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Class Imbalance

• Focus → classification problems

• Experiments are binary

• Can generalize to multi-class

• Standard class imbalance (not extreme):

• Known to negatively impact classifier

performance
• Impact managed via the standard

toolbox

• Resampling

• Cost adjustment
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Extreme Class Imbalance Definition

• Extreme imbalance:

• High imabalance ratio between the large

class(es) and the small class(es)

(> 1 : 100)

• Very low absolute number of minority

class instances (< 15).

• Application areas:

• Fault detection, disease classification,

software failures and customer churn

prediction, etc.

• Radioactive threat detection

• Classify rare but dangerous occurences of

specific isotopes

• Sign of potential security threath,

problem at nuclear powerplant, etc.

• Ratio: < 1 : 10, 000
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Extreme Class Imbalance Affect

• Impact of extremely imbalanced

• Highly biased predictors

• Erroneously biased in favour of majority

class predictions
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Extreme Class Imbalance Affect

• Representative dataset

• Very different optimal desicion boundary

• Relative position

• Angle

• Shape

• Goal → use resampling to shift biased

predictor towards optimal predictor
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Limitations of Standard Methods

• Standard methods fail on extreme imbalance

• Resampling: undersampling, oversampling, synthetic oversampling

• Cost adjustment

• SMOTE: Synthetic Minority Oversampling TEchnique is the

standard approach

• Numerous variations proposed to mitigate weaknesses

• Posthoc cleaning

• Borderline SMOTE

• Adaptive synthetic oversampling

• Manifold-based synthetic oversampling

• Atleast a minimum number of minority samples required for success

• No solutions for extreme imbalance!
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Limitations of SMOTE

• SMOTE algorithm

• Interpolated synthetic instances between

k-nearest neighbours in minority class
• Populates convex-hull

• Can be too small or too large

• Extreme imbalance → potentially large

distance between neighbours

• Synthetic instances in low-probability regions

• Synthetic instances in harmful regions

• Extreme imbalance → potentially clustered in

small unrepresentative region

• Synthetic instances reinforce overfitting
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Research Question

Research Question

Is there an effective methodology for synthetic oversampling the

minority class in domains that exhibit extreme imbalance?
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Approach

• SWIM: Sampling WIth the Majority

• Utilizes the distribution of the majority class to inform the generation

of synthetic istances

• Alternative resampling methods laregly ignore the majority class

• Alternative anomaly detection and one-class classifiers ignore

informative labels altogeher!

• Intuition behind SWIM

• Synthesize instances in regions with similar densities w.r.t. majority

class as minority class seeds

• Synthesize instances in regions that neighbour minority class seeds.
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SWIM Algorithm Details
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SWIM Algorithm Implementation

• Utilized Mahalanobis Distance to estimate density

• Pro: fast and effienient

• Con: distribution assumption

• Works well in practice

• Alternatives include GMM and RBF
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Methodology

• Resampling methods: SWIM versus

SMOTE, SMOTE with one-sided

selection, SMOTE with the removal

of Tomek links, and borderline

SMOTE

• Classification methods: Naive Bayes,

kNN, Decision Trees, Multilayer

Perception,SVM

• Evaluation:

• 26 Benchmark UCI datasets

• 30 independent trials

• Average g-mean=
√

TPR × TNR

• Statistical significance test via

Bayesian signed test

Dataset Name Dim. Maj.

Size

R4 R7 R10

D1 Abalone 9-18 8 689 1:173 1:99 1:69

D2 Ada Agnostic 48 3430 1:858 1:490 1:343

D3 Alphabets 15 3077 1:770 1:440 1:308

D4 Analcat Data DMFT 7 642 1:161 1:92 1:65

D5 Diabetes 8 500 1:125 1:72 1:50

D6 Forest Cover 54 2970 1:743 1:425 1:297

D7 KDD Synthetic Con-

trol

61 500 1:125 1:72 1:50

D8 Mfeat Karhunen 64 1800 1:450 1:258 1:180

D9 Delft pump AR 160 531 1:133 1:76 1:54

D10 Spambase spam 57 2788 1:697 1:399 1:279

D11 Waveform 0 21 600 1:150 1:86 1:60

D12 Page Blocks 10 4913 1:12291:702 1:492

D13 PC4 37 1280 1:320 1:183 1:128

D14 Piechart 37 644 1:161 1:92 1:65

D15 Pima Indians 8 500 1:125 1:72 1:50

D16 Pizza Cutter 37 609 1:153 1:87 1:61

D17 Ring Norm 20 3736 1:934 1:534 1:374

D18 Thoracic Surgery 37 400 1:100 1:58 1:40

D19 Vehicle 0 18 647 1:162 1:93 1:65

D20 Vehicle 1 18 629 1:158 1:90 1:63

D21 Vehicle 2 18 628 1:157 1:90 1:63

D22 Vehicle 3 18 634 1:159 1:91 1:64

D23 Vowel 10 13 898 1:225 1:129 1:90

D24 Wine Quality Red 4 11 1546 1:387 1:221 1:155

D25 Wine Quality White

3 vs 7

11 880 1:220 1:126 1:88

D26 Wisconsin 9 444 1:111 1:64 1:45
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Results - Minority Size 4, 7, and 10

• Comparison of relative performane

• Minority size 4,7 and 10

• Relative performance diff (SWIM(Di )− ALT (DI ))
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Bars extending upward show

better performance for SWIM



Detailed Results - Minority Size 4

Result

• SWIM outperforms the best alternative

methods on the vast majority of exteme

imbalanced datasets

• Statistically verified with Bayesian signed test

• SWIM > ALT on size 7 and 15 as well
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Discussion

Impact of Minority Class Size

• Relative advantage of SWIM inversely related to minority class size

• Likelihood of nearby kNN in SMOTE increases with minority class

size

14

No erroneous overlap

between synthetic and

majority points



Discussion

Impact of Minority Class Size

• Relative advantage of SWIM inversely related to minority class size

• Likelihood of nearby kNN in SMOTE increases with minority class

size

14

Some spread into the

majority space



Discussion

Impact of Minority Class Size

• Relative advantage of SWIM inversely related to minority class size

• Likelihood of nearby kNN in SMOTE increases with minority class

size

14

Significant overlap

between synthetic and

majority instances



Conclusion

• Standard methods of synthetic oversampling fail on extreme

imbalance

• A majority focused synthetic oversampling method is required in

these cases

• Use the distribution of the majority class

• Synthesize instances based on minority seeds density w.r.t. majority

class

• Synthetic samples in neighbouring regions with similar density

• SWIM → simple and efficient to implenent apply

• SWIM → greater advantage on more extreme imbalance
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Questions?

INTRODUCTION
Extreme class imbalance arises when the training ratio between the large 
class(es) and the small class(es) is 1:100, or worse, and the absolute number of 
minority class instances are very low (<15).

