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has no edses, For i>0, assume Whee exists on
MST T' 274, Lled U be fle veslx sef of T7-y and
W=V \u, Eolﬁe e 7s e cﬁeafe_w[ co/ﬁ.e 2 it

oue. ew#p:’mf m U ano/ one in 4. /'fon?ow, al
ea"aes fa Ti-r /ta'ﬂe aéol?% el af"’?Y.{S i K. mgl
Hee exists on MST T ' Hol indluctes & ond ol
60'%&3 in Ti-1 , Heat s, T" 277 |

’

vittun, D%Vﬁ%f? ou o efpriznt /ﬂbﬂé prere,
gr'ﬂéy o érhag leog? | for cxompk, olf prror
puecce eso Ples doke OClyan) le |, so Pokns
acf]p e orkbes Olw lon) howe. 4/ con ofo Leter,
hodepec. Thke /?7 (s 640?4 e d(tj?m%m awd

B use a bedos /7;7‘49175 peeeve.

%ﬂa , efficient !W,ﬁ/MCMv[a/)b& of Fr’



C lmyg/ ; Use o /mbn’é [ 22 of veshtes inskad!

of a fﬂbﬁg pecue of eolﬁe,s

0bs //[‘ o veslex & g 7 /s cowuneclkd 5 vesliees

i T cessoe eafjas &, e, Ck, o § agaw%m
aclths af st owe of Hese Eaf’zarb 7, /70/4:% e
ofrccye,gqf one.

TZWS, Wt Can Fe yesbhtes uot iw 7 in A

non . fﬂbﬂg’ of eadd, velx is fle
(f:)ag&% Z?[;Z: C[Leafe,svf 60%& Couu éf/ F o T o eo
r'f no such 601’52 exists . Tis lepols fo e ﬁﬁpq‘éf
agjon?‘&m,

Fine (&)
Choose spwe 104 I

Mork * as exf/oreoﬂ el all ofbes veshres os
anexplored

T=(%r3, @)
R= an mférf fﬂ’m’éj ?muz

for evey weighbour & of r oo
Ingo‘ (Cgfb, wl(r,w)))

F(”) =r
wlale R+ @ olo

v = Debeleltin (R)
Add v and ec/ﬂe [P[VJ,V) b 7
Mark v os explored

or € e c’;cw*bofu/ofo
: /F"Zj s djzez?ﬂ/orfd Hen

/f wé R Hiern
Insext (R, 5, 2 ((v,&)))




dvﬁo)—‘ﬂ/

else iF wly, ) < v(fwa),w)) Hen.
Dec:reasekcej (R, 0, &(yed)
ffa):l/

Tle chauge seoms cosmehc beccuse botl vesions
of Pom3 ol onﬁltr 5/6!/% 90}1} 1Oh ) e;aﬁbzf_q
auncl Op[&emrk(ej falze @[:4 +m) bhfe.fmgm%f difprence
(s fhof e previous vesine f@,{;nw/ B(mz) imsehbres
and Olwm) Delekeltin ﬁg&e;aﬁtm: , olule e wew Versi:
f@ﬁr‘ms n lnsect, rn Debekltin, aud O o)
Decrense (g/ a?vegqhbz;s, Ms:}g a é/ha.(nj ée% as

7 fﬂon;/j e Aot &aeud,e is wot sppuficant
becowse all opese bvas doke’ OClow) hwte.  Jext se
discess ¢ f?ﬂbﬂg geeeete ool okes O(n gﬁ/ #or)
e fo /e)/éf‘/% a S e;zuwae. a)/[ /2 0/6“073'0‘(5 of
wlucl, w are Tebe/lm ?@a/ﬂ%s. 77405/ Lo &
ool Vakes OCu (/7M +m) hee ct.siiag Aeis
fdang preeue , tolesple rs o(m(/]q) as bzxg S

m& @ (na),

ﬂ/ﬂ éeaps

A v[g”"’-’ 460 ’'s a cfrcaézs //SVL o é -0/‘D&J‘t0/
Wi fecd] S

A Hee shrng elements af s nocks s éeaf -
o/*af@eo/ ff %;e 5@1@/ 07/ 6?004 w75 wo /ess
Hoon Hee elesnent af s /amv[o TleeeS, e rood
sbres He swalles) clemeid, Vg wsefol for Debb-

M @/e:ceﬁb?ts.



