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Introduction

Overview and Goals

® Present fast and parallel algorithms for
» Factoring (solving) multivariate polynomials (power series) as
power series

P> Factoring multivariate polynomials as Puiseaux series

» Solving a linear ODE with power series coefficients as power
series

® Present non-standard parallel patterns discovered
P> Motivate the use of patterns to other applications

® Present experimental results of C/C++ implementation (BPAS)
which validate parallel schemes
P> Sequential versions available in MAPLE
MultivariatePowerSeries package
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Introduction

Zealous, Lazy and Relaxed

Zealous (truncated):
® Treat power series as polynomials
e Allows asymptotically fast methods

Lazy:
e Compute as needed (term by term)
Relaxed [van der Hoeven, 2002]:

e Compute extra, anticipating more terms

e Algorithms close to or matching asymptotically fast
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Introduction

The BPAS Library

Website: www.bpaslib.org
C/C++

Implements power series and polynomials over Q and Z

» Uses GMP [Granlund et al., 2025]
» Supports lazy computation

Implements parallelism tools (C++)

Task Queue

Thread Pool |O||O||O||<:[|O||O
Figure 1: Parallel Thread Pool. Adapted from [Wikipedia, 2025]
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Introduction

The Fork-Join Model

e Suitable for modelling
multi-core CPUs

® Fork: execute multiple
recursive calls in parallel

® Join: merge parallel

execution back into serial
executon B @98
e “Divide and Conquer”

» Divide a problem into
sub-problems, solving
each recursively

> Combine sub-solutions Figure 2: Fork-Join Model. Adapted

to pr.oduce a full from [McCool et al., 2012b, Fig. 8.1]
solution
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Introduction

Parallel Map and Workpile

Map - possibly most well-known parallel programming pattern
® execute a function on each item in a collection concurrently
e with multiple Maps, tasks must execute in lockstep

Map Pattern [McCool et al., 2012a]

e6000000

TTTTIIT,

OOOOODO@
(@osta tem [ Function Execution

Workpile generalizes Map to a queue of a tasks, allowing tasks to
add more tasks, thus enabling load-balancing as tasks start
asynchronously

® one possible implementation of workpile is a thread pool
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Introduction

Parallel Reduction

e Combine values in parallel

Parallel Reduction [McCool et al., 2012a]

E0000000

O

¢ Map-Reduce
> Map step followed by reduction
» eg. For loop (non-independent iterations)
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UPoPS Factoring with Parallel Pipeline

@® Factoring a Multivariate Polynomial by Composing Map-Reduce
and a Parallel Pipeline
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UPoPS Factoring with Parallel Pipeline

The Problem

Given a polynomial f € K[X},..., X,,Y] compute the roots of f in
Y.

® The classical Newton—Puiseux method is known to compute the
roots of f € K[X1,Y] in Y as Puiseux series in X

¢ The Hensel-Sasaki Construction or Extended Hensel
Construction supports multivariate polynomials, computing the
roots of f in Y as multivariate Puiseux
series [Alvandi et al., 2020]

e |f f is monic, roots in Y can be computed as multivariate power
series; we call such a method Hensel Factorization
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UPoPS Factoring with Parallel Pipeline

Notations

A =K][X;y,..., X,]] is the ring of multivariate power series over an
algebraically closed field. Its maximal ideal is M = (X,..., X,).
o f=> aXeK[Xy,...,X,]]

ecN»
.Xe:Xfl'..XZnV ’6‘:€1+"'+6n

* fuy = ||2—:k a.,X°¢ is the homogeneous part of [ of degree k

° f(k) c Mk\Mk—H
® The units of A are {u|u & M}

A[YT] is the ring of Univariate Polynomials over Power Series
(UPoPS)
o f=X1 aY" a; €A, ag#0isa UPoPS of degree d
® Denote degree of f in Y by deg(f) =d

Greg Solis-Reyes Parallel Computation of Power Series Solutions ICMS 2026



UPoPS Factoring with Parallel Pipeline

Lazy Power Series

Power series implemented using a lazy evaluation scheme allow for
terms to be computed on demand, increasing precision as needed.