When trained on such data, classifier performance is seriously hindered. 
Specially designed algorithms are needed to cope with case of extreme 
imbalance.

We propose a novel method for synthetic oversampling that uses the rich 
information inherent in the majority class to synthesize minority class data. 
This leads to improved classifier performance on domains with extreme 
imbalance

LIMITATIONS OF SMOTE-BASED METHODS
SMOTE-based algorithms are the standard approach for synthetic oversampling 
in cases of class imbalance. These methods ignore the underlying structure of 
the data thereby opening them to the potential to synthesize instances deep 
inside the majority class space.

PROPOSED METHOD
We propose a majority-focused strategy to synthetically inflate the rare class 
under the moniker of SWIM (Sampling WIth the Majority) based on the 
intuition that a) the synthetic minority instances should be generated in regions 
of the data space that have similar densities with respect to the majority class as 
the real minority instances, and b) that they should be generated in regions that 
neighbour the real minority instances. 

SWIM Algorithm
1)  Estimate the PDF pˆ+() of the majority  

class X+ 

2)  Synthesize a minority instances x'− from  
     a random minority instance x− as xʹ− = x− + r,  
     such that r shifts x− to a neighbouring region  
     of the data space where pˆ+(xʹ−) = pˆ+(x−).  

Is there an effective methodology for synthetic 
oversampling the minority class in domains that exhibit 

extreme imbalance? 

SMOTE Algorithm:
Generate synthetic samples  (  )  at 
random points between minority 

instances as

 pˆ+(  ) = pˆ+(  )

pˆ+()

SMOTE samples
under-fitting minority 

space

Statistical Significance
We use the Bayesian signed test to evaluate the statistical significance of the 
results. The Bayesian signed test is alternative to the frequentist sign and signed-
rank test, which is based on the Dirichlet process. It enables the comparison of 
two classification methods over multiple datasets. The plots below presents the 
three posterior plots of the Bayesian signed test for the comparison of SWIM to 
the best alternative method. A skewed concentration of points shows a higher 
probability of statistical significance. Therefore, SWIM has a higher probability 
of being significantly better on the cases with more extreme imbalance.

Size 4 Size 7 Size 10

Synthetic oversampling with the majority class:  
A new perspective on handling extreme imbalance

CONCLUSION
We present a method for synthetic oversampling, SWIM (Sampling WIth the 
Majority) in domains exhibiting extreme imbalance that utilizes the rich 
information offered by the majority class. Using the distribution of the majority 
class in the generation process enables us to synthesize in regions of the minority 
space that would otherwise be inaccessible. This is an essential feature in cases of 
extreme imbalance, as it enables the induced classifier to both decreases its bias 
and increases its generalization over the minority class.
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Mahalanobis distance implementation of SWIM
1) Calculate sample mean and covariance on the majority class training data A:  
 
 
 

2) Centre the majority and minority training data A and B with respect to A:

µa = mean(A)
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<latexit sha1_base64="yXKH2metwn2nKkpXd0EZ3wZw/6o=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmhDCb/DiQWO8+oO8+W/cQg8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT29zvPnFtRKIecJryIKYjJSLBKFrJr0d1UhlUa27DXYCsE68gNSjQHlS/+sOEZTFXyCQ1pue5KQYzqlEwyeeVfmZ4StmEjnjPUkVjboLZ4tg5ubDKkESJtqWQLNTfEzMaGzONQ9sZUxybVS8X//N6GUbXwUyoNEOu2HJRlEmCCck/J0OhOUM5tYQyLeythI2ppgxtPnkI3urL66TTbHhuw7tv1lo3RRxlOINzuAQPrqAFd9AGHxgIeIZXeHOU8+K8Ox/L1pJTzJzCHzifPwz9jYI=</latexit><latexit sha1_base64="yXKH2metwn2nKkpXd0EZ3wZw/6o=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmhDCb/DiQWO8+oO8+W/cQg8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT29zvPnFtRKIecJryIKYjJSLBKFrJr0d1UhlUa27DXYCsE68gNSjQHlS/+sOEZTFXyCQ1pue5KQYzqlEwyeeVfmZ4StmEjnjPUkVjboLZ4tg5ubDKkESJtqWQLNTfEzMaGzONQ9sZUxybVS8X//N6GUbXwUyoNEOu2HJRlEmCCck/J0OhOUM5tYQyLeythI2ppgxtPnkI3urL66TTbHhuw7tv1lo3RRxlOINzuAQPrqAFd9AGHxgIeIZXeHOU8+K8Ox/L1pJTzJzCHzifPwz9jYI=</latexit><latexit sha1_base64="yXKH2metwn2nKkpXd0EZ3wZw/6o=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmhDCb/DiQWO8+oO8+W/cQg8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT29zvPnFtRKIecJryIKYjJSLBKFrJr0d1UhlUa27DXYCsE68gNSjQHlS/+sOEZTFXyCQ1pue5KQYzqlEwyeeVfmZ4StmEjnjPUkVjboLZ4tg5ubDKkESJtqWQLNTfEzMaGzONQ9sZUxybVS8X//N6GUbXwUyoNEOu2HJRlEmCCck/J0OhOUM5tYQyLeythI2ppgxtPnkI3urL66TTbHhuw7tv1lo3RRxlOINzuAQPrqAFd9AGHxgIeIZXeHOU8+K8Ox/L1pJTzJzCHzifPwz9jYI=</latexit>

Bw<latexit sha1_base64="e4etaFnZNRz63p8kNK1SQ4mnsQ0=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLQk2lpgImMCF7C17sGFv77I7pyEXfoSNhcbY+nvs/DfuAYWCL5nk5b2ZzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxycdE6ea8TaLZawfAmq4FIq3UaDkD4nmNAok7waTm9zvPnJtRKzucZpwP6IjJULBKFqpW20OnqqkNChX3Jo7B1kn3pJUYInWoPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bP5uTNyYZUhCWNtSyGZq78nMhoZM40C2xlRHJtVLxf/83ophtd+JlSSIldssShMJcGY5L+TodCcoZxaQpkW9lbCxlRThjahPARv9eV10qnXPLfm3dUrjeYyjiKcwTlcggdX0IBbaEEbGEzgGV7hzUmcF+fd+Vi0FpzlzCn8gfP5A2fvjkg=</latexit><latexit sha1_base64="e4etaFnZNRz63p8kNK1SQ4mnsQ0=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLQk2lpgImMCF7C17sGFv77I7pyEXfoSNhcbY+nvs/DfuAYWCL5nk5b2ZzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxycdE6ea8TaLZawfAmq4FIq3UaDkD4nmNAok7waTm9zvPnJtRKzucZpwP6IjJULBKFqpW20OnqqkNChX3Jo7B1kn3pJUYInWoPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bP5uTNyYZUhCWNtSyGZq78nMhoZM40C2xlRHJtVLxf/83ophtd+JlSSIldssShMJcGY5L+TodCcoZxaQpkW9lbCxlRThjahPARv9eV10qnXPLfm3dUrjeYyjiKcwTlcggdX0IBbaEEbGEzgGV7hzUmcF+fd+Vi0FpzlzCn8gfP5A2fvjkg=</latexit><latexit sha1_base64="e4etaFnZNRz63p8kNK1SQ4mnsQ0=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLQk2lpgImMCF7C17sGFv77I7pyEXfoSNhcbY+nvs/DfuAYWCL5nk5b2ZzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxycdE6ea8TaLZawfAmq4FIq3UaDkD4nmNAok7waTm9zvPnJtRKzucZpwP6IjJULBKFqpW20OnqqkNChX3Jo7B1kn3pJUYInWoPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bP5uTNyYZUhCWNtSyGZq78nMhoZM40C2xlRHJtVLxf/83ophtd+JlSSIldssShMJcGY5L+TodCcoZxaQpkW9lbCxlRThjahPARv9eV10qnXPLfm3dUrjeYyjiKcwTlcggdX0IBbaEEbGEzgGV7hzUmcF+fd+Vi0FpzlzCn8gfP5A2fvjkg=</latexit>