A J&/h Aee /s a fB/CPXC:O[ vasiount a}/’a é/howlb/
bee . So /6/3 aéﬁm: 742 /oo fes ﬁ“/‘_g’/. 5;;40”/'0/
ees are a&%ﬁeo/ /‘na”acé' . A ﬁ/’ﬂom/'a/ /ree.
of rark O has a siugle noch. A binomial #ee.
af ront /?/ ﬁr,éwo/ /s cbteined by Foking v
};’nawr'cz/ Aﬁes o/ rawtk k-1 au? ﬂmé//{ i I.Zrz:lZ
of one fle Jeffmest cleilf of fe i % e opes.

Rank © Rank k

BN

Obsgmk'm: A 51'/701%/'@/ A"Q qf mné k hos SiZe Zk,
Téc Cé{-/aﬂiﬁn 0,£ 1/&3 VUbv[ ar mm[s of Eilfzamfm/ Hees
of rank k-l k-2,.. O.

(f we epuire Hot cach hee in Ho /@y s a bimomin!
bee, we obluin o binomial heap. The Extbok ol -
cusses Hew, in e detpil’ ol skowss Hol eack
/ﬁbﬂﬁ ?ﬂ@z[g Q/gca b dohes OClou) /7'%&” d‘aso( as
ol bt’nog s, bt we woud =3 c}//’e_raﬁbms.
The kxthbok alse discesses Fibomace: #eqps ,

a iffernt reloscativen of binopa! éa?ﬂs at,
up b constent fockes, ackicve e same pesfor-
meyr oS i kf:fs . :Zjéoﬂoct/ ém/_s' Ler
tavenket frsy, bk Hery 4377_5 @re sfw/er ared!
/005/@‘ I /p/‘avc“/?ce

A v%f;, /{'ﬁe_ /S 5;';9,;‘/@ ,(:; a bt'ﬂowia/ Ig‘ﬁ& p éuv[ /s
vocles mzy be Hin or #Heck. A Hick nodk qf
rank b hos & clidben of ranks k-l h-2,..,0.



A Hn node o/ rok B has k-l clildren of rants
k-2,h-3,..,0, Hol is, i /s a Wtk note #ot
has /05{ ifs /Bf[/wo.sy/ clele!. A binomial e /s
Yus o Han hee oiFl i npoles, The moy

of a Hin node i< a/éoaéjpg ck .

To represent each noth in o tin hegp, ie needl e

ﬁ/fawr’&g ﬁe{ds:

o fle plemenf It shores

o e rank

°c @ omy;‘w/e) ko ifs /efa‘mD_sJ clale

° O /901'14/8)‘ o itg ;45!1!»/ .S:.'é//'ﬂ
a /70:‘1445 b ifs fateav[ or /6’/[/ s:‘é/f?j , Tls
fw'”b’ is wall for ever oo,

B/ach_ edétﬁs are hocs cre visualze lﬁe free . Heol Bﬂpﬂe\s
are e pm‘wéns nocks Shove. The tanks of #ick notles
afe s[waa N2 9&&6, p%OSe cvc y‘éflft ueeles ove seol.

[n ¢ Hen [feq/f, Hee wmivicoecem &é’a«a{/ /s shoved ot
one of He rofs (becouse He Aees ar éea/womé'@ed).
4Le 5643 Q /0/:44'7 o v%'s ﬂfov‘ ancd s Sceceessor e
o‘&e, nod lisd. Cof Hese /afqé)s min and Sce .,

Next we ciscuss e /‘m/@/ﬂcm‘aﬁw o /ﬂ‘ob‘gfaw

?a‘ahtﬂtS:



{SEm/p (R): Test wlebles He wof list 7s cufé, re-,

holietbes min is nwl

/ﬂ.scn[ (Q,X)Z //C & s fﬂf/é, C/caé o wew necl Stéﬂ‘ﬁ;
K, wake f ifc obwm Swccessor ™ e oot L3V aud
(aakz min angl Ssuce /&'r‘m[ /é A - 7_%6 Heeor Ue ol /zas
renk ©.

