod-eled are stored as labels on verties or edges of a graph. In this paper,we onsider suint representation of labeled graphs. Our main resultsare the suint representations of labeled and multi-labeled graphs (weonsider vertex labeled planar triangulations, as well as edge labeledplanar graphs and the more general k-page graphs) to support variouslabel queries e�iently. The additional spae ost to store the labels isessentially the information-theoreti minimum. As far as we know, ourrepresentations are the �rst suint representations of labeled graphs.We also have two preliminary results to ahieve the main results. First,we design a suint representation of unlabeled planar triangulationsto support the rank/selet of edges in w (ounter lokwise) order inaddition to the other operations supported in previous work. Seond, wedesign a suint representation for a k-page graph when k is large tosupport various navigational operations more e�iently. In partiular,we an test the adjaeny of two verties in O(lg k lg lg k) time, whileprevious work uses O(k) time [10, 14℄.1 IntrodutionGraphs are fundamental ombinatorial objets, widely used to represent varioustypes of data. As modern appliations often proess large graphs, the problemof designing spae-e�ient data strutures to represent graphs has attrateda great deal of attention. In partiular the idea of suint data strutures, i.e.data strutures that oupy spae lose to the information-theoreti lower boundwhile supporting e�ient navigational operations, has been applied to variouslasses of graphs [5, 6, 7, 8, 12, 14℄.Previous work foused on suint graph representations whih support e�-iently testing the adjaeny between two verties and listing the edges inidentto a vertex [5, 6, 14℄. However, in many appliations, suh onnetivity informa-tion is assoiated with labels on the edges or verties of the graph, and the spae
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required to enode those labels dominates the spae used to enode the onne-tivity information, even when the enoding of the labels is ompressed [11℄. Forexample, when surfae meshes are assoiated with properties suh as olor andtexture information, more bits per vertex are required to enode those labelsthan to enode the graph itself. We address this problem by designing suintrepresentations of labeled graphs, where labels from alphabet [σ] 4 are assoiatedwith edges or verties. These representations e�iently support label-based on-netivity queries, suh as retrieving the neighbors assoiated with a given label.Our results are under the word RAM model with word size Θ(lg n) bits.5.We investigate three important lasses of graphs: planar triangulations, pla-nar graphs and k-page graphs. Planar graphs, in partiular planar triangulations,orrespond to the onnetivity information underlying surfae meshes. Trianglemeshes are one of the most fundamental representations for geometri objets: inomputational geometry they are one natural way to represent surfae models,and in omputer graphis triangles are the basi geometri primitive (for e�ientrendering). k-page graphs have appliations in several areas, suh as sorting withparallel staks [17℄, fault-tolerant proessor arrays [15℄ and VLSI [9℄.2 Preliminaries2.1 Related WorkJaobson [12℄ �rst proposed to represent unlabeled graphs suintly. His ap-proah is based on the onept of book embedding [4℄. A k-page embedding is atopologial embedding of a graph with the verties along the spine and edgesdistributed aross k pages, eah of whih is an outerplanar graph. The minimumnumber of pages, k, for a partiular graph has been alled the pagenumber orbook thikness. Jaobson showed how to represent a k-page graph using O(kn)bits to support adjaeny tests in O(lg n) bit probes, and listing the neighborsof a vertex in O(d lg n + k) bit probes, where d is the vertex degree.Munro and Raman [14℄ improved his results under the word RAM model byshowing how to represent a graph using 2kn + 2m + o(kn + m) bits to supportadjaeny tests and the omputation of the degree of a vertex in O(k) time,and the listing of all the neighbors of a given vertex in O(d + k) time. Gavoilleand Hanusse [10℄ proposed a di�erent tradeo�. They proposed an enoding in
2(m+i) lg k+4(m+i)+o(km) bits, where i is the number of isolated verties, tosupport the adjaeny test in O(k) time. As any planar graph an be embeddedin at most 4 pages [18℄, these results an be applied diretly to planar graphs.In partiular, a planar graph an be represented using 8n + 2m + o(n) bits tosupport adjaeny tests and the omputation of the degree of a vertex in O(1)time, and the listing of all the neighbors of a given vertex in O(d) time [14℄.4 We use [σ] to denote the set {1, 2, . . . , σ} of referenes to arbitrary labels, as indeedthe alphabet of labels.5 We use log