µf
<latexit sha1_base64="U6FDwedCAGc02JaB1yLDh6Fpt1k=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFi0SU5V0gbGChbFI9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w0gzQ8qSTnt670929IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8383hNVmkXywcxj6gs8kSxkBBsrPdaHIhmFdVQZVWtuw82B1olXkBoUaI+qX8NxRBJBpSEcaz3w3Nj4KVaGEU4XlWGiaYzJDE/owFKJBdV+mh+8QBdWGaMwUrakQbn6eyLFQuu5CGynwGaqV71M/M8bJCa89lMm48RQSZaLwoQjE6HsezRmihLD55Zgopi9FZEpVpgYm1EWgrf68jrpNhue2/Dum7XWTRFHGc7gHC7BgytowR20oQMEBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx8cQY9H</latexit><latexit sha1_base64="U6FDwedCAGc02JaB1yLDh6Fpt1k=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFi0SU5V0gbGChbFI9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w0gzQ8qSTnt670929IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8383hNVmkXywcxj6gs8kSxkBBsrPdaHIhmFdVQZVWtuw82B1olXkBoUaI+qX8NxRBJBpSEcaz3w3Nj4KVaGEU4XlWGiaYzJDE/owFKJBdV+mh+8QBdWGaMwUrakQbn6eyLFQuu5CGynwGaqV71M/M8bJCa89lMm48RQSZaLwoQjE6HsezRmihLD55Zgopi9FZEpVpgYm1EWgrf68jrpNhue2/Dum7XWTRFHGc7gHC7BgytowR20oQMEBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx8cQY9H</latexit><latexit sha1_base64="U6FDwedCAGc02JaB1yLDh6Fpt1k=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFi0SU5V0gbGChbFI9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w0gzQ8qSTnt670929IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8383hNVmkXywcxj6gs8kSxkBBsrPdaHIhmFdVQZVWtuw82B1olXkBoUaI+qX8NxRBJBpSEcaz3w3Nj4KVaGEU4XlWGiaYzJDE/owFKJBdV+mh+8QBdWGaMwUrakQbn6eyLFQuu5CGynwGaqV71M/M8bJCa89lMm48RQSZaLwoQjE6HsezRmihLD55Zgopi9FZEpVpgYm1EWgrf68jrpNhue2/Dum7XWTRFHGc7gHC7BgytowR20oQMEBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx8cQY9H</latexit>

lf
<latexit sha1_base64="VwHZhX/mOlENAHurirnFrksSpbM=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT27nffeLaiEQ94DTlQUxHSkSCUbSSX5eDqD6o1tyGuwBZJ15BalCgPah+9YcJy2KukElqTM9zUwxyqlEwyWeVfmZ4StmEjnjPUkVjboJ8ceyMXFhlSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKPrIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9eZ10mg3PbXj3zVrrpoijDGdwDpfgwRW04A7a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcB3o4j</latexit><latexit sha1_base64="VwHZhX/mOlENAHurirnFrksSpbM=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT27nffeLaiEQ94DTlQUxHSkSCUbSSX5eDqD6o1tyGuwBZJ15BalCgPah+9YcJy2KukElqTM9zUwxyqlEwyWeVfmZ4StmEjnjPUkVjboJ8ceyMXFhlSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKPrIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9eZ10mg3PbXj3zVrrpoijDGdwDpfgwRW04A7a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcB3o4j</latexit><latexit sha1_base64="VwHZhX/mOlENAHurirnFrksSpbM=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT27nffeLaiEQ94DTlQUxHSkSCUbSSX5eDqD6o1tyGuwBZJ15BalCgPah+9YcJy2KukElqTM9zUwxyqlEwyWeVfmZ4StmEjnjPUkVjboJ8ceyMXFhlSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKPrIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9eZ10mg3PbXj3zVrrpoijDGdwDpfgwRW04A7a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcB3o4j</latexit>

x
<latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit>

f
<latexit sha1_base64="yXKH2metwn2nKkpXd0EZ3wZw/6o=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmhDCb/DiQWO8+oO8+W/cQg8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT29zvPnFtRKIecJryIKYjJSLBKFrJr0d1UhlUa27DXYCsE68gNSjQHlS/+sOEZTFXyCQ1pue5KQYzqlEwyeeVfmZ4StmEjnjPUkVjboLZ4tg5ubDKkESJtqWQLNTfEzMaGzONQ9sZUxybVS8X//N6GUbXwUyoNEOu2HJRlEmCCck/J0OhOUM5tYQyLeythI2ppgxtPnkI3urL66TTbHhuw7tv1lo3RRxlOINzuAQPrqAFd9AGHxgIeIZXeHOU8+K8Ox/L1pJTzJzCHzifPwz9jYI=</latexit><latexit sha1_base64="yXKH2metwn2nKkpXd0EZ3wZw/6o=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmhDCb/DiQWO8+oO8+W/cQg8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT29zvPnFtRKIecJryIKYjJSLBKFrJr0d1UhlUa27DXYCsE68gNSjQHlS/+sOEZTFXyCQ1pue5KQYzqlEwyeeVfmZ4StmEjnjPUkVjboLZ4tg5ubDKkESJtqWQLNTfEzMaGzONQ9sZUxybVS8X//N6GUbXwUyoNEOu2HJRlEmCCck/J0OhOUM5tYQyLeythI2ppgxtPnkI3urL66TTbHhuw7tv1lo3RRxlOINzuAQPrqAFd9AGHxgIeIZXeHOU8+K8Ox/L1pJTzJzCHzifPwz9jYI=</latexit><latexit sha1_base64="yXKH2metwn2nKkpXd0EZ3wZw/6o=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmhDCb/DiQWO8+oO8+W/cQg8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT29zvPnFtRKIecJryIKYjJSLBKFrJr0d1UhlUa27DXYCsE68gNSjQHlS/+sOEZTFXyCQ1pue5KQYzqlEwyeeVfmZ4StmEjnjPUkVjboLZ4tg5ubDKkESJtqWQLNTfEzMaGzONQ9sZUxybVS8X//N6GUbXwUyoNEOu2HJRlEmCCck/J0OhOUM5tYQyLeythI2ppgxtPnkI3urL66TTbHhuw7tv1lo3RRxlOINzuAQPrqAFd9AGHxgIeIZXeHOU8+K8Ox/L1pJTzJzCHzifPwz9jYI=</latexit>