Our lazy power series require:

® an update function to compute homogeneous parts of a given
degree

@® capturing parameters required for the update function

© storing previously computed homogeneous parts

Where update parameters are power series, they are called ancestors.
Addition, f =g+ h Multiplication f = gh
* fuy = 9+ hay * foy = Xico 9l
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UPoPS Factoring with Parallel Pipeline

Weierstrass Preparation Theorem for UPoPS

Theorem (Weierstrass Preparation)

Let f =" a,Y € K[[Xy, ..., X,]][Y]. Whered > 0 be the
smallest integer such that a; & M and m € Z*. Assume f £ 0
mod MIY]|. Then, there exists a unique pair p, « satisfying the
following:

®f=paq

@® « is an invertible element of K[[ X1, ..., X, ]][[Y]],

® p is a monic polynomial of degree d,

0 writingp =Y+ by YT+ b1Y + by, we have

bg—1,...,bg € M.
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UPoPS Factoring with Parallel Pipeline

Lazy Weierstrass Preparation

Let f = Z;Hm a—Y', p=Y'+ Z;l;é b Y7, a=>" cY" be
UPoPS. ay, b;, c; are power series. b; € M for j =0,...,d -1

= ap = boco
ap — a; = b001+6160

ag—1 = boci—1 +bicg_o+ -+ bg_2c1 + bi_1co
aqg = boCd + blcd_l + -+ bd_101 + ¢

Agym—1 = bg_1Cm + 1

Ad4+m = Cm
We update p and « by solving equations mod M* k=1,2,...

mod M we have: (1) b; =0 mod M, j=0,...,d—1
(2) c;=a; mod M fori=0,...,m
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UPoPS Factoring with Parallel Pipeline

Lazy Weierstrass Phase 1: update p

f=0"ayt p=Ye+ Z;l_l b Y7, a=>"aY"n

apg = bocy
a; —boci = bicg
a9 — b062 — b161 = bQCO
ag—1 — bocg—1 — bicg_o + -+ —bg_ac1 = bg_1co

o let Fj = a; — 302 bicj
® with power series division we can solve F; = b;cy from j =0 to
d—1
> bjgry = Yeor (Fj(k) -0 bj(i)c()(k—i)>
® each Fj lazily updated through lazy power series arithmetic
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UPoPS Factoring with Parallel Pipeline

Lazy Weierstrass Phase 2: update «

f = Zzl-i-m a(yﬂ) p= yd + Z;l—l bjyj7 a = Zzn Ciyi-

Cm,
Cm—1
Cm—2

Co

= Qd+m
Ad+m—1 — bi—1Cm,
Ad+m—2 — ba—2Cm — big—1Cm—1

= aq—bocg —bicg_1 — - —bg_1c1

° Cm—i(k) = ad-l—m—i(k) — Zz‘:l (bd_jcm_iﬂ)(k), for ¢ < d

each ¢,,_; lazily updated through lazy power series arithmetic

(Dd—jCm—i+7) () only requires up to cp—iij(;,_y) since bg—j g =0

® cach ¢,,_; can thus be updated simultaneously
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UPoPS Factoring with Parallel Pipeline

Parallel Opportunities in Weierstrass

parallel map-reduce or parallel for loops

In phase 1: b;,) = Yeo (o) (Fj(k) - Zf;ll bj(i)cﬂ(k—i)>
® compute summation using map-reduce:
k
2 i1 bi i) Cogr—i)
® notice in multivariate case, e.g., bj(l)co(k,l) is less work than
bicpyow-4)

In phase 2: Cm—i(k) = ad+m_¢(k) — Z;’:l (bd_jcm_iﬂ-)(k)
® compute each Crn—i(k) 0 <4 < m simultaneously, and/or
® compute product homogeneous parts using a map-reduce:

k
(bd—jcm—z‘+j )(k) = Ze:1 ba; (0)Cm—i+j (k—0)
® |oad-balance issue again in the multivariate case
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UPoPS Factoring with Parallel Pipeline

Parallel Challenges

Cm = Qd4+m
Cm—1 = Qd4+m—1 — bd—lcm
Cm—2 = Qd4m—2 — ba—2Cm — ba—1Cm—1

co = ag—bocg —bicg_1 — - —bi_1c1

e Computing Crm—i(k) for different ¢ requires a different amount of
work

® ¢,,_; requires ¢ products

® For load-balance, must compute a different number of ¢,,_; to
each thread; number of products computed per thread should be
same
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UPoPS Factoring with Parallel Pipeline

Hensel's Lemma

Theorem (Hensel's Lemma)

Let f =Y+ a, Y € K[[Xy, ..., X,]][Y] be a monic
polynomial. f = f(0,...,0,Y) = (Y —¢))1--- (Y —¢,)% for
c1,...,¢. € K and positive integers dy, . ..,d,. Then, there exists
fiooo o fr € K[[ X, ..., X,]][Y], all monic in'Y, such that:

af:fl"'fr,
@® deg(f;,Y)=d; for1 <i<r, and
in:(Y—c,-)di forl1 <i<r.