2
x to denote the logarithmi base 2 and lg x to denote ⌈log

2
x⌉. Oa-sionally this matters. 2



A di�erent line of researh is based on the anonial ordering of planar graphs.Chuang et al. [8℄ designed a suint representation of planar graphs of n vertiesand m edges in 2m+(5+ǫ)n+o(m+n) bits, for any onstant ǫ > 0, to support theoperations on planar graphs in asymptotially the same amount of time as theapproah desribed in the previous paragraph. Chiang et al. [7℄ further reduedthe spae ost to 2m+3n+ o(m+n) bits. When a planar graph is triangulated,Chuang et al. [8℄ showed how to represent it using 2m + 2n + o(m + n) bits.Based on a partition algorithm, Castelli Aleardi et al. [5℄ proposed a su-int representation of planar triangulations with a boundary. Their datastruture uses 2.175 bits per triangle to support various operations e�iently.Castelli Aleardi et al. [6℄ further extended this approah to design suint rep-resentations of 3-onneted planar graphs and triangulations using 2 bits peredge and 1.62 bits per triangle respetively, whih asymptotially math therespetive entropy of these two types of graphs.2.2 Multiple ParenthesesChuang et al. [8℄ proposed suint representation of multiple parentheses,a string of O(1) types that may be unbalaned. Thus a multiple paren-thesis sequene of p types of parentheses is a sequene over the alphabet
{′(′1,

′ (′2, ...,
′ (′p,

′ )′1,
′ )′2, ...,

′ )′p}. We all ′(′i and ′)′i type-i opening parenthesis andtype-i losing parenthesis, respetively. The operations onsidered are:� m_rank(S, i, α): the number of parentheses α in S[1..i];� m_select(S, i, α): the position of the ith parenthesis α;� m_firstα(S, i) (m_lastα(S, i)): the position of the �rst (last) parenthesis
α after (before) S[i];� m_match(S, i): the position of the parenthesis mathing S[i];� m_enclosek(S, i1, i2): the position of the losest mathing parenthesis pairof type k whih enloses S[i1] and S[i2].Chuang et al. [8℄ showed how to onstrut a o(|S|)-bit auxiliary data stru-ture, for a string S of O(1) types of parentheses stored expliitly, to supportthe above operations in onstant time. We show how to improve this result inCorollary 1, and propose an enoding for the ase when the number of types ofparentheses is non-onstant in Theorem 3.2.3 Suint Indexes for Binary RelationsBarbay et al. [2℄ showed how to ahieve data abstration in suint data stru-tures by designing suint indexes. Given an abstrat data type (ADT) to a-ess the given data, the goal is to design auxiliary data strutures (i.e. suintindexes) that oupy asymptotially less spae than the information-theoretilower bound on the spae required to enode the given data, and support anextended set of operations using the basi operators de�ned in the ADT.They onsidered sequenes of n objets where eah objet an be assoiatedwith a subset of labels from [σ], this assoiation being de�ned by a binary relation3
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Fig. 1. A triangulated planar graph of 12 verties with its anonial spanning tree T 0(on the left). On the right, it shows the triangulation indued with a realizer, as wellas the loal ondition.of t pairs from [n]×[σ]. The operations inlude: object_access(x, i), the ithlabel assoiated with x in lexiographi order; label_rank(α, x), the number ofobjets labeled α up to (and inluding) x; label_select(α, r), the position ofthe rth objet labeled α; and label_access(x, α), whether objet x is assoiatedwith label α. They de�ned the ADT through object_access and designed asuint index of t · o(lg σ) bits to support other operators e�iently.2.4 Realizers and Planar TriangulationsA key notion in this paper is that of realizers of planar triangulations (see Fig-ure 1 for an example).De�nition 1 (Shnyder [16℄). A realizer of a planar triangulation T is apartition of the set of the internal edges into three sets T0, T1 and T2 of diretededges, suh that for eah internal vertex v the following onditions hold:� v has exatly one outgoing edge in eah of the three sets T0, T1 and T2;� loal ondition: the edges inident to v in w order are: one outgoing edgein T0, zero or more inoming edges in T2, one outgoing edge in T1, zero ormore inoming edges in T0, one outgoing edge in T2, and �nally zero or moreinoming edges in T1.A fundamental property of realizers that we use extensively in Setion 3 is:Lemma 1 (Shnyder [16℄). Consider a planar triangulation T of n ver-ties, with exterior fae (v0, v1, vn−1). Then T always admits a realizer R =
(T0, T1, T2) and eah set of edges in Ti is a spanning tree of all internal verties.More preisely, T0, T1 and T2 are spanning trees of T \{v1, vn−1}, T \{v0, vn−1}and T \ {v0, v1}, respetively.3 Vertex Labeled Planar Triangulations3.1 Three New Traversal Orders on a Planar TriangulationA key notion in the development of our results is that of three new traversalorders of planar triangulations based on realizers. Let T be a planar triangulation4
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21 10843 65 97 21 843 65 97Fig. 2. A planar triangulation indued with one realizer. The three orders π0, π1 and