lf
<latexit sha1_base64="VwHZhX/mOlENAHurirnFrksSpbM=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT27nffeLaiEQ94DTlQUxHSkSCUbSSX5eDqD6o1tyGuwBZJ15BalCgPah+9YcJy2KukElqTM9zUwxyqlEwyWeVfmZ4StmEjnjPUkVjboJ8ceyMXFhlSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKPrIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9eZ10mg3PbXj3zVrrpoijDGdwDpfgwRW04A7a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcB3o4j</latexit><latexit sha1_base64="VwHZhX/mOlENAHurirnFrksSpbM=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT27nffeLaiEQ94DTlQUxHSkSCUbSSX5eDqD6o1tyGuwBZJ15BalCgPah+9YcJy2KukElqTM9zUwxyqlEwyWeVfmZ4StmEjnjPUkVjboJ8ceyMXFhlSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKPrIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9eZ10mg3PbXj3zVrrpoijDGdwDpfgwRW04A7a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcB3o4j</latexit><latexit sha1_base64="VwHZhX/mOlENAHurirnFrksSpbM=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHbZwobtttmdmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp90TJJpxn2WyEQ/htRwKRT3UaDkj6nmNA4l74aT27nffeLaiEQ94DTlQUxHSkSCUbSSX5eDqD6o1tyGuwBZJ15BalCgPah+9YcJy2KukElqTM9zUwxyqlEwyWeVfmZ4StmEjnjPUkVjboJ8ceyMXFhlSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKPrIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9eZ10mg3PbXj3zVrrpoijDGdwDpfgwRW04A7a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcB3o4j</latexit>

µf
<latexit sha1_base64="U6FDwedCAGc02JaB1yLDh6Fpt1k=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFi0SU5V0gbGChbFI9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w0gzQ8qSTnt670929IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8383hNVmkXywcxj6gs8kSxkBBsrPdaHIhmFdVQZVWtuw82B1olXkBoUaI+qX8NxRBJBpSEcaz3w3Nj4KVaGEU4XlWGiaYzJDE/owFKJBdV+mh+8QBdWGaMwUrakQbn6eyLFQuu5CGynwGaqV71M/M8bJCa89lMm48RQSZaLwoQjE6HsezRmihLD55Zgopi9FZEpVpgYm1EWgrf68jrpNhue2/Dum7XWTRFHGc7gHC7BgytowR20oQMEBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx8cQY9H</latexit><latexit sha1_base64="U6FDwedCAGc02JaB1yLDh6Fpt1k=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFi0SU5V0gbGChbFI9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w0gzQ8qSTnt670929IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8383hNVmkXywcxj6gs8kSxkBBsrPdaHIhmFdVQZVWtuw82B1olXkBoUaI+qX8NxRBJBpSEcaz3w3Nj4KVaGEU4XlWGiaYzJDE/owFKJBdV+mh+8QBdWGaMwUrakQbn6eyLFQuu5CGynwGaqV71M/M8bJCa89lMm48RQSZaLwoQjE6HsezRmihLD55Zgopi9FZEpVpgYm1EWgrf68jrpNhue2/Dum7XWTRFHGc7gHC7BgytowR20oQMEBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx8cQY9H</latexit><latexit sha1_base64="U6FDwedCAGc02JaB1yLDh6Fpt1k=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFi0SU5V0gbGChbFI9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w0gzQ8qSTnt670929IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8383hNVmkXywcxj6gs8kSxkBBsrPdaHIhmFdVQZVWtuw82B1olXkBoUaI+qX8NxRBJBpSEcaz3w3Nj4KVaGEU4XlWGiaYzJDE/owFKJBdV+mh+8QBdWGaMwUrakQbn6eyLFQuu5CGynwGaqV71M/M8bJCa89lMm48RQSZaLwoQjE6HsezRmihLD55Zgopi9FZEpVpgYm1EWgrf68jrpNhue2/Dum7XWTRFHGc7gHC7BgytowR20oQMEBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx8cQY9H</latexit>

x
<latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit>

snorm<latexit sha1_base64="JTU5CoKfFdG5Fl1XAyIfUNnnmNs=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeUTYkNlhFibMYzMza0I2/IUXDxrj1b/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZMeq2aQSaXFrDooV/yavwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJscfEMXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfF1mDGZpJZKslwUpxxZhebvoyHTlFg+dQQTzdytiIyxxsS6kEouhGD15XXSrtcCvxbc1yuNmzyOIpzBOVxCAFfQgDtoQgsISHiGV3jzjPfivXsfy9aCl8+cwh94nz9RjJCq</latexit><latexit sha1_base64="JTU5CoKfFdG5Fl1XAyIfUNnnmNs=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeUTYkNlhFibMYzMza0I2/IUXDxrj1b/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZMeq2aQSaXFrDooV/yavwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJscfEMXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfF1mDGZpJZKslwUpxxZhebvoyHTlFg+dQQTzdytiIyxxsS6kEouhGD15XXSrtcCvxbc1yuNmzyOIpzBOVxCAFfQgDtoQgsISHiGV3jzjPfivXsfy9aCl8+cwh94nz9RjJCq</latexit><latexit sha1_base64="JTU5CoKfFdG5Fl1XAyIfUNnnmNs=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeUTYkNlhFibMYzMza0I2/IUXDxrj1b/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZMeq2aQSaXFrDooV/yavwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJscfEMXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfF1mDGZpJZKslwUpxxZhebvoyHTlFg+dQQTzdytiIyxxsS6kEouhGD15XXSrtcCvxbc1yuNmzyOIpzBOVxCAFfQgDtoQgsISHiGV3jzjPfivXsfy9aCl8+cwh94nz9RjJCq</latexit>

