I/O-Optimal PlanarEmbeddingJsing GraphSeparators

NorbertZeh

Schoolof ComputerScience
CarletonUniversity
Ottawa, ON K1S5B6
Canada
nzeh@cs. carl eton. ca

Abstract

We presentinew algorithmto testwhetheragivengraphG is planarandto computeaplanarembedding
G of G if suchanembeddingxists. Ouralgorithmutilizesafundamentallynew approactbasedngraph
separator$o obtainsuchanembedding.The I/O-complexity of our algorithmis O(sortN)). A simple
simulationtechniquereduceghel/O-complexity of ouralgorithmto O(perm(N)). We prove a matching
lower boundof Q(perm(N)) 1/Os for computinga planarembeddingf a givenplanargraph.

1 Introduction

I/O-efficientgraphalgorithmshave receved considerablattentionbecausenassie graphsarisenaturallyin
mary applicationsRecentvebcrawls, for example producegraphsof ontheorderof 200million nodesand
2 billion edges.Recentwork in web modelingusesdepth-firstsearch breadth-firssearch shortespaths,
andconnecteccomponentss primitive operationdor investigatingthe structureof the web [7]. Massie
graphsare also often manipulatedin Geographicinformation Systems(GIS), where mary fundamental
problemscan be formulatedas basicgraphproblems. The graphsarisingin GIS applicationsare often
planar Yet anotherexample of massve graphsis AT&T' s 20TB phonecall graph[8]. Whenworking
with suchlarge datasets,the transferof databetweeninternaland externalmemory andnot the internal
memorycomputationjs oftenthe bottleneck.Thus, I/O-efficient algorithmscanleadto considerableun-
time improvements.

Many graphalgorithmsdesignedn the RAM modelof computationusebreadth-firssearch(BFS) or
depth-firstsearch(DFS)to explore the given graph,asthesetwo stratgies caneasilyberealizedin linear
time; yetthey provide valuableinformationaboutthe structureof the graph.Unfortunately no I/0-efficient
algorithmsfor BFS andDFSin arbitrarysparsegraphsare known, while existing algorithmsperformrea-
sonablywell on densegraphs.This forcesalgorithmdesignerdo develop algorithmsthatavoid usingBFS
or DFSasprimitive operationsif they areto bel/O-efficient.

Recently a numberof papers[4, 5, 17, 33] have focusedon developing I/O-efficient algorithmsfor
fundamentagraphproblemson embeddeglanargraphs.Thesealgorithmssolve BFS,DFS, singlesource
shortesipaths(SSSP)andthe problemof computingweightedseparator®f an embeddegblanargraphin
O(sortN)) I/Osusinglinearspace Fromapracticalpointof view thefactthatthesealgorithmsneedaplanar
embeddingo be givenaspartof theinputis not a seriousconstraint,asin mostlarge scaleapplicationst
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is known that a given graphis planaronly becausea planarembeddingof the graphis given. From a
theoreticalpoint of view, however, it is desirableto designl/O-efficient algorithmsfor planaritytestingand
planarembedding,in orderto obtain I/O-efficient algorithmsfor a numberof fundamentalproblemson
planargraphswhich do notrequireary additionalinformationaboutthe givengraph.

1.1 Model of Computation

Thealgorithmin this paperis designedandanalyzedn the Parallel Disk Model (PDM) [32]. In this model,
D identicaldisksof unlimited sizeareattachedo a machinewith aninternalmemorycapableof holding
M dataitems. Thesedisks constitutethe externalmemoryof the machine. Initially, all datais storedon
disk. Eachdiskis partitionedinto blocksof B dataitemseach.An 1/0O-operationis the transferof upto D
blocks,at mostoneperdisk, to or from internalmemoryfrom or to externalmemory Thecomplity of an
algorithmin the PDM is the numberof I/O-operationst performs.

Sorting, permuting,and scanningan array of N consecutie dataitemsare primitive operationsoften
usedin externalmemoryalgorithms. Their I/O-compleities are sor{N) = O((N/(DB)) logy,5(N/B)),
perm(N) = ©(min(N,sortN))), andscarfN) = ©(N/(DB)), respectiely [32].