π2, as well as the order indued by a DFUDS traversal of T0 are also shown.of n verties and m edges, with exterior fae (v0, v1, vn−1). We denote its realizerby (T0, T1, T2) following Lemma 1. By Lemma 1, T0, T1 and T2 are three spanningtrees of the internal nodes of T , rooted at v0, v1 and vn−1, respetively. Weadd the edges (v0, v1) and (v0, vn−1) to T0, and all the resulting tree, T 0, theanonial spanning tree of T [8℄. In this setion, we denote eah vertex by itsnumber in anonial ordering, whih is the w preorder number in T 0.De�nition 2. The zeroth order π0 is de�ned on all the verties of T and issimply given by the preorder traversal of T0 starting at v0 in ounter lokwiseorder (w order).The �rst order π1 is de�ned on the verties of T \ v0 and orresponds toa traversal of the edges of T1 as follows. Perform a preorder traversal of theontour of T0 in a w manner. During this traversal, when visiting a vertex v,we enumerate onseutively its inident edges (v, u1), . . . , (v, ui) in T1, where vappears before ui in π0. The traversal of the edges of T1 naturally indues anorder on the nodes of T1: eah node (di�erent from v1) is uniquely assoiatedwith its parent edge in T1.The seond order π2 is de�ned on the verties of T \ {v0, v1} and anbe omputed in a similar manner by performing a preorder traversal of T0 inlokwise order (w order). When visiting in w order the ontour of T0, theedges in T2 inident to a node v are listed onseutively to indue an order onthe verties of T2.Note that the orders π1 and π2 do not orrespond to previously studiedtraversal orders on the trees T1 and T2, as they are dependent on T0 through π0(see Figure 2). The following lemma is ruial (we omit the proof):Lemma 2. For any node x, its hildren in T1 (or T2), listed in w order (or worder), have onseutive numbers in π1 (or π2). In the ase of T0, the hildren of
x are listed onseutively by a DFUDS (or Depth First Unary Degree Sequene [3℄)traversal of T0.3.2 Representing planar triangulationsWe onsider the following operations on unlabeled planar triangulations:5
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21 843 65 97Fig. 3. The multiple parenthesis string enoding of the triangulation in Figure 2.� adjacency(x, y), whether verties x and y are adjaent;� degree(x), the degree of vertex x;� select_neighbor_ccw(x, y, r), the rth neighbor of vertex x starting fromvertex y in w order if x and y are adjaent, and ∞ otherwise;� rank_neighbor_ccw(x, y, z), the number of neighbors of vertex x between(and inluding) the verties y and z in w order if y and z are both neighborsof x, and ∞ otherwise.� Πj(i), given the number of a node vi in π0 it returns the number of vi in πj ;� Π−1
j (i), given the number of a node vi in πj it returns its rank in π0.To represent a planar triangulation T , we ompute a realizer (T0, T1, T2) of Tfollowing Lemma 1. We then enode the three trees T0, T1 and T2 using a multipleparenthesis sequene S of length 2m onsisting of three types of parenthesis. Sis obtained by performing a preorder traversal of the anonial spanning tree