Proof: Let g = f(X1,..., X, Y +¢) = Y%+ 39 bY?, sending
¢, to the origin. By construction, by, ...,bs.—1 € M and Weierstrass
preparation can be applied to produce g = p a with

deg(p) = d,,deg() = d — d,. Reversing the shift, set

fr=pY —¢,), f= a(Y —¢), and f = ff.. Proceed by induction.
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UPoPS Factoring with Parallel Pipeline

Hensel Factorization

Algorithm 1 HENSELFACTORIZATION(f)

Require: f =Y+ " a, Y7 a; € K[Xy,..., X,]).

Ensure: f1,..., f, satisfying Hensel's Lemma.
1. f=£(0,...,0,Y)
2: (c1,...,¢),(dy,...,d,.) = roots and their multiplicities of f
3y, G = SORT([c1, . .., ¢r]) by increasing multiplicity
4 fr=1f
5 fori:=1tor—1do
6: gi:=f,(Y+¢)
7. pi,o; := WEIERSTRASSPREPARATION(g)
8: fi=piY — )
9: fipn =Y —¢)

—
o

:fr::]/c\r

: return fi,..., f,

[ay
—
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UPoPS Factoring with Parallel Pipeline

Generators and pipelines

Generators
e A generator function (i.e. iterator) yields data items one at a
time, allowing the function’s control flow to resume on its next
execution.
Asynchronous Generators, Producer-Consumer
® async generators can concurrently produce items while the
generator's caller is consuming items, creating a
producer-consumer pair
Pipeline
® By connecting many producer-consumer pairs we create a
pipeline
® Pipelines need not be linear, they can be directed acyclic graphs

C-E-C-B-0-B-0
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UPoPS Factoring with Parallel Pipeline

Parallel Opportunities in Hensel

® The output of one Weierstrass becomes input to another

® fivig relieson fiq
® Can compute fi(;4q) and fiyi) concurrently in a pipeline

Stage 1 (f1) | Stage 2 (f2) | Stage 3 (f3) | Stage 4 (fs)
Time 1 fiy
Time 2 f1(2) f2(1)
Time 3 f1(3) f2(2) f3(1)
Time 4 J1e) J23) f302) Jaq)
Time 5 J16s) J2.) J33) Jag)
Time 6 f1(6) f2(5) f3(4) f4(3)




UPoPS Factoring with Parallel Pipeline

Parallel Challenges and Composition

P> f P2 —> f Ps—> fy

+c1 / —c1 o~ +co / —Cc2 o~ Hc3 /

fﬂgl*)Oélﬁfé*)ggﬁﬁgﬁfia*)gg*)oq;;cile

® Degrees and computational work diminish with each stage
> deg(g1) = d, deg(g2) =d —dy, deg(gs) =d —d1 —da, ...

® To load-balance each stage, give a decreasing number of threads
to each stage to be used within Weierstrass preparation.
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UPoPS Factoring with Parallel Pipeline

Parallel Speed-up WPT

Parallel Speedup vs Precision, Weierstrass Prep. u,

9 ~
81 2 g ‘l\,v::::% v
‘ R IRET Tt Iz-g===""""
/'.\\:7‘5':;'_»_'—"“"_/ \*: TN -"3'3::::::-'
7 /' ,V:,:/""‘I"
a ,//,"//’
=] g Py
k] 6 =
[0}
851
)
@ 49
©
—_ 3_
& degree, num. threads
2 —e— r=6,t=6  --@-- r=6,t=12
" —A— r=8, t=6 ——k-- r=8,t=12
14 —&— r=10,t=6 ---- r=10, t=12
—&— r=12, t=6 --m-- r=12,t=12
20 40 60 80 100 120 140 160 180 200
Precision (k)
T

up = Y (XP 4+ Xo + i)V + (X + Xo)V + X7 + X1 X + X3

=2 = deg(p) =2 deg(a)=r—2
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UPoPS Factoring with Parallel Pipeline

