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BFS o/l G i mot . Then & is éf/‘yapé'/e
G Here s ro ec?e (k) in & seach oy

clistr (ryx ) = otest (1, y).

Pm/-\: //3 Jée)e, exf.Sy[S _swcé an eo/;e (K,}’), e
et I = $to,tty, ... cty> and By= <o vi,.. V4>
EU&Z/@%S%@% r o x cmo/)/ o 7. Siuce bopl
favf&s stard af T, we have Uo = Vo, so #oe exikis
@z (e x b swole hay di = v, \V ©Osish onol

U F# Ve Vhsisdl. 7 le loler ﬁ//m: becouse 7 /s
a Free., /VDAJ Uy, o, dd , Vi, Va;_,/_,_/ vy > (S an ool
Céj'cfe, /[ @, so G s nof bz}vor/vié.

WNow assume  fof sty (rx) # sty Gyy) for ad
&r}’) i T. By e prewnirs /E/t’»’f/ffa, s fhr//f'es.
oo a!z‘Sy‘T[r,/ ~distr(r,x) e -1, (2. Neco aomsider
2y ¢ cleCi X, %z, ... , K> m (. Let &,6:,..,60
be. ifsyec#ges, fhat s, € =0, xin) Visisk-1. sk
assion @ wesplt wler) = olisi (F, xie | - olistr (r ;)
b cach eopﬁ,a e:, Mok fat w(ei)e F-113 ¥V /s/sk-/
Also nok teot oListr (1, %) = bV (r, %) +
mee;J. Bet X, '—“></3 , SO O&B‘VL,*[/‘/KQ) =
=Uolist Cr,xp) aud ‘:Zw[@’):o' Stuce w(e;) ¢
20,13 v/, flus :‘ae/;//'es::’v%oql Heere are @3 mony eclpes
Dt% w&%% [ as e are eo”ézes ol e F =/



te C . Thus , C 4as ou cven wwember 0/’ eopes.

Stuce we chese C arbikharily, Wis Skoos vﬁwﬂc p

e C C,é 0/43 s aeun, a‘zfa//_‘?, &G s oparie.
g Y ra

Comllan, - ¥ fekes OUmtn) hme b lst whefler
a graph G is béﬂmé:é.

P@a‘ﬁ Y cucejmm{ BFS as ﬁ//oas , wlecly aplol
oifé D[M?‘W} pa 7S /ﬂi////‘g/ pwe.

- BFS(G)
Hoark evesy vesfex as mex/o/oreo/
for eu% yostes y of & olo
if vis mcxﬂp/otﬁo( e Traverse From Vesks (G v)
revery edge (Vo) of G oo
FO!}C pﬂu)g‘;[m) J&B/I:L re fura FQ[SC’,
relern drue

 BFRS T Vesks (6 v)
Merk v as e;?p}olcol
dlv)=0
S=Af(v) /Sis e gen here
while S is not eﬂfé clp
Remove an coéie [;(,/v) ﬁom S
if y is not c.’);ﬂb‘eof Hen
Mork y as E);p/ofﬁo/
D{C?/) < Cf[ﬁ)‘f"
S=Sv A&(/ ()’)




We codd in facv[ hove used a ki explora b
sﬁ‘alega and fle Mm‘zg free Tf?f@afzzceybecme
& is uod hatd o exleatd tee abore ‘ar MB@WL o shod
Hod G s b?far}ﬂe it V&ylet, dist-(r,x) -
5&'54’1—(!‘,7) 1S edd.

Topological Sorkng
v (4 O/

A /D/ya/cv col erolernn o/‘ a W G s a biad ornbe
=< oéeﬁmf;/ oves e Cje;lfces of & Sechk Ha¥

V<& for every eoﬁa (v,0).
A)@ oo we core !

—  Verbices are achvities . fasks, ... ED/ie,; are
ofoﬂeﬂ“’é? Coushounts.  Le wont a Sepyenhs!
ordec of Fose achvites fhof solshes ol
ofa@n'ézj conshonts .

Dbes swuch on 0/‘0/{"/7'?7 av/wa&vs exist 7

Lemma: A direckd rcﬂ & hos o 9&0/%4‘50/
oroffn‘/gﬁ //f‘ one! 0”(% Wi fas no ekt (6.70@3.