T 0 = T0∪(v0, v1)∪(v0, vn−1) and using di�erent types of parentheses to desribethe edges of T 0, T1 and T2. We use parentheses of the �rst type, namely ′(′ and
′)′, to enode the tree T 0, and other types of parentheses, ′[′, ′]′, ′{′, ′}′, to enodethe edges of T1 and T2. We use S0, S1 and S2 to denote the subsequenes of Sthat ontain all the �rst, seond, and the third types of parentheses, respetively.We onstrut S as follows (see Figure 3 for an example).Let v0, . . . , vn−1 be the w preorder of the verties of T 0. Then the string
S0 is simply the balaned parenthesis enoding of the tree T 0 [14℄: S0 an beobtained by performing a w preorder traversal of the ontour of T 0, writingdown an opening parenthesis when an edge of T 0 is traversed for the �rst time,and a losing parenthesis when it is visited for the seond time. During thetraversal of T 0, we insert in S a pair of parentheses ′[′ and ′]′ for eah edge of T1,and a pair of parentheses ′{′ and ′}′ for eah edge in T2. More preisely, whenvisiting in w order the edges inident to a vertex vi, we insert:� A ′[′ for eah edge (vi, vj) in T1, where i < j, before the parenthesis ′)′orresponding to vi;� A ′]′ for eah edge (vi, vj) in T1, where i < j, after the parenthesis ′(′orresponding to vj ;� A ′}′ for eah edge (vi, vj) in T2, where i > j, after the parenthesis ′(′orresponding to vi; 6



� A ′{′ for eah edge (vi, vj) in T2, where i > j, before the parenthesis ′)′orresponding to vj .Thus S is of length 2m, onsisting of three types of parenthesis. It is easy toobserve that the subsequenes S1 and S2 are balaned parenthesis sequenes oflength 2(n − 1) and 2(n − 2), respetively.We �rst observe some basi properties of the string S. Reall that a node
vi an be referred to by its preorder number in T0, and by the position of themathing parenthesis pair (i and )i (let pi and qi denote their positions in S).Let be pf (or ql) be the position of the opening (or losing) parenthesis in Sorresponding to the �rst (or last) hild of node vi in T0.Property 1. The following basi fats hold:� Two nodes vi and vj are adjaent if and only if there is one ommon inidentedge (vi, vj) in exatly one of the trees T0, T1 or T2;� pi < pf < ql < qi;� The number of edges inident to vi and not belonging to the tree T0 is

(pf − pi − 1) + (qi − ql − 1);� If vi is not a leaf in T0, between the ourrenes of the ′(′ that orrespond tothe verties vi and vi+1 (note that the ′(′ orresponding to vi+1 is at position
pf ), there is exatly one ′]′. Similarly, there is exatly one ′{′ between the ′)′that orrespond to the verties vi and the ′)′ at position ql.Observe that S0 is the balaned parenthesis enoding of the tree T0 [14℄, sothat if we store S0 and onstrut the auxiliary data strutures for S0 as in [14℄,we an support a set of navigational operators on T0. S an be representedusing the approah of Chuang et al. [8℄ (see Setion 2.2) in 2m lg 6 + o(m) =

2m⌈log2 6⌉ + o(m) = 6m + o(m) bits. However, this enoding does not supportthe omputation of an arbitrary word in S0, so that we annot navigate in thetree T0 without storing S0 expliitly, whih will ost essentially 2 additional bitsper node. To redue this spae redundany, and to derease the item 2m⌈log2 6⌉to 2m log2 6 + o(m), we have the following lemma (we omit the proof):Lemma 3. The string S an be stored in 2m log2 6 + o(m) bits to support theoperators listed in Setion 2.2 in onstant time, as well as the omputation ofan arbitrary word, or Θ(n) bits of the balaned parenthesis sequene of T0.The same approah an be diretly applied to a sequene of O(1) types ofparentheses:Corollary 1. Consider a multiple parenthesis sequene M of 2n parenthesis of
p types, where p = O(1). M an be stored using 2n log(2p)+ o(n) bits to supportin O(1) time the operators listed in Setion 2.2, as well as the omputationof an arbitrary word, or Θ(n) bits of the balaned parenthesis sequene of theparentheses of a given type in M .The following theorem shows how to support the navigational operations ontriangulations. While the spae used here is a little more than that of [7℄, theexpliit use of the three parenthesis sequenes seems ruial to exploiting therealizers to provide an e�ient implementation supporting Πj(i) and Π−1