Parallel Speed-up Hensel Factorization

Parallel Speedup vs Precision, Hensel Factorization x,

o)}

Parallel Speedup
w

4 4
31 num. factors, num. threads
21 —e— r=4,t=12 --0-- r=4,t=12, opt

—A— r=6, t=12 --Ak-- r=6,t=12, opt
14 —&— r=8,t=12 -—&-- r=8, t=12, opt

—=&— r=10, t=12 --m-- r=10, t=12, opt
0 , . r , . ,

100 200 300 400 500 600
Precision (k)
r
. 3
=V -0+ X:1(Y*+Y)
=1
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EHC for Puiseaux Factorizaton

© Dynamic Programming Approach for Factoring a Multivariate
Polynomial into Puiseaux Series via the Extended Hensel
Construction
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EHC for Puiseaux Factorizaton

Problem

Factorize FI(X,Y’) € C[X,Y] into linear factors in X over C({Y™*)):
FXY) = (X =xa(Y)(X = xa(Y)) - (X = xa(Y))

where each x;(Y') is a Puiseux series.

Puiseux Series
Series of the form

k=a;

where

e ¢, cC ® q, €7 .di€Z>0 y
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EHC for Puiseaux Factorizaton

Methods for factoring

® Extended Hensel Construction (EHC):
» [Sasaki and Kako, 1999]
» The Extended Hensel Construction (EHC) computes all
branches concurrently
® Newton-Puiseux:

» [Kung and Traub, 1978]
» Approaches based on Newton-Puiseux compute one branch
after another

New contributions of the paper [Alvandi et al., 2020]:

® Show that the EHC requires only linear algebra and univariate
polynomial arithmetic

Greg Solis-Reyes Parallel Computation of Power Series Solutions ICMS 2026 28 / 65



EHC for Puiseaux Factorizaton

Newton Polynomial (1/2)

o Let F(x,y) € C[z,y] be square-free, monic in = and let
d :=deg,(F). Also F(z,0) = 2% and F has > 2 terms.

® The “south-west-most” terms caz®*y® of F(x,y) satisfy an
equation of the form e, /d +e,/d = 1, with § € Q and form the
Newton polynomial F()(x,3) which is homogeneous (z,4%/?) of
degree d.
o Let 0,d € Z7° such that: 6/d = 6/d, ged(d,d) =
F(a,y) = GY(w,y) Ga, y)
where the GEO) (X,Y) := (X — ¢Y4)™ are the initial factors.
® \We define the ideal

~ o~

S, — <Xdy(k+0)/c/i\7 Xd—ly(k—&-(s)/d"..’X0y(k+dg)/g>7 (1)

fork=1,2,....
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EHC for Puiseaux Factorizaton

Newton Polynomial (2/2)

Greg Solis-Reyes

lllustration of Newton's line [Kung and Traub, 1978]

e, § F=z%—-22y? —azy® + 94

d e
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EHC for Puiseaux Factorizaton

Algorithm

Algorithm 2 EHC_Lift(F k)

1:

Compute the Newton polynomial F(© and g,o/l\

2: Compute G§°> = (X —-GY)™, with1 <i<r

w

L oo N O gk

Compute the Yun—Moses polynomial Wi(g) fori = 1,...,r and
(=0,...,d—1
for j=1,... .k do .
AFO(X,Y) = F(X,Y) = [, GV (mod S;4)
AGY =S WO D fori =1, r
G =GV Y L AGY fori=1,...r
end for
return ng), . .,G,(nk)
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EHC for Puiseaux Factorizaton

Yun-Moses Polynomials

Assume G1(X,Y),...,G.(X,Y) are homogeneous polynomials.
Regarding them as polynomials of C(Y')[X], further assume

gcd((@i,aj)) =1 for i # j,

Let d :=deg(()G1(X,Y) ... G.(X,Y)). Then, for each
€ {0,...,d— 1}, there exists a unique set of polynomials
WX, Y)e CY)[X] |i=1,...,r} satisfying

(0) G1 cee Gr o ) Gl e GT _ Xéydfﬂ
Wl ( Gl ) N N WT GT 7

where degy (Wi(e)(X, Y)) <degy (Gi(X,Y)), i=1,...,r.