P@/‘ : 4 SSwume G /tas a aﬁ‘feaéo/ ((:70/8 C !
admits o /0/70 ogical com/m?é? <. Siance & i3 puite,
o /s C ot %@e exists o moximo/ verkx ve C,
Jé(aw/ fs, u<y VaEJC, UFV, /nfaoé‘w/os L=V,
for vs successer # m C, q coubrodiohi.



New asswme G has no cdeckd ff"é‘ ¥ G
has only one verk« 5 e ""‘% o;y‘é/? @m!en'? o/
s Y kx sef is /77'Vf'0/é/ a Z;m/?fm/ @Me?go,

F & has n>] vechtes, i musd hoe o Seewrce,
et is, o veskx of -degper O, Asseome e
Co”é*ag e conshect a (CfC/e e G, wlicl
Coubrddichs owl aSSwn Lz oy G Los oo cyclee,
gick on af‘é//mg veckd Xo aud obfye 7= ;Z«,).
Grven c. padle” B = $xi, s, ., 2 2, A€ ?é
exlend 7 b aa’d’?f a7 /ﬁ/-mydbééaw Kpry O %
b J b obiin o xw/ﬁ# Frbr = SXotr, 7, %0 2.
If Xi+1 G A , Hat /s , X =Xj, for some OSjs /
Hen S Xiw, Xi, -, > IS Q %cii m (3. Shie
&\ /S /Qﬂ/k ; r/&;s 2y 4 éCf/é’h Cpﬁz{é@'ﬁ ér?cawe
we run out of verhess pofd in Zi ﬁe‘/ . Tleag,
G meesd contin a Source.

Led G=G =3, for some Sowrce s of G Sivce
& e G) G s a%:yc//‘C. T, .é7 e Incbaclive
wesis | Here Cxists a bf@fo cal orleng <’
OKZ\’. Siuce s bos ue fn-aeiykbours o/‘ @J we.
Can exkndd <’ o a bf"éj’bjo’o@?f < of &
b(j oﬁzé’x&ig
u<sv (ff Sé suvs aud u<'v or
Uu=S cmaﬂ V£S.

H

Lk ciscuss 2 wous o bfbbi«ba% sort a DAG,



Solubon | :  Use DFS

Fra{ Hoing we weod 5 @ recutyrve /'M//swc@f(ahba a/
LFS .éagzwe o makes Of/h’ﬁ‘/? b se ke one
ex//ongo a Sublree;

DFS(&)
Mark even yerkes 0/ G as a@cvyafo/ea/
Fol“ eV V@J‘/CX 1% o/f é) o
(F vis anexf/weo/ Hen  DFS From Verkx (G, v)

DFS Fromledex ( Gv)
Mork v as explered!
ey eoéfe (v ) € /40(/’('0) olo
if wis m@xf/orea/ then  DFS FromVes fex (€ >)

Chrservahion: When DFSFom Veder ( G,v) yehorns , ol
oced we:&rééwl‘s of v or eAf/orea{

Tlis swogesds a shpk r lopolegreal serkne:
/Vaméj %i;g'fécg; th cﬁésf 0/1%6‘: 7704 /zag;éas‘
Cach veslex v uhen OFSFHate kx (G V) rs abou
fo relarn becoeese Jhen — nod Coaf//eéé/ obyies —
o/l s cut-neishbours shonld e been wembercd
aliecdls oud Yous loe o /zg‘a&er fembes. Ths s
foe //mfg/o ool :



DFS(G)
Hark eu? veskx as ahexf/oneof
=n

C
o evesy vestex vof G olo
'F iF :'gj;rfs am:’)ﬁ?/@lﬁ’d Hen o~ DFSFombecks (G c)

OFSFomVerkx (Gv, )
Hark v as exploed
forr evey eolse (yw) € Ac{j'(u) clo
f'F WIS aﬂexybfed Hen C = DFSToe I/Eﬁéx [@,A.J/ c)
numbec(v) =c
elurn c—|