j (i).7



Theorem 1. A planar triangulation T of n verties and m edges anbe represented using 2m log2 6 + o(m) bits to support adjacency, degree,
select_neighbor_ccw, rank_neighbor_ccw as well as the Πj(i) and Π−1

j (i)operators (for j ∈ {1, 2}) in O(1) time.Proof. We onstrut the string S for T as shown in this setion, and store it using
2m log2 6 + o(m) bits by Lemma 3. Reall that S0 is the balaned parenthesisenoding of T0, and that we an ompute an arbitrary word of S0 from S.Thus we an onstrut additional auxiliary strutures using o(n) = o(m) bits[13, 14℄ to support the navigational operations on T0. As eah vertex is denotedby its number in anonial ordering, vertex x orresponds to the xth openingparenthesis in S0. We now show that these strutures are su�ient.To ompute adjacency(x, y), reall that x and y are adjaent i� one is theparent of the other in one of the trees T0, T1 and T2. As S0 enodes the balanedparenthesis sequene of T0, we an trivially hek whether x (or y) is the parentof y (or x) using existing algorithms on S0 [14℄. To test adjaeny in T1, we reallthat x is the parent of y i� the (only) outgoing edge of y, denoted by a ′]′, isan inoming edge of x, denoted by a ′[′. It then su�es to retrieve the �rst ′]′after the yth ′(′ in S, given by m_first′[′(S, m_select(S, y,′ (′)), and omputethe index, i, of its mathing losing parenthesis, ′[′, in S. We then hek whetherthe nearest sueeding losing parenthesis ′)′ of the ′[′ retrieved, loated using
m_first′)′(S, i), mathes the xth opening parenthesis ′(′ in S. If it does, then xis the parent of y in T1. We use a similar approah to test the adjaeny in T2.To ompute degree(x), let d0, d1 and d2 be the degrees of x in the trees T0,
T1 and T2 (we denote the degree of a node in a tree as the number of nodesadjaent to it), respetively, so that the sum of these three values is the answer.To ompute d0, we use S0 and the algorithm to ompute the degree of a nodein an ordinal tree using its balaned parenthesis representation by Chuang etal. [8℄. To ompute d1 + d2, if x has hildren in T0, we �rst ompute the indies,
i1 and i2, of the xth and the x + 1th ′(′ in S, and the indies, j1 and j2, of the
(n − x)th and the (n − x + 1)th ′)′ in S in onstant time. By the third item ofProperty 1, we have the property d1 + d2 = (i2 − i1− 1)+ (j2− j1− 1). The asewhen x is a leaf in T0 an be handled similarly.To support select_neighbor_ccw and rank_neighbor_ccw, we make useof the loal ondition of realizers in De�nition 1. The loal ondition tells us that,given a vertex x, its neighbors, when listed in w order, form the following sixtypes of verties: x's parent in T0, x's hildren in T2, x's parent in T1, x's hildrenin T0, x's parent in T2, and x's hildren in T1. The ith hild of x in w orderin T0 an be omputed in onstant time, and the number of siblings beforea given hild of x in w order an also be omputed in onstant time usingthe algorithms of Lu and Yeh [13℄. The hildren of x in T1 orresponds to theparentheses ′[′ between the (n− x)th and the (n− x + 1)th ′)′ in S, and beauseof the onstrution of S, if u and v are both hildren of x, and u ours before
v in π1, then u is also before v in w order among x's hildren. The hildren of
x in T2 have a similar property. Thus the operators supported on S allow us toperform rank/selet on x's hildren in T1 and T2 in w order. As we an also8



ompute the number of eah type of neighbors of x in onstant time, this allowsus to support select_neighbor_ccw and rank_neighbor_ccw in O(1) time.To ompute Π1(i), we �rst loate the position, j, of the ith ′(′ in S, whih is
m_select(S, i,′ (′). We then loate the position, k, of the �rst ′]′ after position
j, whih is m_first′]′(S, j). After that, we loate the mathing parenthesis of
S[j] using m_match(S, j) (p denotes the result). S[p] is the parenthesis ′[′ thatorresponds to the edge between ui and its parent in T1, and by the onstrutionalgorithm of S, the rank of S[p] is the answer, whih is m_rank(S, p,′ [′). Theomputation of Π−1