1.2 Previous Results

I/0-efficient graphalgorithmshave beenstudiedin a numberof paperd1, 2, 4, 5, 9, 11, 17, 20, 22, 23,
25, 27, 31]. We only discussresultson undirectedBFS, DFS, single sourceshortesipaths,planarembed-
ding, andgraphconnectiity here. The bestSSSPalgorithmfor arbitraryundirectedgraphstakes O(|V | +
(IE|/B)log, |[E|) /0s[20]. ThebestBFSalgorithmfor arbitraryundirectedyraphsakesO(|V |+ sor{|E|))
I/Os [27]. Recentlya BFS algorithm for graphsof boundeddegreehasbeenpresentedn [25]. If d is
the maximumvertex degreein the graph,the algorithmtakes O(|V|/(ylogy B) + sor{BY|V|)) I/Os using
O(|V|/BYY) blocksof externalmemory for 0 < y < 3.

In [17], an O(sor{N)) /O algorithmfor computinga 2/3-separatoof size O(v/N) for anembedded
planargraphG is given, provided that a BFS-treeof G is part of the input. In [4], this ideahasbeen
extendedto obtainan O(sor{N)) 1/0 algorithmto computean e-separatonf sizeO(sortN) + y/N/) for
an embeddedgblanargraph,provided thata BFS-treeof the graphis given. Using the computedseparatqr
the SSSPproblemcanthenbe solved in O(sortN)) I/Os for the given graph[4]. In arecentpaper[5],
two DFS algorithmsfor embeddeglanargraphsaregiven. Thefirst onetakesO(sort{N) logN) 1/0s. The
secondonetakes O(I(N)) 1/0s, where I(N) is the numberof I/Os requiredto computea BFS-treeof an
embeddegblanargraph.Anotherrecentresult[33] shavs how to computeane-separatoof sizeO( N/a)
for anunweightedplanargraphin O(sortN)) 1/Os, provided thateN log?(DB) < M. This algorithmdoes
notrequirea BFS-treeor embeddingf the givengraphaspartof theinput. Togethemwith theresultsof [4]
and[5] thisimpliesthatBFS,DFS,andSSSRcanbesolvedin O(sortN)) I/Os onembeddegblanargraphs,
providedthatM > (DB)?log?(DB). Also, oncea BFS-treeandanembeddingf G is given, the separator
algorithmof [3] canbe realizedusing external memorytechniqueg¢o computein O(sor{N)) 1/Os an ¢-
separatoof sizeO(\ /N/a) for aweightedplanargraphG. We arenot awareof ary resultson computing
planarembedding4/O-efficiently.

In[22], it is shavn how to testagivengraphG for outerplanarityandcomputeanouterplanaembedding
of G. Giventheembeddingit is shavn how to solve BFS,DFS,andhow to computea 2/3-separatoof size
2 for G. All algorithmsin [22] take O(sort(N)) 1/Os. In [23] it is shavn how to solve the SSSPproblem
in O(sort(N)) 1/0s on graphsof boundedreewidth. It is shavn in [22] thatBFS,DFS,and SSSPrequire
atleastQ(perm(N)) 1/Os, evenon outerplanagraphs.lt is alsoshavn thatouterplanaembeddingakesat
leastQ(perm(N)) 1/Os.



In [9], I/O-efficient algorithmsfor computingthe connectecand biconnecteccomponentof an undi-
rectedgrapharepresentedThesealgorithmstake O(sortN)) 1/0s on graphswhich aresparseunderedge
contraction.This includesplanargraphs.Thesealgorithmsarethe resultof applyinga generalsimulation
techniqudor PRAM algorithmsin externalmemoryto the connectiity algorithmof [10] andthe biconnec-
tivity algorithmof [30]. Thereareno directresultson computingtriconnecteccomponents/O-efficiently,
althoughonemayapplythe PRAM simulationof [9] to thetriconnectvity algorithmof [13].