As a/rea Soubl ; if is nov{ erzé’/’% oéwbas uféov/ D%(:S‘ pes
10707:70 4 /aroa&fce, a /of&o/bjfz'c@/ orcloigy. Wl ol G-
wbbours of v ar ex,o/ofca/ sthere . DFSFrmleslx(G) v.)
Ieleerszs, u‘&% ey be coambesed! mch [0k o a‘%/
ae moarked as e;c,a/o/eo/ , So vray roy o/ be
tceernloeseol  wbere  DFS v Veslex ( —-,u) refeerns, This
Sould noy come as a Sepyride . Tle abore observaltie
boldls for every Lrrecteol Jq,«g/é G, tolete e a//eo%
ﬂafared Hat e con Sford o b/o/ ~o/ 0/%7? evr
IF & /s agc//'c. So e Copecr”ess /m/ bersks
U= 0%/'3 //yesé 9/0 @ .

Lemma: /f G /s acyclic p Hcee #e abore macér%*eaf
hon 0/‘ DFS Confmgs Q b/aoéiicu/ om/m}éﬁ co/’ A

feef: I sufpres b shoos #a¥, for cock veskx v
of &, ol mry/-lfez%éau/g of v ore reessrroeser! betore



v s mumbeed, ol /s before, DESHews Vedes (Bv)
1ekerns. Indeedd, since wwe wembes veshites backevols
and W s easy b see Had we o wor cse e Sore
rember kil , Has implies Hal ol af - wesp e
oA v receve o kx%ﬂ reeermwbes Hie v

(onsider te recursion Pee of He azéroﬂ'v’&ﬂz. 7Tle of
is DFS(R)Y, /fs clelthen are o/l /avocatons

DFE From, Veslex ('é‘\,V) macle by DFFSG). The clelthn
of an ioColrn  DFS Fom Vesks (G v) are e
pwocabons  DFS From Vesky ( G, ) N rmokes.  Now
05584"!/6 v‘»praf ; 56&/&? o/7i /%V&ca/ﬁh LFS Borzs VeJéX (@ U.)
s mocle | v /s wocxﬂo/mea’j- afls Fhe inmvocatvr
rekbrns v is exf/weot’ auol wumbeed. Tlhes , @
r/eﬂlé}( V con _ée exf/ofea/ ba;/ yﬂ/.//'am.ée:eo/ 0”’? lerrrvs
escendont invocabons OFS From Veskx (G,) o/’ a
DFS Fiows, Veslex (Gv) becaewse #e invocaror

DFS From Veslex (G 0‘,1/) pecsd bave beew mionle bl wrersd
ot bove rekotnec! ser.

Moz assume V hag an mmuméerea/ cmv[fwg‘qééoa? &) oy(
fio bme OFS Fop, Veslex (Gv) rbrns . As we J'a@f

o , DFS Fow Veskx (G, ) must be on owceskor
imvocohon of DFESFroml/estes (G V), Tlus, #hee
extsq‘ Ve.ré'ces A.):XOIK;,.../ X =V swch o‘4afvl
DFS Fowm Veckex (6, %) makes e jecarsive cal
DFEX Town Veslex (0 G, s{,',a/) oud! Yeuce. (X’] )(,‘-{—/) 15 an
eclye of (7 all Osi<k. Siuce » /s on
mfw&éémfrc?/' v, (Xb_,bé,) s alse Gu ed o,é'
@! S6 <Xo,Xi, -, Kk, %> (S Q chrecko! Cjc/@ of &,

Z |



(ollary: A é?’po/oiqu/ 0»0@7‘#(1); 0/‘ o DAL G cou be
@rpu o in Olurm) Pme.

Exed‘CZSc:: Aééj/ofghf o%ea/ /7%/42, So Mav/ /7{ /{ESV/S
046%@;‘ v% é, (S Qttjyc//‘c. //' S0, Gav‘?cﬂ( a valve/
/2'9/90/77‘@@/ @/‘a/@?‘?f as f@?;/‘ 1F nott, om?a / a
%7(:/:3 as ffd‘b/p