FR s uof em/é', crak o res ol node of
F‘Qﬁk\ o m,,pf 1%5'6’)1[ 1‘{ ée&)ﬁm— mi eud Sswucc.
IF X < min Hen nahe nein /a/m/ bx. othevise y
ftzake su CC /w‘m( b x.

Deteke (@,x): DecraseKey (®,x, ), Mew
Delete Hin (R)

Delple/din (R): Tl 7@;014074 releris o elpvont
sloeot af min. Before a’ai@; V’ﬁig W weecs b cplvk
He rev lst, and Ve winw oud secc PrATES.
we collec! all rots obtes Honw min. 4 collect
o"&e clci/a%n af min and m&éz %f“f /é’bé ’f”ﬁffﬁag
éf( ofecreasirg Hiar ronks by one. These npdes
become He'wew roofs of (5] Tlere mey be bo maky
of Hewm. Thus, we "%ﬂew/ e ﬁ//ow'(i«? eSS :
Loldle Hioe are %0 peods of epual ronk Kk, wake
e ol sbﬁrg the gGreal> clouot fhe [offuos? 4
0[ the oue  cloniu Jg sweebly elovent oudl iqcrase
J&e lokes s l‘auéj/{o bl Collect He feﬂ/af“ﬂ;@o revs
link thew b foriu a clrculor LSt oud male wie awe!
Succ oute Capiy Fp/'ﬂ/ b We nof gén? e Sewvllesd
elewmeyf and b /K swccessor, vespeC ,



% He ﬁ[/o:;‘&a [emmn , oll yodles rqvolvee s e
ma;wg /m éawe /Wé / €ss /&m 2 (ﬁ% ;, SO e
Jaogfw (2SS Cau ée /'M//&/l{rfké’a/ Vi was/avd{/ é e
es nvelved nov %/ _S‘/é'?(ﬁlj? o o/’ /5(47% Z(;OM,
méase én‘ﬁ m@/wﬂﬂls é wull W/?a seort 0]/ mmé i

[emma: H Hin hee whose wof hos rowi R has

SiZE af /eas% ?9&"} wée)e ?9 = j';_"? s vﬂe(fo/a”cﬁc

rako .

P@,[.' “e prove ol Hie hee has of lcast 7 hodks
wheoe Fb is fhe bt Frbowacs) wumdber, Tlese
neembess  are depuedd os

'E/;. = [ h=0 eor k=l
P11 Pz B 22

TWis twylies e lemuwy becouse i1 fs easy lo show
be tnduchon Hd Fro =z gpk'l. For kR =0 qund /z:.l]
fo =0 aud gﬂk"‘ <|. For k=2, e oblain

F, = F,. 4+F h~Z h-3

fo. h-( k-2. 7 @ Q@

- (Hf" +|> ?Jzﬁ
(32—{5:) C/,}z-3
(Hf)z k3

_ (ipk-/

A Hiin fea 0{ ranl D or | hos of leost one
node , so it has a¥ leasy P& uoeles.

n

{]



For h»2, dhe pot has of leasd k-l olilolem of
I‘Cl.a[ZS é"zr k—.zl Y 0. mﬂbq{ /o;eﬂer z:_a/?ﬁ o‘ﬁe,
last &-2 c&xYQ//cq /ﬂ/m Q /4/‘&{ Hree. a/ ronk b~/
(bohose. wod is fhn). Tles, Hee are af leasd 7.
nodes i Heis P&/'A('ﬂz G’/C v%e hee . Tle [ E//[(a@_gy’
subliee hoes ot leosy) i wotks. TZes, ie lLove
at leasy Fu-; + F, = F uccls i fofal . fj

DecreaseKey (R, x,p):.  He Sfood bJ ?dahz, <%
Jﬂn'on'(lj, f;/ x s a rof, we updnl” mm owl Succ

F X noe lLas the sweollesd f?ﬂoﬁvg F = /s uot

a wot, we remor A fon e Clilt! bt of iFs
ﬂomem‘, weke & o rot | qud r‘ﬁw/mceeo/ oS obove.
bley woliny A c mf, we decrase i¥s touk éjoae if
e CESS i mcp/w, A a‘euc& Rewwoving ﬁom He
clutlel 1184 of ifs pwem[ oy resalf i Q violohou o/'
Hie roul. coudibous ofa flein éeap Lef y be x& [Af
5:'.5/:26 or :'PL.S faremr /}[' /'v[ /!aS 7o /C’/‘;/ S lé//?/o alo

olish Oew:séc (20 bpes of viokkons.