1 is exatly the inverse of the above proess. Π2 and Π−1
2an be supported similarly. ⊓⊔3.3 Vertex Labeled Planar TriangulationsIn addition to unlabeled operators, we present a set of operators that allow e�-ient navigation in a labeled graph (these are natural extensions to navigationaloperators on labeled trees):� lab_degree(α, x), the number of the neighbors of vertex x in G labeled α;� lab_select_ccw(α, x, y, r), the rth vertex labeled α among neighbors ofvertex x after vertex y in w order, if y is a neighbor of x, and ∞ otherwise;� lab_rank_ccw(α, x, y, z), the number of the neighbors of vertex x labeled αbetween y and z in w order if y and z are neighbors of x, and ∞ otherwise.We de�ne the interfae of the ADT of labeled planar triangulations through

node_label(v, i), whih returns the ith label assoiated to vertex v (i.e. the vthvertex in anonial ordering).Reall that Lemma 3 enodes the string S onstruted in Setion 3.2 to sup-port the omputation of an arbitrary word of S0, whih is the balaned paren-thesis sequene of the tree T0. In this setion, we onsider the DFUDS sequeneof T0. We have the following lemma (we omit the proof).Lemma 4. The string S an be stored in (2 log2 6 + ǫ)m + o(m) bits, for any ǫsuh that 0 < ǫ < 1, to support in O(1) time the operators listed in Setion 2.2,as well as the omputation of an arbitrary word, or Θ(n) bits of the balanedparenthesis sequene, and of the DFUDS sequene of T0.As Barbay et al. [2℄ did for multi-labeled trees, we now onstrut suintindexes for vertex labeled planar triangulations. The main idea is to ombineour suint representation of planar triangulations with three instanes of thesuint indexes for related binary relations:Theorem 2. Consider a multi-labeled planar triangulation T of n verties, as-soiated with σ labels in t pairs (t ≥ n). Given the support of node_label in
f(n, σ, t) time on the verties of T , there is a suint index using t · o(lg σ)bits whih supports lab_degree, lab_select_ccw and lab_rank_ccw in
O((lg lg lg σ)2(f(n, σ, t) + lg lg σ)) time.9



To design a suint representation of multi-labeled graphs using the abovetheorem, we use the approah of Barbay et al. [1℄ to enode R0 using t lg σ +
O(t) bits to support object_access in onstant time, whih diretly supports
node_label in O(1) time. Thus:Corollary 2. A multi-labeled planar triangulation T of n verties, assoiatedwith σ labels in t pairs (t ≥ n) an be represented using t lg σ + t · o(lg σ) bitsto support node_label in O(1) time, and lab_degree, lab_select_ccw and
lab_rank_ccw in O((lg lg lg σ)2 lg lg σ) time.4 Edge Labeled Graphs with Pagenumber k4.1 Multiple ParenthesesWe now onsider the suint representation of multiple parenthesis sequenes of
p types of parentheses, where p is not a onstant. We onsider the following op-erations on a multiple parenthesis sequene S[1..2n] in addition to those de�nedin Setion 2.2: m_rank′(S, i), the rank of the parenthesis at position i amongparentheses of the same type in S; m_findopen(S, i) (m_findclose(S, i)), themathing losing (opening) parenthesis of the same type for the opening (los-ing) parenthesis at position i in S. Note that m_findopen and m_findcloseare idential to the operator m_match. We de�ne them here for the simpliityof the proofs of the theorems in this setion. We have the following theorem (weomit all the proofs in this setion beause of spae onstraint):Theorem 3. A multiple parenthesis sequene of 2n parentheses of p types, inwhih the parentheses of any given type are balaned, an be represented us-ing 2n lg p + o(n lg p) bits to support m_access, m_rank′, m_findopen and
m_findclose in O(lg lg p) time, and m_select in O(1) time. Alternatively,
(2 + ǫ)n lg p + o(n lg p) bits are su�ient to support these operations in O(1)time, for any onstant ǫ suh that 0 < ǫ < 1.4.2 Graphs with Pagenumber k for large kIn this setion, on unlabeled graphs with page number k, we onsider theoperators adjacency and degree de�ned in Setion 3.2, and the operator
neighbors(x), returning the neighbors of x.Previous results on suintly representing k-page graphs [10, 14℄ support
adjacency in O(k) time. The lower-order term in the spae ost of the resultof Gavoille and Hanusse [10℄ is o(km), whih is dominant when k is large. Thusprevious results mainly deal with the ase when k is small. We onsider large k.Theorem 4. A k-page graph of n verties and m edges an be represented using
n + 2m lg k + o(m lg k) bits to support adjacency in O(lg k lg lg k) time, degreein O(1) time, and neighbors(x) in O(d(x) lg lg k) time where d(x) is the degreeof x. Alternatively, it an be represented in n + (2 + ǫ)m lg k + o(m lg k) bits tosupport adjacency in O(lg k) time, degree in O(1) time, and neighbors(x) in
O(d(x)) time, for any onstant ǫ suh that 0 < ǫ < 1.10