snorm = skxk2

ksk2
<latexit sha1_base64="WVWgt8Nl85MEXpXUrX/fMNEY5mo=">AAACHHicbZBNS8MwGMdTX+d8q3r0EtwET6OdB70IQy8eJ7gXWEtJs3QLS9KSpOIo+yBe/CpePCjixYPgtzHriujmAyF/fv/nIXn+YcKo0o7zZS0tr6yurZc2yptb2zu79t5+W8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdDX1O3dEKhqLWz1OiM/RQNCIYqQNCuzTqgoyEUs+uVBeJBHOvDaRGt7D/A7qkwKoH1AN7IpTc/KCi8ItRAUU1QzsD68f45QToTFDSvVcJ9F+hqSmmJFJ2UsVSRAeoQHpGSkQJ8rP8uUm8NiQPoxiaY7QMKe/JzLElRrz0HRypIdq3pvC/7xeqqNzP6MiSTURePZQlDKoYzhNCvapJFizsREIS2r+CvEQmYi0ybNsQnDnV14U7XrNdWruTb3SuCziKIFDcAROgAvOQANcgyZoAQwewBN4Aa/Wo/VsvVnvs9Ylq5g5AH/K+vwGeKmhjg==</latexit><latexit sha1_base64="WVWgt8Nl85MEXpXUrX/fMNEY5mo=">AAACHHicbZBNS8MwGMdTX+d8q3r0EtwET6OdB70IQy8eJ7gXWEtJs3QLS9KSpOIo+yBe/CpePCjixYPgtzHriujmAyF/fv/nIXn+YcKo0o7zZS0tr6yurZc2yptb2zu79t5+W8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdDX1O3dEKhqLWz1OiM/RQNCIYqQNCuzTqgoyEUs+uVBeJBHOvDaRGt7D/A7qkwKoH1AN7IpTc/KCi8ItRAUU1QzsD68f45QToTFDSvVcJ9F+hqSmmJFJ2UsVSRAeoQHpGSkQJ8rP8uUm8NiQPoxiaY7QMKe/JzLElRrz0HRypIdq3pvC/7xeqqNzP6MiSTURePZQlDKoYzhNCvapJFizsREIS2r+CvEQmYi0ybNsQnDnV14U7XrNdWruTb3SuCziKIFDcAROgAvOQANcgyZoAQwewBN4Aa/Wo/VsvVnvs9Ylq5g5AH/K+vwGeKmhjg==</latexit><latexit sha1_base64="WVWgt8Nl85MEXpXUrX/fMNEY5mo=">AAACHHicbZBNS8MwGMdTX+d8q3r0EtwET6OdB70IQy8eJ7gXWEtJs3QLS9KSpOIo+yBe/CpePCjixYPgtzHriujmAyF/fv/nIXn+YcKo0o7zZS0tr6yurZc2yptb2zu79t5+W8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdDX1O3dEKhqLWz1OiM/RQNCIYqQNCuzTqgoyEUs+uVBeJBHOvDaRGt7D/A7qkwKoH1AN7IpTc/KCi8ItRAUU1QzsD68f45QToTFDSvVcJ9F+hqSmmJFJ2UsVSRAeoQHpGSkQJ8rP8uUm8NiQPoxiaY7QMKe/JzLElRrz0HRypIdq3pvC/7xeqqNzP6MiSTURePZQlDKoYzhNCvapJFizsREIS2r+CvEQmYi0ybNsQnDnV14U7XrNdWruTb3SuCziKIFDcAROgAvOQANcgyZoAQwewBN4Aa/Wo/VsvVnvs9Ylq5g5AH/K+vwGeKmhjg==</latexit>

snew =
�
⌃

� 1
2

A

�
snorm

<latexit sha1_base64="bYTnUdvAEb8zF5K53JzbhKet/rA=">AAACHnicbVDLSgMxFM34rPVVdekm2Ap1YZkpiG6EqhuXFe0DOnXIpJk2NMkMSUYpw3yJG3/FjQtFBFf6N2baLrR6IHA451xu7vEjRpW27S9rbn5hcWk5t5JfXVvf2CxsbTdVGEtMGjhkoWz7SBFGBWloqhlpR5Ig7jPS8ocXmd+6I1LRUNzoUUS6HPUFDShG2khe4aikvESQ+xSeQten/bJ7TfsceWe3yaEbSIQTJ02qaZp5B1k0lDwteYWiXbHHgH+JMyVFMEXdK3y4vRDHnAiNGVKq49iR7iZIaooZSfNurEiE8BD1ScdQgThR3WR8Xgr3jdKDQSjNExqO1Z8TCeJKjbhvkhzpgZr1MvE/rxPr4KSbUBHFmgg8WRTEDOoQZl3BHpUEazYyBGFJzV8hHiBTijaN5k0JzuzJf0mzWnHsinNVLdbOp3XkwC7YA2XggGNQA5egDhoAgwfwBF7Aq/VoPVtv1vskOmdNZ3bAL1if371cokI=</latexit><latexit sha1_base64="bYTnUdvAEb8zF5K53JzbhKet/rA=">AAACHnicbVDLSgMxFM34rPVVdekm2Ap1YZkpiG6EqhuXFe0DOnXIpJk2NMkMSUYpw3yJG3/FjQtFBFf6N2baLrR6IHA451xu7vEjRpW27S9rbn5hcWk5t5JfXVvf2CxsbTdVGEtMGjhkoWz7SBFGBWloqhlpR5Ig7jPS8ocXmd+6I1LRUNzoUUS6HPUFDShG2khe4aikvESQ+xSeQten/bJ7TfsceWe3yaEbSIQTJ02qaZp5B1k0lDwteYWiXbHHgH+JMyVFMEXdK3y4vRDHnAiNGVKq49iR7iZIaooZSfNurEiE8BD1ScdQgThR3WR8Xgr3jdKDQSjNExqO1Z8TCeJKjbhvkhzpgZr1MvE/rxPr4KSbUBHFmgg8WRTEDOoQZl3BHpUEazYyBGFJzV8hHiBTijaN5k0JzuzJf0mzWnHsinNVLdbOp3XkwC7YA2XggGNQA5egDhoAgwfwBF7Aq/VoPVtv1vskOmdNZ3bAL1if371cokI=</latexit><latexit sha1_base64="bYTnUdvAEb8zF5K53JzbhKet/rA=">AAACHnicbVDLSgMxFM34rPVVdekm2Ap1YZkpiG6EqhuXFe0DOnXIpJk2NMkMSUYpw3yJG3/FjQtFBFf6N2baLrR6IHA451xu7vEjRpW27S9rbn5hcWk5t5JfXVvf2CxsbTdVGEtMGjhkoWz7SBFGBWloqhlpR5Ig7jPS8ocXmd+6I1LRUNzoUUS6HPUFDShG2khe4aikvESQ+xSeQten/bJ7TfsceWe3yaEbSIQTJ02qaZp5B1k0lDwteYWiXbHHgH+JMyVFMEXdK3y4vRDHnAiNGVKq49iR7iZIaooZSfNurEiE8BD1ScdQgThR3WR8Xgr3jdKDQSjNExqO1Z8TCeJKjbhvkhzpgZr1MvE/rxPr4KSbUBHFmgg8WRTEDOoQZl3BHpUEazYyBGFJzV8hHiBTijaN5k0JzuzJf0mzWnHsinNVLdbOp3XkwC7YA2XggGNQA5egDhoAgwfwBF7Aq/VoPVtv1vskOmdNZ3bAL1if371cokI=</latexit>