5,’,5]:@ y;‘o/aLbVL-' /F X /tC?.S Q /C’ﬁ{ S’l‘é/f'é?)’ aao! x,’s
Jouk is 12, Heewe y has rauk b+l cuol its wees ?&v/
cs'fb/f'léf Qfér ;&upw’?} Pt 405 rewk f-( o, ’?/Z"’O/
a"aeg MOQ[ exisst.

4e K¢ OL&J;S violphon enlling on wée/ﬁv /s
qu'wﬁmﬁ Hick. If ¥ /.'soazﬁzbé ,C/f'/s lefduosy é/é//é/
Z lLos rcw/z R de rewore 2 ﬁ':m yfs ! s
and mole g% MO';M sfé/rgtf. THes okes s Hiin
érxv[ V‘CSA’CS v%e rcwfz C'quft%’b%S. S ‘#w, CVWM
o‘ermiozale.s.



IF g is i, e decrose y's rout éj /, Memé(y
[aagl»f iF ﬂuaé aull wovive He yiolohth ouwe /ﬂp_gv'é'ou
b Hoe /e,fy/ (heterten b o LS towh b uoe

el ifs leff ;f.é/r'ér); /aZa'cZ lees raub ht2 . oF
56&0&% g cuol 1< areuv[ ) We Cfd’ak/ bfoimf

© v'5s lefd g:’.élfgy it !/@(I:S{S o b ySs foaeuv[ ofbiescsise
audd defeav[ Jlo éprocess,

Pt violahon I« 75 e [pffeunsy cé//a/%f ¥
Yy Is ot Hiew roub(x)=r aud roawt(y)=h+2.
4/&5’ LD VY X,y &GS 0,2/7 Cé;/é’/llﬁ!{ y/ )
é*‘/,é-'z,m,O} &0 Hoe roal conuliben s vrolehecd g riee,
l i cwe, we reseove y ﬁpﬂ, i){s‘/mfu/_é chilt! ud‘iso‘j
iusest i iwlo He ot lisd betwesn min aud succ , owre
upolale succ. We Of/SOofec/cage 7/§ »au/z éy 2,

el ity 1Y ik, x ey [ecupyin s/ 171%7
crea(ga raugwb/aé'm af Y3 leRf Sr'éfjfg or fa/em[, So

we upolak v so [F porufs b s sibliay or poveef oue!
Iﬁ’(feo{j Hus OWD CRSS( J f

Tlhe ﬁ,m qu( — aaa/&fsi.S

76 onalyze tee cost of a sepueuce of ?aevaébzg 6
a #ain //ec;a, we pecd o rntpocluce fhe coucot
9/ oﬂfa/‘é?eo’ 0 2 VS Tle /cha /s T assiw on
quucr 2ol costt eacd Qaem birze %a/ has ko
ditect relohinn # e ackal cosi of fe cpeatin
bl sohspes He ﬁ//oaf‘?jv creciad okt :




For a sepesuce af 0/@5@/7'0215 (0,02, .., Om >
it ackeal casdc Cs,Cz,-, Cles aud oworizer

A A
CDSJS CI/CLI' Cm / A’eéaﬂe

.'/
m m A
ZC/‘ s >
=

/

Tlis offorrs us > bownd e ackel costd () of ory

S€& oo o,f o e&a}?bzrg by sunwie oﬂe omerb2ed casds
of flee /‘adiw’céea/ 0/90%729«9, C/

=t

Fop e Vein /cec%n, we e Hail e auorbeed cost
of eacl gpesshion is i1 O1), excepl thot Delofeltic

oo Fous cosd OC (/7 u) bwe amerbzed. TS peoves
Tf&z O&ZSI'/GO[ resulf M.&v/ a Sc’fmc@ a/m ) e;a};'ew_"\.
n 0,[ wlucle are DelobelYin ?aesakfwzs Jokes 0[”17"2'&”)

fime .