A numberof PRAM algorithmsfor planaritytestingandplanarembeddindhave beenproposed18, 19,
26, 28]. In [19], thefirst suchalgorithmusinga linearnumberof processorsvaspresentedthe algorithm
runsin O(logsN) time. The algorithmof [28] runsin O(log, N) time using O(C(N)) processorswhere
C(N) is the numberof processorsequiredto computethe connecteccomponent®f a graphin O(log, N)
time. Usingthe PRAM simulationtechniqueof [9], onecanobtainl/O-efficient, but suboptimalembedding
algorithmsfrom the algorithmsof [19, 28]. A moredirectimplementatiorof the algorithmof [28] using
externalmemorytechniquegroducesa planarembeddingalgorithmthattakesO(sortN)) 1/0s. However,
it is not clearwhetherthe algorithmof [28] canbe usedto testwhethera givengraphis planar

In internal memory planarity testingand the problemof computinga planarembeddingof a given
graphG arewell-studied. The first paperto presenta lineartime algorithmfor planaritytestingandplanar
embeddings [16]. A previousalgorithmof [21] waslatermadeto runin lineartime usingresultsof [6, 12].
Importantimplementationdetailsof the algorithmof [16] are provided in [24]. Any graphtraversalcan
be usedto identify the connecteccomponent®f a graphin lineartime. In [29], alinear time algorithm
for finding the biconnecteccomponent®f a graphis presentedln [15], theideaof [29] wasextendedto
identify thetriconnecteccomponent®f a biconnectedyraph.

1.3 Our Result

In this paper we presenta new algorithmto testwhethera given graphis planarandto computea planar
embeddingof the graphif the answeris affirmative. Our algorithm takes O(sorN)) 1/Os using linear
space provided that M > (DB)?log?(DB). Intuitively, our approachcan be describedas follows: First
usethe algorithmof [33] to computea subsetS of O(N/(DB)) verticesof G whoseremoval partitionsG
into O(N/(DB)?) subgraphs3;, ..., G of sizeat most(DB) each. EachgraphG; is adjacento at most
DB separatowvertices,which we denoteby dG;. Let G; be the subgraphof G inducedby the verticesin
V(Gi)U0G;, for 1<i <k. LetGj,...,G| betheconnecteccomponent®f graphsGy, ..., Gy. Denotethe
setof separatowrerticesin G’j, 1<j<I,byS;.

Foreachgrath’j, computeaconstraingraphC; of sizeO(|S;|) which captureshe constraintsmposed
ontheembeddingf G by G’j. Informally, theseconstraintsareof the form: Cantwo separatowerticesbe

on the samefaceof an embeddingﬁ%’j of G’j? In which orderdo they have to appearalongthe boundary
of sucha face? Etc. Theseconstraintsare derived from a decompositiorof G’j into its biconnectedand
triconnecteccomponents.JoininggraphsCy,...,C; at their separatovertices,we obtainan approximate
graphA of sizeO(N/(DB)). We shav thatG is planarif andonly if Gy, ...,Gy areplanarandA is planar
Also, a planarembeddingof G can be obtainedfrom a planarembeddingof A by locally replacingthe
embedding€,, . ..,C of graph<Cy, ...,C in Awith consstenémbeddmg@ G’ of graphsGi,...,G.

OuraIgorithmspendeO(sorl(N)) I/Os to computethe separatof5, usmgtheresultof [33]. Computing
graphsCy, ...,C takesO(scar{N)) I/Os, aseachgraphG| hassizeat most(DB)?+ (DB) < M and,hence,
the constructionof C; from G’j canbe carriedout in internalmemory Computinga planarembeddingpf
AtakesO(N/(DB)) I/Os usingthe algorithmof [16], as|A| = O(N/(DB)). Finally, theembeddingf G is
constructedn O(sortN)) I/Os, asthereplacemenof embedding€,,...,C by embeddmg@ G’ can
be donelocally andthusin internalmemory;the necessargoordinationbetweentheselocal replacement
stepsis achiared usingtime-forward processing9].



In orderto prove thatour algorithmis optimalup to aconstanfactor we shawv thatit takesQ(permN))
I/Os to computea planarembeddingof a given planargraph. A simple simulationtechniquetogether
with ary linear time embeddingalgorithm reducesthe 1/0-complity of our embeddingalgorithm to
O(permN)) I/Os, therebymatchingthe lower bound.