® We can compute the Yun-Moses Polynomials using linear algebra
operations
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EHC for Puiseaux Factorizaton

Computing AFV)(X,Y)

AF9(X,Y) = F(X,Y) = [T, G/" mod S

Observation
¢ GV =G0+ AGY 4+ AGYTY

7

¢ GV =G0 + AGY + -+ AGYT + AGYTY

7

Hence, we aim at recycling terms in the product []]_, Gl(jfl)
mod S;;; computed from previous iterations.

o P =T, G mod Sy,
(2] _P;H_l = 5:1 ng) mod §k+1, for ] = 37 s, T
We want

PH =TT, G mod iy

33/ 65
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EHC for Puiseaux Factorizaton

Computing AFU)(X,Y)

Initially define: P! = G(O) G mod S, for j=2,--- ,r. and

J J
recursively compute:

~k ~k+1
P = PE+(AVNSHARAYY +(AJAS+ - +ATADY =] G

Now for j = 3,...,r, define
PF=PEGYY mod S
and assume q]?“ is recursively given by

g =P OAR AT with it = ASAD + AJAL.

where karl ' is the coefficient of Y in Pffll. We can compute
~k ~ktl I
k1 _ pk k1 k41,1 Ak k+1,k+1 A 0 - (k)
Pi! = Prygh Y—i—(pj_l AF g pht] Aj)y -1I¢!
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EHC for Puiseaux Factorizaton

Computing AFU)(X,Y)

EE ) Py Py Py Py
Py Py Py Py Py
P} P} Py P} P}
P! P P P Py

Greg Solis-Reyes Parallel Computation of Power Series Solutions ICMS 2026 35 /65



EHC for Puiseaux Factorizaton

Computing AFV)(X,Y)

ICMS 2026 36 / 65
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EHC for Puiseaux Factorizaton

Computing AFV)(X,Y)

ney @—n—rn—n—n
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EHC for Puiseaux Factorizaton

Computing AFV)(X,Y)
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EHC for Puiseaux Factorizaton

Computing AFV)(X,Y)
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EHC for Puiseaux Factorizaton

Computing AFV)(X,Y)
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EHC for Puiseaux Factorizaton

Paralellization

Parallelization follows from:
® Parallel linear algebra for Yun-Moses polynomial computations
® Parallel power series and polynomial operations
e Paralellizing dynamic programming tiling for AFW)(X,Y) by
computing diagonals concurrently
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EHC for Puiseaux Factorizaton

Experimentation for factoring

Ex|MD KT Lin KT Quad EHCWM EHCEEA
KT10 KT20(KT10 KT20{EHC10 YM1 EHC20{EHC10 YM2
17/ 7 | 145 oo |23.4 232 0.78 0.43 337 | 412 1.77
19| 4 10.14 0.16)0.16 0.14| 0.39 0.26 0.45 | 0.51 0.15
200 4 (279 798 |0.77 082 026 0.15 0.29 | 0.50 0.24
21| 4 | 858 143 [1.96 193 0.23 0.12 0.31 | 047 0.16
241 5 (290 248 |1.11 1.11)| 026 0.15 035 | 049 0.17
25| 7 1183 9451090 1.00( 046 031 0.50 | 0.73 0.42
26| 8 | 235 12.313.09 329 0.66 053 0.74 | 218 1.80
27| 8 | 60.8 2876|23.1 27.1| 0.77 053 120 | 2.31 1.28
28 9 [ 215 oo |73.8 123 | 1.88 1.03 211 | 7.03 4.92
30|17 | o~ o0 00 o0 398 6.70 41.3 | 53.8 16.5
3132 | o %) 00 00 509 249 oo (%) o0
32(33| o %) 00 00 224 250 o0 %) (%)

Table 1: Comparing EHC versus Kung-Traub’s method

Examples from regularchains.org
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regularchains.org

EHC for Puiseaux Factorizaton

MAPLE commands for UPoPS factoring

In the MultivariatePowerSeries package

> with(MultivariatePowerSeries);
[Add, ApproximatelyEqual, ApproximatelyZero, ChangeOfVariables, Copy, Degree,