7&5@ e QR A;gps /b CZ?/MZ 0%(0/‘/7'280’ CO_SV[S 0/7%
o‘{ca aéme /rge?é] (Sez J&e /Exv%ozzé c/to/f/am
autorhizet! Qu s;’s). fere we lnoluce oue c%[ Feese

fols: a ’Ua{?a ol /‘qucboz

A /0[,9,,&@{ /Ewcéb% ccg/p/ures Hio shuckee of A
date sheclere. As se fe:ﬁafm Ofe;aé'mg oce o Olotor
shuclare | ifs shuckere audd lewee ite /D@A“a/ clecugges
We ofe;xe r‘&.o_ a,u.zor/?'Zed Co_gq[ cp/ U ?pe;aéba as

s actal cosd plus fle chospe in pokulind.  So, le?
,?; be e initial oéu/fa/ o /&e oty ;étlcém?, oo
/E){ _Z e e /péqé()&/ cpﬂéf 7 ofeJaﬁwS O,,0z,..,8.
77{5% 5; = i +3; —@’;,/.



216 = 2. (ci +3; -8 = 25 ¢ +Bu-D,
If B, 2O and ,@;:0, e %ﬁs ot e
Lesireo! fm/e;@ 7234 ijé' 2 2:’0; )
For Hee iz /cec?ﬂ, we olefne o‘&a/yoéué‘w/as Heo.
Mmbv G‘f th[.S flas brice dhe owméey of ¢in
neodes, 7 lis c/eqrg Saé'sﬁifs e conditron Heatf
8,70 and Puz0 for evey o/e:aﬁwrjefueézrc,/&
Sc"z P.-ZC’,' /—\or e ?re:&_bbh Se?aefzaa(@,, Oz, -, Oocs?.
Mo cousiles dhe in véckeal c?ae;aéﬁus ,

fsEmfé R) des v c&mgp Hhe polutdd @ las o))
s, Se s amwk'z"ed Cosy is oCl).

Insesd (R) has cosd OCL) aul sncreases e fbéu#a,/
by | becouse A creaks o npo A, s0 i aortiZed
C'(D,Scf s OC ).

Deboteflin (Q): ASsuwme Hee mivimum ool kas
rank k ausl Heee we ©opofs, Then e cost of
Heis cyem'k‘ou is OCk+r *ﬁ'«) Tl ?ﬂemébh ohes uott
L”/ec:é Q Hin noddes aupl cususes s kave less
Hon 28w moils [l of e end because every
ot ju ﬁo(aj ool Lisy u o czm}zm roeulz” oy
e wmtinemee ponk s less don 2 lyn. Thas, Ha
cleoce i polenhitd s o ey ztgn —r. Siqce
&.,Zﬁz, , real cosf of e @f@)&é(n/ /s

o( JVuH“), If rs Z/ju’ Heis [s e Df[/jaj,



IF r > 2{7%, e foéué‘c&/ sbcrense éﬁ’ .~ 2\/7@
72 for OCr 275714) ofu‘&e acked cosy | [equiic
OFIJM + 2{714) = O((/jW) o AY o‘ﬁw Ctmofk?ﬁ’&’ Cosi,f

Z&’Caeav_se/( J /‘fa/w/zJ X G ro'bvc Sakes Cousfoud hute
awl m gaaes ,ﬁoéuﬁbt/ ér ot wasd 3, so Y
awi‘h’?e&’ 6054 o F cf&fs ax/ Of VIZ{ /?75'61/7'02( Ay
o(l). Mo cousichs e cgg& ovf re&bna vinlobpns .

S;b/:'gy violakon :  IF v is fick , it fokes consfout

he o wake s gfﬁam«[ clet! s nolf 5175//%7-
Since #lis rshves P Mudk Couplibon | s logpeis o
once audd fwy adlls  OC/) b e cosi @f ?Dscff&‘f.

Fyis Ha, o ecatas%fv{s rank dokes cousioud Hre
gl mokes y Huck . s,oﬁﬁefo/eaé‘m/a[@%géz
ut e aworhzet! cost o[‘ Hus &/ela is Of

?%’ﬁwq[ Vfb/abb“" Henwyin )4 /;zpm s /wcuuf s
cleld bist ant ki S a o dakes covsdoedt
ﬁ/’%E. //\ (7 /[as Ct }?f\ ._'S!:é g \7‘&!‘5 8&%{/5102&5 a
Hein yodde’ (y) awd adcls o wecs e ), so e
/o[euk‘cd dﬂa/; @ [. Tlke querized st is O.