Et‘?faé'@ml : /tocremenv[aga numbes sources

lr cor prof Mot o _groph Aas a fopelogical ook
A iy[/fac(*yc/fc) wgg/ﬂgaec/ o> a:f@ facka: 7

o [~y Qc c/tt: é has a Socfce (/h‘-de e-O
o) ST il

= 5?7 Saéf?ﬂé o/ ax a?vc/z& irgoé /S a@oc//'a.
e con use fuis 1o esion a raly sippl ot
fér /0/70/?100/ _Sol'/f/gf_ (j 77 / Vo
75/950r/ ( G)
Sef f”'f?’eJ[V) =0 /?Dr emog vedex v of &

for .eu%eo%,g (vw) of 7 ol

[w) = /'t/role(? () +1
QR = an em‘péy ?aeae
for e volx vof & e
t'F in-—aée(,f('u) =0 M(en Elﬂ/mw (5?/'/)
C=]
AJ/u'/c’ QR s ﬂa\f E é{ o
V = &W&(Qf




numbeslv] = c

C=c+l
for e ed. (:/,A)) s, /[c{]' (v) clo
n "D\.,tg fmﬁ in~cleg (z5) ~/

iF f'hvfeJ(b) =0 "Hen Erngetene (R,2)

L emmo: THhe above 7—5/95'0/4 Ceclnre CO/ﬂfaé_v a

y%:/»/o/?‘oa/ cwa./ca?’gw of) & 1 Oln For) forre .

MOFODF To preve He Coﬂ‘ec»é?egg/ /F sufpces

£ /7[(7”‘6 v‘/tar[ QR Condceins exa Me V@é'ce,s
Yol o wunambpeed and lave &/waéeea/ 0~
neighbrdts.  Indeed, Hos implies Hhot proking ony
veskex fn R b gwe e, nex /wméesé, ay ze 0/0/ RS toreg
s verbex kas a /uéaéec wemnbes Warr el s

o —w%éoars, Sce e s incbuced év
mz;mméerec/ veshices /S ac c/{Z 5 A countams ad
least oue scutce. 772«5', R [s vou-é& cnhl @t
veshies are wumbesed. 744(5; o alporibur 0.:,*7?7@
a wumbes o eatd vedex ond. o5 L I/Zm[ oyaéai
e Mﬂféeﬂ-”d sessfies all s of & 7 Lewrfore,
e fnal umzéov’éfy f?ﬁw{v a vaitd bfa/%w/
afw(ﬂzj, I remins' o peove ow clevives.

Inibially, all veshees ar wuwwnbeed ond we inikiliZe

@R 4 contoin ol swpes of' G, so W it
holods,  Facl ook rumors o vekx v fow (2,

weemnbess /?f, ond ofecfﬂmd? e :'/'zfa?ﬁ% of cack
of s ouf*w%bows , wluth eusmres okt He
t’h~o(€7r‘e€ of cads yestex b rea/g ﬁ%ﬂa‘ﬂﬂfx e
nambes of s wu-numbeet -k lowns. [ s



wmbes dﬂ*fs o O, w s adlpd fo 8.

Now s make fhree thf/e oervahions o fnik v

oy -

g?) Mo wunsbeed velex /s added b & Wa/ﬁz. o),

we add o cuv[m?&évwscf v b Q. Sikee
v was b eed b w0 suh velex Con
lave been i R é@éy@, #rd f.'.?/f’a? azz/’/(éﬁ'?4a
bowes 0,(‘ A Y Y A

(l}') AM wv/’“@dvééow @/ A OJM 49 A /#/'/ é@_y
wzg wambeseol  in-rerphboess s This iy pbuis
becse we add on owt ’Kef%éaw & v Ao
R #F s /21"0@7\92 /s O.

(tﬂ) /4? o%@: wﬁx /J/"PZ D%/f /wmée)@/ z‘h»/t%’oéém
/s’ alreo i Rbeciuse v is e ouly rec
umbeed velex ausl 15 wof au lu-weylboww of
Such o perx .