Display, Divide, EvaluateAtOrigin, Exponentiate,
ExtendedHenselConstruction, GeometricSeries, GetAnalyticExpression,
GetCoefficient, GetMonomial, GetOrder, GetPowerSeries, GetPowerSeriesOrder,
GetPuiseuxSeriesOrder, GetRays, HenselFactorize, HomogeneousPart, Inverse,
IsUnit, MainVariable, Multiply, Negate, PowerSeries, Precision,
PuiseuxFactorize, PuiseuxSeries, SetDefaultDisplayStyle, SetDisplayStyle,
SetHenselBound, SetNonzeroPowerSeriesDegreeBound, SetPuiseuxBound,
SetSmallestTermDegreeBound, Substitute, Subtract, SumOfAllMonomials,
TaylorShift, Truncate, TschirnhausenTransformation,
UnivariatePolynomialOverPowerSeries, UnivariatePolynomialOverPuiseuxSeries,

UpdatePrecision, Variables, WeierstrassPreparation]
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Linear ODE Tiling Pattern

@ Parallel Tiling Pattern for Solving A Linear ODE
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Linear ODE Tiling Pattern

Problem Statement

Compute the first d + k£ + 1 terms of the power series solving a single
linear ODE:

ag(2)y D (2) + ag_r (2)y @D (z) + - -
w4 ay(2)y'(2) + ag(z)y(z) = b(x) (2)

d - order, k - number of new terms
ag(x),aqg_1(x),...,ao(x),b(x) are power series (€ Q[[z]])
aq(x) is invertible (a4(0) # 0)

y(0),'(0),...,y"1(0) are given as initial conditions
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Linear ODE Tiling Pattern

Notation
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Linear ODE Tiling Pattern

The Recurrence Equation

1 d+k—1 d
Cd+k = w_ | b — E G E Tm,i—m * Om.k—i+m (3)
k i=0 m=0

Tmji—m * Omg—ivm =0 ifi<mork <i—m

® ¢g,...,cq_1 from initial conditions

® Wi =aqo-Tdk

We extract the inner sums:

d . .
i = — Z Tmji—m * Omn—itm 1 ¢>mand n>1i—m (4)

— 10 otherwise
m=0
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Linear ODE Tiling Pattern

Tabulating the Inner Sums

When calculating many cq.,,'s (up to cgii):
(0<n<k 0<i<d+n)

Wy * Cq —bo+zlogorci
Wy - Cgq1 _b1+z:Z Oglz'ci + 91,4 Cd
Wy - Cayo = by + ZZ 092i°C T G924 Ci + 924+1 " Cd+1

d—1
Wg - Capk =0k + D i g ki G + GkdCa  t+ Gkdr1Capr T oo
+ Grdik—1 " Cdyk—1

(5)

We can tabulate all the g's (g Table):
o d-(k+1)+XF i = dk+ 1)+ k(k+1)/2
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Linear ODE Tiling Pattern

Triangular System

Notation for sums from the initial conditions and b(x):

d—1
B, an—i-ngcl
1=0

We have a triangular system:

Wo*Cq = B()
Wy Cy1 =DB1 +g1a-ca
Wy Cayz =By +g2q-cq + 92441 Car1 (6)
Wk Cavk = By + grd-ca  + Grde1 - Cap1 + -
+ Grdik—1 " Cdyk—1
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Linear ODE Tiling Pattern

The T Table

0 | By Jwo plca]—
v

1 Bi gracca Jwr P Cas]—

y v
2| B | teact Ptgancan fws [li2)

/ v / Cd+k

P LT LT \

/ / ]
k Br T AGkacca T AGkairCat o T Grdrk-1  Careo1 Wk
5 o 1 2 k

Figure 3: The T Table
For j <i:

T(i,j) =T(,j - 1)+ giarj—1-T(G— 1,7 - 1)
=T, — 1)+ gidrj—1- Cdrj1
If i = j:
T, j) =T, 7)/wi
cari = T(i,])
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Linear ODE Tiling Pattern

Tiling Strategy for the T" Table

T o | T I o T
T|T o T T T|T T|T
— T|T|T TTTT\/V
T
T|T|T|T TIT|T|T| —
T|T
T\lT|lT|T T | T T | T
T|r|T
T|T T|T
r|lr|ir|T \/V
o T|T T|T
r|lrir|rlT T
iRy
rlrir|r|T|T|T T|T|T
rir|r | t|T|T|T|"T TiT|T|T
TTTTTTTTT‘ rlrir|7|r

