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+ Uncertainty Quantification in Parameter Estimation with Noisy Data,
Alexey Ovchinnikov

A common computational task..

These at some point mention or rely on repeatedly solving systems of
nonlinear equations.

In this talk, Groebner.jl
How to make repeated Grobner basis computations faster and available?

1/12



One standard example from computer algebra

Example, structural identifiability of ODEs [Hong et al., 2019]
Consider the CRN example, a system of polynomials in 47 indeterminates:

X21 — X20X10R10 — X4oR20 — X4oR30 = O

X20 — 544397587489487158925 = O

—6X52X32Re0 — 4X33X51R60 — LiX53X31R60 — X34X50R60 — ... = O.
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X21 — X20X10R10 — X4oR20 — X4oR30 = O
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Consider the CRN example, a system of polynomials in 47 indeterminates:

X21 — X20X10R10 — X4oR20 — X4oR30 = O

X20 — 544397587489487158925 = O
—6X52X32k60 - 4X33X51k60 - L|.X53X31k60 - X34X50k6o = 600 =0

Solving the system
We can find the solution from the Grobner basis of the system:

Reo = 85029334869901666838, Rso = 563526835963427689429,

Intermediate expression swell
In Grobner basis in computations there appears a term with coefficient:

3898029972123805352439100089927343988227892816928234131232114325948292:
It contains roughly 135,000 digits.
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A standard solution: multi-modular methods

Grobner bases and
specialization
“almost” commute:

fi,.

specialize

compute GB
.oy Jn B G

specialize

{fﬁ..l,fn

Y Y
d '—» G d
(mod p) compute GB (mod p)
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Avoiding intermediate expression swell:

1. Grobner basis of CRN system
Compute modulo prime p, = 65551:

k60 = 2196, kso = 36593 (mod p1)
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Grobner basis of CRN system mod p-p.
Interpolate via Chinese Remainder Theorem:
Reo = 2941603321,  Rso = 3859679473 mod p4p2,
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P ‘ compute GB @
1y+++5)n >
Grobner bases and

specialization specialize specialize

“almost” commute: v A4
{fﬁ.u,fn (mod p)J—» G (mod p)
compute GB

Avoiding intermediate expression swell:

1. Grobner basis of CRN system 2. Grobner basis of CRN system

Compute modulo prime p, = 65551: Compute modulo prime p, = 65557:

Reo = 2196, Rso = 36593 (mod p-) Reo = 60731, Rso = 11098 (mod p5)
Tln general, (mod /) where [ is an ideal T

And then reconstructing the result:

Grobner basis of CRN system mod p.p, Hensel lifting, rational function interpolation, etc.
v

Interpolate via Chinese Remainder Theorem :

Reo = 2941603321, Rso = 3859679473 mod P4p2,
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Grobner tracing

Multi-modular method
Input: Polynomials fi, ..., fn € K[X, ..., Xn].
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Grobner tracing

Multi-modular method with tracing [Traverso, 1989]
Input: Polynomials fi, ..., fa € K[X4, ..., Xn].

1. Precompute atrace T usingfi,...,fn.

2. Fori=1,2,3,...
21 Let p; be a prime number.
2.2 Compute G;, a Grobner basis of (f1, ..., fn) mod p; using the trace T .

3. Reconstruct and return basis G from G,, G, . . ..
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Multi-modular method with tracing [Traverso, 1989]
Input: Polynomials fi, ..., fa € K[X4, ..., Xn].

1. Precompute atrace T usingfi,...,fn.

2. Fori=1,2,3,...
21 Let p; be a prime number.
2.2 Compute G;, a Grobner basis of (f1, ..., fn) mod p; using the trace T .

3. Reconstruct and return basis G from G,, G, . . ..

When using the F4 algorithm for computing Grobner bases:

Input F4 matrix Row echelon form
Gafa — keep
G2f2 — keep
Fir oo fn o N
Qufs — keep
qsfs — 0
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Adoption of Grobner tracing

Existing software uses tracing internally to compute Grobner bases over Q:
Giac/Xcas, msolve, Groebner.jl, etc.

3. Reconstruct and return Grobner basis G from G,, G, . . ..
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« Cryptography [Joux et al.] - does not reconstruct G at all.

* Solving - G,, G, . .. are enough, reconstructing G might be wasteful.

Interface
In Grobner bases libraries, the following interface could be useful:

* precompute (fi,...,fn) — atraceT.