3)  Whiten the minority class with respect to the covariance of A:

4)  For each feature   in      calculate feature bounds as the upper      and lower     
range of values:

5) Given a minority reference point     in the whitened space, generate a new 
sample s in the whitened space by:

     5.1) for each feature   , generate a random number between     and 

     5.2) transform s to have the same Euclidean norm as

    5.3) Scale             to the feature space of A

Bw = Bc⌃
� 1

2

a
<latexit sha1_base64="JYqW6os7l6BDzqAaWef+O1mHT/Y=">AAACGHicbVA7T8MwGHTKq5RXgJHFokVioSRdYEGqysJYBH1ITYgc12mtOg/ZDqiy8jNY+CssDCDE2o1/g9N2gJaTLJ3u7rP9nZ8wKqRlfRuFldW19Y3iZmlre2d3z9w/aIs45Zi0cMxi3vWRIIxGpCWpZKSbcIJCn5GOP7rO/c4j4YLG0b0cJ8QN0SCiAcVIaskzzysN7wlewYaHnVgH83uUc0cHIco89KDOnIAjrOxM1bKsAkueWbaq1hRwmdhzUgZzND1z4vRjnIYkkpghIXq2lUhXIS4pZiQrOakgCcIjNCA9TSMUEuGq6WIZPNFKHwYx1yeScKr+nlAoFGIc+joZIjkUi14u/uf1UhlcuopGSSpJhGcPBSmDMoZ5S7BPOcGSjTVBmFP9V4iHSDchdZd5CfbiysukXavaVtW+rZXrjXkdRXAEjsEpsMEFqIMb0AQtgMEzeAXv4MN4Md6MT+NrFi0Y85lD8AfG5AcCO58d</latexit><latexit sha1_base64="JYqW6os7l6BDzqAaWef+O1mHT/Y=">AAACGHicbVA7T8MwGHTKq5RXgJHFokVioSRdYEGqysJYBH1ITYgc12mtOg/ZDqiy8jNY+CssDCDE2o1/g9N2gJaTLJ3u7rP9nZ8wKqRlfRuFldW19Y3iZmlre2d3z9w/aIs45Zi0cMxi3vWRIIxGpCWpZKSbcIJCn5GOP7rO/c4j4YLG0b0cJ8QN0SCiAcVIaskzzysN7wlewYaHnVgH83uUc0cHIco89KDOnIAjrOxM1bKsAkueWbaq1hRwmdhzUgZzND1z4vRjnIYkkpghIXq2lUhXIS4pZiQrOakgCcIjNCA9TSMUEuGq6WIZPNFKHwYx1yeScKr+nlAoFGIc+joZIjkUi14u/uf1UhlcuopGSSpJhGcPBSmDMoZ5S7BPOcGSjTVBmFP9V4iHSDchdZd5CfbiysukXavaVtW+rZXrjXkdRXAEjsEpsMEFqIMb0AQtgMEzeAXv4MN4Md6MT+NrFi0Y85lD8AfG5AcCO58d</latexit><latexit sha1_base64="JYqW6os7l6BDzqAaWef+O1mHT/Y=">AAACGHicbVA7T8MwGHTKq5RXgJHFokVioSRdYEGqysJYBH1ITYgc12mtOg/ZDqiy8jNY+CssDCDE2o1/g9N2gJaTLJ3u7rP9nZ8wKqRlfRuFldW19Y3iZmlre2d3z9w/aIs45Zi0cMxi3vWRIIxGpCWpZKSbcIJCn5GOP7rO/c4j4YLG0b0cJ8QN0SCiAcVIaskzzysN7wlewYaHnVgH83uUc0cHIco89KDOnIAjrOxM1bKsAkueWbaq1hRwmdhzUgZzND1z4vRjnIYkkpghIXq2lUhXIS4pZiQrOakgCcIjNCA9TSMUEuGq6WIZPNFKHwYx1yeScKr+nlAoFGIc+joZIjkUi14u/uf1UhlcuopGSSpJhGcPBSmDMoZ5S7BPOcGSjTVBmFP9V4iHSDchdZd5CfbiysukXavaVtW+rZXrjXkdRXAEjsEpsMEFqIMb0AQtgMEzeAXv4MN4Md6MT+NrFi0Y85lD8AfG5AcCO58d</latexit>

uf = µf + ↵�f
<latexit sha1_base64="LR9i8XYzd+f+nVNq4vK+wzmShyY=">AAACBnicbVDLSsNAFJ3UV62vqksRBltBEErSjW6EohuXFewDmhBuppN26EwSZiZCCV258VfcuFDErd/gzr9x2mahrQcu93DOvczcEyScKW3b31ZhZXVtfaO4Wdra3tndK+8ftFWcSkJbJOax7AagKGcRbWmmOe0mkoIIOO0Eo5up33mgUrE4utfjhHoCBhELGQFtJL98XE398Aq7wrRzF3gyBFexgQA/rOKSX67YNXsGvEycnFRQjqZf/nL7MUkFjTThoFTPsRPtZSA1I5xOSm6qaAJkBAPaMzQCQZWXzc6Y4FOj9HEYS1ORxjP190YGQqmxCMykAD1Ui95U/M/rpTq89DIWJammEZk/FKYc6xhPM8F9JinRfGwIEMnMXzEZggSiTXLTEJzFk5dJu15z7JpzV680rvM4iugInaAz5KAL1EC3qIlaiKBH9Ixe0Zv1ZL1Y79bHfLRg5TuH6A+szx8av5eW</latexit><latexit sha1_base64="LR9i8XYzd+f+nVNq4vK+wzmShyY=">AAACBnicbVDLSsNAFJ3UV62vqksRBltBEErSjW6EohuXFewDmhBuppN26EwSZiZCCV258VfcuFDErd/gzr9x2mahrQcu93DOvczcEyScKW3b31ZhZXVtfaO4Wdra3tndK+8ftFWcSkJbJOax7AagKGcRbWmmOe0mkoIIOO0Eo5up33mgUrE4utfjhHoCBhELGQFtJL98XE398Aq7wrRzF3gyBFexgQA/rOKSX67YNXsGvEycnFRQjqZf/nL7MUkFjTThoFTPsRPtZSA1I5xOSm6qaAJkBAPaMzQCQZWXzc6Y4FOj9HEYS1ORxjP190YGQqmxCMykAD1Ui95U/M/rpTq89DIWJammEZk/FKYc6xhPM8F9JinRfGwIEMnMXzEZggSiTXLTEJzFk5dJu15z7JpzV680rvM4iugInaAz5KAL1EC3qIlaiKBH9Ixe0Zv1ZL1Y79bHfLRg5TuH6A+szx8av5eW</latexit><latexit sha1_base64="LR9i8XYzd+f+nVNq4vK+wzmShyY=">AAACBnicbVDLSsNAFJ3UV62vqksRBltBEErSjW6EohuXFewDmhBuppN26EwSZiZCCV258VfcuFDErd/gzr9x2mahrQcu93DOvczcEyScKW3b31ZhZXVtfaO4Wdra3tndK+8ftFWcSkJbJOax7AagKGcRbWmmOe0mkoIIOO0Eo5up33mgUrE4utfjhHoCBhELGQFtJL98XE398Aq7wrRzF3gyBFexgQA/rOKSX67YNXsGvEycnFRQjqZf/nL7MUkFjTThoFTPsRPtZSA1I5xOSm6qaAJkBAPaMzQCQZWXzc6Y4FOj9HEYS1ORxjP190YGQqmxCMykAD1Ui95U/M/rpTq89DIWJammEZk/FKYc6xhPM8F9JinRfGwIEMnMXzEZggSiTXLTEJzFk5dJu15z7JpzV680rvM4iugInaAz5KAL1EC3qIlaiKBH9Ixe0Zv1ZL1Y79bHfLRg5TuH6A+szx8av5eW</latexit>