Figure 4: Recursively Dividing the T" Table
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Linear ODE Tiling Pattern

What to Parallelize

When calculating k + 1 coefficients (cg, . . ., carx):
® Calculate g table (Map pattern)
® Calculate T table
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Linear ODE Tiling Pattern

Parallelizing the T" Table Computation

0 | By Jwo p{ca]l— -
By g da .
2 By ™ +g2_d,[.f\s N*.‘h,zlﬂ'f‘j‘y o
. Tk S
k By T Gka-ca ™ ka1 Cali L St godort -t
2 o U 2 ”
A
[7] o Bl - -
|7 o | T = e
_ 7 T ey ey o \/f
; rrjr|T T|T|T|T /\
T|T T|T|T|T 0 T 7 7
7| 7|7 \/v I -
I 7 T|T 7 || 2
AN T e
T rirlel ol T A
r|lr|r|T|T|T|T dEd -
AEaraEa - - |7 ¢ e e g e
rlrelrlz|z|r|7|T T‘ S e
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Linear ODE Tiling Pattern

Experimental Setup

Implemented (ODE orders 2, 8, 32):
® In MAPLE (dsolve, ‘series’)
® |n BPAS: lterative, Tiling, Parallel

Machines (support SMT):
® 4 Core Intel i7, 2x8GB RAM
> MAPLE, lterative, Tiling, Parallel
e 64 Core AMD EPYC, 24x32GB RAM
P |terative, Tiling, Parallel

[Exponential Coefficients] Family (iii):
D R
i=0
PS 363:ry//(x) _’_2621yl(x) +€xy(.’1,’) — er
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Linear ODE Tiling Pattern

Selected Results - Exponential Family, 4 Cores

Running Time vs Expansion Order, Exponential(iii), Order 2, 4 Cores

Running Time vs Expansion Order, Exponential(iii), Order 8, 4 Cores

4 4
10 —8— Maple 10
103] % Iterative-Serial 10°
I @ Tiling-Serial I
g 1024 ..A- Tiling-Parallel g 10°
E 10t E 10t
2 100 )
£ 10 = 10
c c
51071 510—1 . X X
< < ’ i Iterative-Serial
10-2 10-2 A —- Tiling-Serial
& --A- Tiling-Parallel
1072 1073
200 400 600 800 1000 200 400 600 800 1000

Expansion Order (d+k)
(a) Exponential ODE, Order 2.

Running Time vs Expansion Order, Exponential(iii), Order 32, 4 Cores

104
10%
@
L 102
“E) 10
£ 10t
2 100
£ 10
< -
Z107 - lterative-Serial
102 {‘A -@- Tiling-Serial
- Tiling-Parallel
1073 A
200 400 600 800 1000

Expansion Order (d+k)

(c) Exponential ODE, Order 32.

Expansion Order (d+k)
(b) Exponential ODE, Order 8.

Parallel Speedup vs Expansion Order, Exponential(iii), 4 Cores
5.0

A ———

45 e

S40

K

835

w0

g 3.0

£as

& —8— ODE Order 2
2.0 ~#  ODE Order 8
15 —@- ODE Order 32

200 400 600 800 1000

Expansion Order (d+k)

(d) Parallel Speedup, Exponential ODE.

Figure 5: 4 Cores - Experimental Results - Exponential ODE Family (7).
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Linear ODE Tiling Pattern

Selected Results - Exponential Family, 64 Cores

Running Time vs Expansion Order, Exponential(iii), Order 2, 64 Cores
104

Running Time vs Expansion Order, Exponential(iii), Order 8, 64 Cores
104

~i- lIterative-Serial ~i- lterative-Serial

10°1 8- Tiling Serial 10°) @ Tiling-Serial .
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£ 10 E w0
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(a) Exponential ODE, Order 2.
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(b) Exponential ODE, Order 8.

Parallel Speedup vs Expansion Order, Exponential(iii), 64 Cores

Running Time vs Expansion Order, Exponential(iii), Order 32, 64 Cores
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Figure 6: 64 Cores - Experimental Results - Exponential ODE Family (#iz).
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Thank you for listening!

Questions?

[Alvandi et al., 2020, Brandt and Moreno Maza, 2021,
Solis-Reyes et al., 2025]
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