4.3 Edge Labeled Graphs with Pagenumber kWe onsider the following operations on edge labeled graphs:� lab_adjacency(α, x, y), whether there is an edge labeled α between verties
x and y;� lab_degree_edge(α, x), the number of edges inident to vertex x that arelabeled α;� lab_edges(α, x), the edges inident to vertex x that are labeled α.We �rst design suint representation of edge labeled graphs with one page:Lemma 5. An outerplanar graph of n verties and m edges in whihthe edges are assoiated with σ labels in t pairs (t ≥ n) an be rep-resented using n + t(lg σ + o(lg σ)) bits to support lab_adjacency and

lab_degree_edge in O(lg lg σ(lg lg lg σ)2) time, and lab_edges(α, x) in
O(lab_degree_edge(α, x) lg lg σ lg lg lg σ) time.To support an edge labeled graph with k pages, we an use Lemma 5 to rep-resent eah page and ombine all the pages to support navigational operations.Alternatively, we an use Theorem 4 and a similar approah to Lemma 5 toahieve a di�erent tradeo� to improve the time e�ieny for large k.Theorem 5. A k-page graph of n verties and m edges in whih theedges are assoiated with σ labels in t pairs (t ≥ n) an be repre-sented using kn + t(lg σ + o(lg σ) bits to support lab_adjacency and
lab_degree_edge in O(k lg lg σ(lg lg lg σ)2) time, and lab_edges(α, x)in O(lab_degree_edge(α, x) lg lg σ lg lg lg σ + k) time. Alternatively, itan be represented using n + (2m + ǫ) lg k + o(m lg k) + m(lg σ +
o(lg σ)) bits to support lab_adjacency in O(lg k lg lg σ(lg lg lg σ)2) time,
lab_degree_edge in O(lg lg σ(lg lg lg σ)2) time, and lab_edges(α, x) in
O(lab_degree_edge(α, x) lg lg σ lg lg lg σ) time, for any onstant ǫ suh that
0 < ǫ < 1.Corollary 3. An edge-labeled planar graph of n verties and m edges inwhih the edges are assoiated with σ labels in t pairs (t ≥ n) anbe represented using 4n + t(lg σ + o(lg σ)) bits to support lab_adjacencyand lab_degree_edge in O(lg lg σ(lg lg lg σ)2) time, and lab_edges(α, x) in
O(lab_degree_edge(α, x) lg lg σ lg lg lg σ) time.5 Conluding RemarksIn this paper, we present a framework of suintly representing the propertiesof graphs in the form of labels. We expet that our approah an be extended tosupport other types of planar graphs, whih is an open researh topi. Anotheropen problem is to represent vertex labeled k-page graphs suintly.Our �nal omment is that beause Theorem 2 provides a suint index forvertex labeled planar triangulations, we an in fat store the labels in ompressedform as Barbay et al. [2℄ have done to ompress strings, binary relations andmulti-labeled trees, while still supporting the same operations. This also appliesto Theorem 5, where we apply suint indexes for binary relations.11
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