« apply (fi,...,famodp, trace T) — a Grobner basis mod p.
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Our contribution

« We provide such tracing interface in Groebner.jl.
sys, sys_1, sys_2, sys_3 = ... # define input systems appropriately
trace, _ = groebner_learn(sys)
for i =1 : 1000

success, gb = groebner_apply!(trace, sys_i)
end
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sys, sys_1, sys_2, sys_3 = ... # define input systems appropriately
trace, _ = groebner_learn(sys)
for i =1 : 1000

success, gb = groebner_apply!(trace, sys_i)
end

« Our implementation is efficient

@btime groebner(sys); # Katsura-10, 1024 solutions
# 731.000 ms (84551 allocations: 139.38 MiB)

ebtime groebner_apply! (trace, sys);
# 263.576 ms (44002 allocations: 87.02 MiB)

» We make tracing faster.
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Making Grobner tracing faster

Recall components of the classic F4 algorithm mod p:
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Making Grobner tracing faster

Recall components of the classic F4 algorithm mod (ps,...,pn) :
« Constructing S-polynomials + Computing row echelon form
mod (pi,...,Pn)

« Symbolic preprocessing
- Constructing Macaulay matrix

- Updating critical pairs
~ depend only on monomials ~+ depends on coefficients and p
~» compute mod (p, ..., pn), With arithmetic done component-wise.

In other words..
Compute over the product ring

Z/piZ x --- X Z/pNnZ

Used by Grabe, and de Kleine & Monagan already in 1993 and 2001, resp.

7112



Making Grobner tracing faster

Arithmeticin Z/p:Z x --- x Z/pnZ can be implemented with tuples:

julia> al = (1,2,3,4)::NTuple{4, Int64}
1, 2, 3, 4)

julia> a2 = (5,6,7,8)::NTuple{4, Int64}
(5, 6, 7, 8)

julia> al .+ a2
(6, 8, 10, 12)

Typically uses SIMD automatically in Julia:

julia> Qcode_native al .+ a2

push rbp
mov rbp, rsp
mov rax, rdi

vmovdqu ymmO, ymmword ptr [rdx]
vpaddq ymm0, ymmO, ymmword ptr [rsi]
vmovdqu ymmword ptr [rdi], ymmO

pop rbp

ret
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Making Grobner tracing faster

In the interface:

success, (gbl,gb2,gb3,gb4) = groebner_apply!(trace, (sys1,sys2,sys3,sys4))
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Making Grobner tracing faster

In the interface:

success, (gbl,gb2,gb3,gb4) = groebner_apply!(trace, (sys1,sys2,sys3,sys4))

Before:

2. Fori=1,2,3,...

21 Let p; be a prime number.
2.2 Compute G;, a Grobner basis of (f1, ..., fn) mod p; using the trace T.

After:

1. Let pi,...,pn be prime numbers.

2. Compute a Grobner basis of (f:,...,fs) mod (ps,...,pn) using trace T.
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In Structuralldentifiability.jl:

Table 1: The number of Grobner bases and the total running times for computing
generators of the field of identifiable functions via rational function interpolation

Model # Grobner bases F4  F4with tracing  Speedup

LinComp2 4388 2755 164 S 17
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In Structuralldentifiability.jl:

Table 1: The number of Grobner bases and the total running times for computing
generators of the field of identifiable functions via rational function interpolation

Model # Grobner bases F4  F4with tracing  Speedup
EAIHRD 420 300S 49s 6.1
LinComp2 4388 2755 164 S 17
Pharm 34 54'S 36s 15

InRationalUnivariateRepresentation. jl:

Table 2: Total running times of rational univariate representation computation.

System Fo  Fu with tracing  Speedup
Chandra-10  82.4s 29.3 S 2.8
Chandra-11  851.4S 373.5S 2.3
Eco-10 108 0.4S 2.5
Eco-11 11.2S 4.2S 27
Katsura-11 71.0s 28.2's 2.5
SEIR36 63.7 S 9.6 s 6.6
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Thank you!
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Table 3: Running times, and the number of computations required to amortize the
cost of learning a trace compared against classic independent Grobner basis
computations.

System ClassicF4 Precompute Apply Computations to break even
Chandra-11 1.0s 3.3s 04as 4
Chandra-12 5.8s 19.6s 0.3S 4
Katsura-12 2.2S 17.2s 0.8s 13
Katsura-13 14.2'S 153.2'S 6as 19
Cyclic-8 0.4'S 155 0.2S 8
Cyclic-9 3895 219.4S 26.7S 19
Cholera 13.7S 40.9'S 77S 7
Yang1 5.8s 39.2s 04sS 8
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