lf = µf � ↵�f
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DEMONSTRATION
The figures below provide illustrations of SVM decision boundaries using the 
RBF kernel induced before and after synthesizing additional minority training 
instances with SWIM and SMOTE.

Classification and Resampling Methods
Naive Bayes (NB), Nearest Neighbour (IBK), Decision Trees (J48), Multilayer 
Perception (MLP) and Support Vector Machines (SVM) are tested with default 
parameters.
SWIM is compared to state-of-the art resampling methods including SMOTE, 
SMOTE with one-sided selection, SMOTE with the removal of Tomek links, and 
borderline SMOTE

Evaluation Metric and Strategy
SWIM is compared to the alternative resampling methods using the geometric mean 
(g-mean) evaluation metric. 

The g-mean is immune to the effect of imbalance because the TPR and TNR are 
treated separately. We report the average g-mean recorded over 30 independent 
trials. 
For conciseness, we report only the result for the best combination of SWIM + 
classification methods and the best alternative resampling method (ALT) + 
classifier. These are selected separately for each dataset and each level of imbalance.

g-mean =
p

TPR ⇥ TNR
<latexit sha1_base64="td/oEufrHV++iLAcU+sYTONUog4=">AAACEHicbVA9SwNBEN3zM8avqKXNYiLaGO5stBFEGyuJIYmBXAh7m0myZG/v3J0Tw5GfYONfsbFQxNbSzn/j5qPw68HA470ZZuYFsRQGXffTmZmdm19YzCxll1dW19ZzG5s1EyWaQ5VHMtL1gBmQQkEVBUqoxxpYGEi4DvrnI//6FrQRkargIIZmyLpKdARnaKVWbq/gI9xh2j0IgakhPaG+udGYVkpl6qMIwdDKZXlYaOXybtEdg/4l3pTkyRSlVu7Db0c8CUEhl8yYhufG2EyZRsElDLN+YiBmvM+60LBUMbuqmY4fGtJdq7RpJ9K2FNKx+n0iZaExgzCwnSHDnvntjcT/vEaCneNmKlScICg+WdRJJMWIjtKhbaGBoxxYwrgW9lbKe0wzjjbDrA3B+/3yX1I7LHpu0bs6zJ+eTePIkG2yQ/aJR47IKbkgJVIlnNyTR/JMXpwH58l5dd4mrTPOdGaL/IDz/gU1hJwI</latexit><latexit sha1_base64="td/oEufrHV++iLAcU+sYTONUog4=">AAACEHicbVA9SwNBEN3zM8avqKXNYiLaGO5stBFEGyuJIYmBXAh7m0myZG/v3J0Tw5GfYONfsbFQxNbSzn/j5qPw68HA470ZZuYFsRQGXffTmZmdm19YzCxll1dW19ZzG5s1EyWaQ5VHMtL1gBmQQkEVBUqoxxpYGEi4DvrnI//6FrQRkargIIZmyLpKdARnaKVWbq/gI9xh2j0IgakhPaG+udGYVkpl6qMIwdDKZXlYaOXybtEdg/4l3pTkyRSlVu7Db0c8CUEhl8yYhufG2EyZRsElDLN+YiBmvM+60LBUMbuqmY4fGtJdq7RpJ9K2FNKx+n0iZaExgzCwnSHDnvntjcT/vEaCneNmKlScICg+WdRJJMWIjtKhbaGBoxxYwrgW9lbKe0wzjjbDrA3B+/3yX1I7LHpu0bs6zJ+eTePIkG2yQ/aJR47IKbkgJVIlnNyTR/JMXpwH58l5dd4mrTPOdGaL/IDz/gU1hJwI</latexit><latexit sha1_base64="td/oEufrHV++iLAcU+sYTONUog4=">AAACEHicbVA9SwNBEN3zM8avqKXNYiLaGO5stBFEGyuJIYmBXAh7m0myZG/v3J0Tw5GfYONfsbFQxNbSzn/j5qPw68HA470ZZuYFsRQGXffTmZmdm19YzCxll1dW19ZzG5s1EyWaQ5VHMtL1gBmQQkEVBUqoxxpYGEi4DvrnI//6FrQRkargIIZmyLpKdARnaKVWbq/gI9xh2j0IgakhPaG+udGYVkpl6qMIwdDKZXlYaOXybtEdg/4l3pTkyRSlVu7Db0c8CUEhl8yYhufG2EyZRsElDLN+YiBmvM+60LBUMbuqmY4fGtJdq7RpJ9K2FNKx+n0iZaExgzCwnSHDnvntjcT/vEaCneNmKlScICg+WdRJJMWIjtKhbaGBoxxYwrgW9lbKe0wzjjbDrA3B+/3yX1I7LHpu0bs6zJ+eTePIkG2yQ/aJR47IKbkgJVIlnNyTR/JMXpwH58l5dd4mrTPOdGaL/IDz/gU1hJwI</latexit>

RESULTS
Relative Performance Comparison
The relative comparison is conducted between SWIM and the best alternative 
resampling method (ALT) using the minority training sets of size 4, 7, and 10. For 
each datasets and each level of imbalance, the bar plot shows the difference between 
the average g-mean of SWIM and the ALT.  

diff(SWIM(di) � ALT (di))
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SWIM shows a general advantage on the datasets at all level of extreme imbalance. 
The advantage is greatest on the most extreme cases (size 4). 

Table 2: G-mean obtained by using the best combination of classifiers with our
proposed sampling method (SWIM), alternative re-sampling methods (ALT),
and without sampling (Baseline), in the extreme case of 4 minority class training
instances.