Having proven e comectress of #ae alyorfe,
it Remains b ouslyie /s remrne e Tlhe
/h/’h‘a,(iaqﬁ‘wr. éeéfe e V(074 zu;f;e—/d?o /s Cas/
seoy b toke Olntm) bre becxuse H Co/z_wi
O/ 45D /ozys oles e vesireas ol ome /090 ores
fee eo!&es of &, ol consiouy Loord pes eekieve.
Eoch ilese it @’[\ v‘fe A\Jéf/e - , mclacliny #ee
ueghect ﬁfwfxf spends 0(0%7 ouef —o@y(g/j) e,
wlose v s dbe o@)amwa/yes/e,r. Ao alren

Olngo/ Haf ever, vetex féﬁ’j enpuored Exa okce,
so /F ako Fers a/geueaet/ ExXCe once . 7%5,!/52
cosid of ol oabes of e cxole- é@/ /s

5T Oll+ oub-oleg(v)) = Oligvmr). 1
VEE



S /rorg/&f comnected componen s

A direckol WLF/L ‘s 35@/{75 cDﬂ/feC/é’d rf ﬁre ordered
Fair 07[\ veshces (V,AJ) | Vhere exists a dreck f?av/ét
/fam v bw. The s Ao’gjé Cofwecvé‘&/ Coﬁ;ﬂoﬂem’[s of
o irecled im;p/, are ita moximal sﬁ@nyﬁ couneck

seeh W/zs.

Stébﬂ CoimeCé'z/f Q%a/ ac c//'c/ Qe %ﬂos}é CD”C?/Q,
L Y rheulos , iV we conhdcy eoch < 04 Cownccbd
Co&pz/cpwem[ inb o S/h(j/e verex , we oééh a DAG.

N

We con CDW/VU/é Hee Séafyg connechd! C’wyaﬂfﬂ?@
Lso Q 3/‘/77//6 DFS-4, @é&&ﬂ%ﬂb ﬂo/ Qz /2T
fac;/ be /M/O/f/??ﬁ%éo/ 4’(5‘/97 DFS,




The alsoritbm mawioins o /m:é'éba of e velkres info
v s (repnsenke! é¢ /czéa/é'y Ao s igy %):

Froedsieor! veshres Oire Ve;fv'cas Nhose 517071(7 CDM”é’C/fOI
components huwe aliea ey /Z@/fé%‘e/. [u /wé‘ca/w,
Heir auv‘flzzezd*ééacuj ore ol fuisted.

Achre veshices are e)féfeo/ veshtes #od oy have
ueRp bored  oud -/ce:%éow: in Ve come _s%ozﬁ j Cowucctd

c:om/mem/ ,
ﬁ/ﬂfyy/wea/ veshies are , wed , a/zz&rfbfed

Fren Voole e alyritt oot ¥ rwaindiin HUS
Classifoa b expliciy, 7 /s kedofed b cLishrpest
ezgp/wec/ eages 4 m?é we love follbred o/r&%?;jaf
form wneplond ones (o Lick s Love xof follved

ﬁerd .

The i yr ol v% oo i es WO UAS ]S -

(7) out ~eclges of fluisted vesbres are explord.
Then 4eads ar faisked!.

() Tle saéjw/é oleforeery ‘AJ ache vesheas aud expronal
ecthes betoeon taen: is a ¢ poks of shery 4y
cowuectel! coce(/aueay(r “  More /rec/;r%, 7.,
G e e shoaply cowsecled Cowgponens of
s _S”aé/dyé , Hen JHu 0/0(? Ea?és nod ru #ese
CDWfbmvﬁ are edges (v ,4) (07 0, .. /ah,/y,(_/)}
whoe e C oud U € Cw V/isishk-.



T, I
)

Frnrsleof Achie U ke)f/oreq/

Ao v&e 6257017#/% cloes %e ﬁ//w,? a«é’/ a// :/e:é‘ce_g
are ﬁ‘ﬂx’;éea/ s

o //c Fhcre 1S po Gobve pes bex J climse @t
a»é/é'ﬁ zxkek//éfca” VeSCA awy wrake ¥ archve.

I C,C,.. G ae Ao Crement achie
(2t oﬂehl/S, choose ax oz{v[—ec%a-e C><,7’) Of *

Co
&@xj a&’ex/y/oicol,

o I o seech 8059 exisVs , mork ol vesbres iz Gy
as ﬁ‘wr’s&d aud mark (i as a séw(cjé
Coun ecred! wm/awez/n[ of 6.

o

o /f y /S uzey/weo/ , Creal o wee cow/)ofcwv'['
C;L'H w/% 0@ }/ /.k! /7-

o If y is ache owd YC—?Ci,o%eumeﬁe,
Citry Crtz,oon, G o (.