IF e has we e S:‘b/fézj aut pored () /s Heick
fhe 'pD/eulfQJ fucreases byl Cy ﬁocm_.s Jick.
famJ(y) .éecmuzs U‘&Z(, Quf % becounns @ o
). So e auorized coxl s O, bud Hoo
Pk, Cowulibin, is aecs resbortl, 5o Hes &cy/gq_g

Oh(% ®Lce.



/_”/f'wa/%f; /'f- fD#CuQLC}’) s S, e /oéuéa/ cecrense
?L“] )’ //EC‘OM&S q[&roé ; /70@49[ ()f) 2008 a/fea@ Dféfx/g)
o v becowes @« mot) , so dee aueorkhized

cosy /s O.

Delofe: The cuuerbzed cosd s Ollyn) becouse
Delekfta. has oy O /J 1) oudl Jcrecek ey 773
cesd OCl).

776/@9#6/4(: A U%ZL é&e SV/DPR/S //13930// @G@eajefgﬂ
! /s Eee ? 0 es-qﬁws . Cousvent awerbees!
Fme . I eg gaed Jelek/lin S0l OC(/?h) Bore (wteh -
fizeld.

Exercise: Use o /@éué'ab/ ﬁ/@cém o proe ot
o Se}za_wcwe cof 72 o/esaéf%zs on e cett fee 72 0/
Shettwe we used sn Kuskal § adﬂawﬂm /3
Ol + 12hon).  (Hind o Lehre V%E/o/éaém/dp/a
nocle v S0 be g ;:_—/’(/f/y']/ wlee & 75 e
/6’6(796 Qp e L] ol Confooins v. ﬁe/o/euéd/ 0/
Mo Heta Shuckee s § =357 (1] wl-@,). Yo
Slad’of Ve’)'é p‘fm[ Creoé‘ ;‘&e Dféjnfc« .séuc/mc /z&g
awor hzetd cosy Olu (/757 o e auorlizell Ccest
pe %G})tm s o(l) CGS'(? s foéuk@/ FncChhive. )



9(//23 [ & a!?m“v‘ﬁa

Given, o b G=(YE) wi m%c’&r/s oy 7% e J
a séor/é//;’r?a% pom a vedex v o o veskx @C%:S

Ce far/ﬁf Jone v o 20 L pagivivacine A2l meéa&v(.
Tle tovd eaég ae&b&f of AU /apg i e disvone

M v P,
In genesal, e disfonce [z well-ckbrey/ ol

G confreins 1260 neqekive cock (Cycle of rgpatie
fodad eogﬁ w&ﬁ : 4 7 W
. Mgaé'ue cczjcé

V
@ GéfSQt[l/,zo): -

A ddiseckd ?aﬁ iy Contoin negobve ~coed it edses
andd skY %Z Coniin @ /650042/8 ’9’ dﬁ,&f ngj 7

N

or such J hs, shorlesy faofés are well-cdofanef beed
Cﬂﬂf/ﬂaéhd Z;% /S lodec Han when ol e%ay lewe
o - ega e wef’ﬁr{s, Al focus ou oo -4#epntive
wy&i kee and clisveess an @500 Gt for afé/‘/rwy
“rF

weﬁ&v{s wlen we coves %@0/4/& //Wﬁwezxg




7le S!'VU/G Source Shorest /mﬂs C SssP) fraé/cm /s
B Coupule o clistauces fom a Sowre veslx s o
al es V&‘/7'C€S of G4

Mol s His v shok /wr Solvi Ais //&%’/ﬂ?
Sore 34&%7 é’affzé; éﬁ J

Lemmn: For v#s, le¥ B & a Sémé.sv’/mg ferze
s bv. Thee exists suh a sef of sthores/ fap{%g
S Al vel/\§s3¥ swchd Hot de wrioe of e

afls (s o fee T. Lk call 7 o séor/eSvt/oo‘é
feo coifle ot S .

?@‘9[} A mﬁe W vesties of G iu on Orb/'é‘ﬂg
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