Dataset Baseline ALT SWIM Dataset Baseline ALT SWIM
D1 0.481 0.612 0.723 D14 0.455 0.516 0.576
D2 0.451 0.445 0.539 D15 0.276 0.479 0.509
D3 0.27 0.451 0.620 D16 0.468 0.506 0.552
D4 0.279 0.440 0.440 D17 0.442 0.614 0.799
D5 0.259 0.509 0.580 D18 0.414 0.428 0.453
D6 0.561 0.554 0.550 D19 0.534 0.758 0.814
D7 0.958 0.965 0.996 D20 0.450 0.549 0.560
D8 0.274 0.933 0.899 D21 0.541 0.739 0.791
D9 0.569 0.872 0.903 D22 0.402 0.505 0.569
D10 0.440 0.550 0.685 D23 0.724 0.738 0.812
D11 0.301 0.701 0.688 D24 0.224 0.502 0.535
D12 0.647 0.679 0.793 D25 0.451 0.572 0.730
D13 0.572 0.559 0.611 D26 0.874 0.956 0.958
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Detailed Comparison
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D8 D11 D6 D4 D26 D20 D18 D15 D7 D9 D24 D16 D13 D21 D19 D14 D22 D5 D23 D2 D1 D12 D10 D25 D3 D17

Size	4 Size	7 Size	10

Table 1: List of Datasets, the dimensions (Dims), majority class size (Maj.
size), and imbalance ratios of the datasets. R4, R7, and R10 are the imbalance
ratios when 4, 7, and 10 minority training instances are used.

Dataset Name Dim. Maj. Size R4 R7 R10
D1 Abalone 9-18 8 689 1:173 1:99 1:69
D2 Ada Agnostic 48 3430 1:858 1:490 1:343
D3 Alphabets 15 3077 1:770 1:440 1:308
D4 Analcat Data DMFT 7 642 1:161 1:92 1:65
D5 Diabetes 8 500 1:125 1:72 1:50
D6 Forest Cover 54 2970 1:743 1:425 1:297
D7 KDD Synthetic Control 61 500 1:125 1:72 1:50
D8 Mfeat Karhunen 64 1800 1:450 1:258 1:180
D9 Delft pump AR 160 531 1:133 1:76 1:54
D10 Spambase spam 57 2788 1:697 1:399 1:279
D11 Waveform 0 21 600 1:150 1:86 1:60
D12 Page Blocks 10 4913 1:1229 1:702 1:492
D13 PC4 37 1280 1:320 1:183 1:128
D14 Piechart 37 644 1:161 1:92 1:65
D15 Pima Indians 8 500 1:125 1:72 1:50
D16 Pizza Cutter 37 609 1:153 1:87 1:61
D17 Ring Norm 20 3736 1:934 1:534 1:374
D18 Thoracic Surgery 37 400 1:100 1:58 1:40
D19 Vehicle 0 18 647 1:162 1:93 1:65
D20 Vehicle 1 18 629 1:158 1:90 1:63
D21 Vehicle 2 18 628 1:157 1:90 1:63
D22 Vehicle 3 18 634 1:159 1:91 1:64
D23 Vowel 10 13 898 1:225 1:129 1:90
D24 Wine Quality Red 4 11 1546 1:387 1:221 1:155
D25 Wine Quality White 3 vs 7 11 880 1:220 1:126 1:88
D26 Wisconsin 9 444 1:111 1:64 1:45
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EXPERIMENTAL METHOD
Datasets
Our experiments utilize 26 benchmark binary classification datasets that have 
been artificially adjusted to have extreme levels of absolute and relative 
imbalance. Extreme minority class training set sizes of 4, 7 and 10 are used. 

Harmful SMOTE 
instances

Minority training

Majority training

SVM classification
gradient

Minority 
class

majority 
class

No Resampling SWIM SMOTE

Instances synthesized by SMOTE are limited to a small area formed by the 
convex-hull of the minority training data. Alternatively, instances synthesized 
using SWIM spread along the density contours corresponding to the 
Mahalanobis distances of the minority data from the majority class. This spread 
leads to better generalization and a more representative decision surface in the 
induced SVM classifier.

In addition, when the minority points are 
rare and clusters, SMOTE is unable to 
sufficiently expand the minority space. 
This can result in the induction of a 
classifier that overfits a small sub-region 
of the minority class space.

Relative Performance comparison
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Mahalanobis distance implementation of SWIM

• Calculate sample mean and covariance on the majority class training data

A: µ̄a = mean(A), Σ̄a = cov(A)

• Centre the majority and minority training data A and B with respect to A:

Ac = A− µ̄a, Bc = B − µ̄a

• Whiten the minority class with respect to the covariance of A:

Bw = BcΣ̄
1
2
a

• For each feature f in Bw calculate feature bounds as the upper uf and

lower lf range of values of x :

uf = µ̄f + ασf

lf = µ̄f − ασf

• Given a minority reference point x in the whitened space, generate new

sample s in whitened space by:

• for each feature f , generate a random number between uf and lf

• transform s to have the same Euclidean norm as:

snorm = s ||x||2||s||2
• Scale snorm to the feature space of A

snew =
(
Σ
− 1

2
A

)
snorm
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• Is SWIM better than ALT?

• Bayesian signed test based Dirichlet process

• Parameter of the Dirichlet as s = 0.5 and

z0 = 0

• Skew cluster of points shows significant

difference for size 4 and 7

Size

4

Size

7

Size

10
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Example
SVM with RBF kernel applied 2D toy dataset with 3 minority class

training instances (baseline (top), SMOTE (lower left), and SWIM (lower

right))
Minority training

Majority training

SVM classification
gradient

Minority 
class

majority 
class

SWIM spreads outside

the convex-hull leading

to better generalizationy
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Dataset Baseline ALT SWIM Dataset Baseline ALT SWIM

D1 0.481 0.612 0.723 D14 0.455 0.516 0.576

D2 0.451 0.445 0.539 D15 0.276 0.479 0.509

D3 0.27 0.451 0.620 D16 0.468 0.506 0.552

D4 0.279 0.440 0.440 D17 0.442 0.614 0.799

D5 0.259 0.509 0.580 D18 0.414 0.428 0.453

D6 0.561 0.554 0.550 D19 0.534 0.758 0.814

D7 0.958 0.965 0.996 D20 0.450 0.549 0.560

D8 0.274 0.933 0.899 D21 0.541 0.739 0.791

D9 0.569 0.872 0.903 D22 0.402 0.505 0.569

D10 0.440 0.550 0.685 D23 0.724 0.738 0.812

D11 0.301 0.701 0.688 D24 0.224 0.502 0.535

D12 0.647 0.679 0.793 D25 0.451 0.572 0.730

D13 0.572 0.559 0.611 D26 0.874 0.956 0.958
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D12 Page Blocks 10 4913 1:1229 1:702 1:492
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