s IF y 15 ﬁiﬂ.swf oo moigfiﬁ,



Lewma: The %ﬁ?pxﬁ%{ mnicis Mo staled invanoud.

el [ Ha coupouenf Ck 4_03 no whesploreel ouf- echus,
Heot ol oot ..,,@,(‘71{ boss of (b ae fnished, AJ Az
pvariont . Tius, mQréz'f(z/O all veshtes s (), as ﬁm}éea’
does wod yzb/c.wé, Hee //;Vaﬂﬁzjwvzéa?[/méd V&'Za;;
kave o i stec? out - wds; S ceeed

ozqf-emgsé Sruce. o‘ée%'cej wm C é}??(?oﬂ/
S E’/C//O/d 6%43 Jodvere, fluww ALefre a Ipmﬂ of
s/ﬂwz(j (7 uneckd! Couponents, so o e vesrees

i Co,Co,en, ey autd o e/r/éwm’ ecdpes behseon Hrw
Flis slwes Hof e uvorizet (S puoenatined sffee

Ci s oo mayfaf/ oud "374&3.

f L IS :/qexféﬁal y caphing 7 ache and coltlig e

Coruponent Citr ol oty 2o 1 F moinfouns” e

iwonod Hof G, C,.. Cun fore ﬁfrzvg o 514&(75'

couucchd! Cmbftmwv‘f& Mo seecs ﬁm‘s&ec/ vestrtas ore.

creaked | uer oo @ wevest o ay wfpuihed stok. S

ohee ﬁwﬁséeo/ Jeslitss  couliene 7% Lave E}?/afn/
oC

07«61‘-66925 4 az(g ﬂw’séea/ ozt wcegﬁ ,

IF o is achve audd lbelmgs b G, He &V/oﬁc/eaéeg
pehoeen veshes iu GVCitr, ..., Co lebre o Sémyéf
cowetcho! iﬂ}% C G, Ce, ., Cror 1000 S
cownected! awdd Ci los exacky gue ejyy@w/ it -eghe
o i eﬂofpf//v[ U CJ'-/'/ , ;;/\(/'< g e &7, /,'/'(/',;/.’_/‘
m—g, 1, Cops, Gy, 7 rwa/afp{g a/\._ré'oz(ejé«
couwecle! CDM{/OM:’&{V@‘. Hee sore azsaﬂzcm’ at /a
tee VTS paa ?/é’, /m:rﬁeo/ ves b8 aaliaee fo
lwe mwg ezyéo o/’ ceet 'eofz_t o freistet crol-wespl-



broces.

Foually, [ o5 s fusted, 7 /s emsy b voify fat
067;?7 mlv[%é?? ﬂaf”;v{m‘m He /lf%ngz/w ]

Lewms © The odsorifliu corme labels e s
couueckd! cwm/gmfs ¥ 6 O@ 40(?}(%

Foof - Al wark ou achie covporent G as o shogly
couneckyl componend wbhew all Fs o - @ s are
gcf/wfaﬂ @t houce ;‘ZZ[Z M/Trﬁ et ’Zcerabjéng_r Zre zijéeo(
5 a s o S ot G,
dﬁowﬁm;%%bkf /A /75?:;%: o 5407(9 CZ‘@M/&?M
C&'M/bi{ﬁét‘ﬁ Hen oue of s oud “éce:&jlémurs yeesif /e/oé,)-,
b fo some C‘D%(foﬂeav[ as e ves?s m (. Sitce
ead such out - Ly 5 o/rea(é.’j pdstos! quct fuished
veshtes lLope o«g ﬂmée&/ ot ’w&éé&afs N
Z20J] éu,w‘ 0f Ch cou agpeyéx ta Cp ‘f[zq_q/
Cpis a sémgf] couueckp! CW/?DM%V/ . J

Tlers a{jﬁowﬂm o e 1y M//é/ ctstg PFS. 4k
reciniain @ _olobol stock of ackie weibites, sorkd i
oo orcks i cliscoveet! Hene., 4t ale moigtoe
e sduck of aqchie cou/mmv‘.s, cack Zre.re/«zéa/

os e wembes of fe ﬁ'/_sv[ veskex tu Cwaoueuﬂ




Scc(l)
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