1.4 Prdiminaries

An undirectedmultigraph G = (V,E) is an orderedpair of a setV anda multisetE. The elementsof V
arethe verticesof G; the elementsf E arethe edgesof G andareunorderedairs{v,w}, vw € V. We
sometimesepresenthe elementsn E astriples(v,w, i) to distinguishthe differentcopiesof edge{v,w} in
E. Triples(v,w,i) and(w,V,i) areconsideredo representhe sameedge.For anedge{v,w} € E, verticesv
andw aretheendpointsof edge{v,w}. Verticesv andw aresaidto beadjacent Edge{v,w} is incidentto
verticesv andw. GraphG is simpleif every edgeappearst mostoncein E.

A multigraphH = (W, F) is a subgaph of a multigraphG if W CV andF C E. A pathin Gis a
subgraphP = (W,F) of G suchthatW = {v,...,vp} andF = {{vi_1,vi} : 1 <i < p}. In this case,we
write P = (vo,...,Vp). We call vo andvp the endpointsof P. A pathP = (vp,...,Vp) is simpleif vertices
Vo, .- -, Vp—1 arepairwisedistinctandverticesvy, ... ., vp arepairwisedistinct. We call P acycleif vo = vp. In
this casewe write P = (vp, ..., Vp_1).

For a setW C V of vertices,let G|W] be the subgraphof G inducedby W. GraphG[W] is defined
asGW] = (W, {{vw} € E:vw e W}). Similarly, for a setF C E of edges,graphG[F] is definedas
G[F] = (Upwyer {v,W}, F). For asetof verticesW CV, let G—W = G|V \W]; for avertex v € V, graph
G —v is the sameas graphG — {v}. For asetof edgesF C E, let G- F = G[E \ F]. For a subgraph
H=(W,F)ofG,letG—H=GIE(G) \E(H)]. LetF C E andH = G[F]. ThenH = G[E \ F]. Foragraph
G = G1 UGy suchthatV (G;) NV (Gz) = W anda graphG) with W C V(G)), let G[G1/G}] bethe graph
G} UGy. Intuitively, G[G1/G}] is thegraphobtainedirom G by replacingsubgraphG; with graphGj.

A multigraphG is connectedf thereis a pathwith endpointsy andw, for all vyw € G. The connected
componentsf G arethe maximalconnectedsubgraph®f G. A cutpointof a connectednultigraphG is a
vertex v suchthatG — v is disconnectedMultigraph G is biconnectedf it doesnot have ary cutpoints.The
biconnecteccomponentsr bicompsof a connectednultigraphG arethe maximalbiconnectedsubgraphs
of G. Thebicompsof anarbitrarymultigrapharethe bicompsof its connectedomponents.

GivenamultigraphG = (V, E) andasubgrapiH = (W, F) of G, thebridgesof H aredefinedasfollows:
Considettheconnected¢omponentsf G—V(H). Let K besuchacomponentThenK definesanon-trivial
bridge of H whichis the subgraptof G inducedby all edgesncidentto verticesin K. A trivial bridgeis an
edgein G — H with bothendpointsn H. Thetrivial andnon-trvial bridgesarethe bridgesof H in G.

A pair {v,w} of verticesof a biconnectedyraphG is a sepaation pair if graphH = ({v,w},0) hasat
leasttwo non-triial bridgesin G or at leastthreebridges,one of whichis non-trivial. In the former case,
we call {v,w} anon-trivial sepaation pair. If G is asimplegraph,thenall separatiorpairsarenon-triial.
GraphG is triconnectedf it doesnothave a separatiorpair.

Givena separatiorpair {v,w} with bridgesBg, ..., Bq, the split s(v,w,i) chooseswo graphsB’ andB"
suchthatB' = B;U:--UBy, B = By11U:--UBq, E(B) > 2 andE(B") > 2, andpartitionsG into two
subgraph$s; = (V(B'),E(B) U{(vw,i)}) andGy = (V(B"),E(B") U{(v,w,i)}). Edge(v,w,i) is calledthe
virtual edge correspondingo split s(v,w;i). The split component®f G aredefinedasthe graphsobtained
by recursvely splitting G; and G, until thereareno moreseparatiorpairs. The split component®f G are
not necessarilynique.Therearethreetypesof split components(1) triconnectedgsimplegraphs(2) triple
bonds(two verticeswith threeedgedetweerthem),and(3) triangles.

The meige m(v,w,i) of two graphsG; and G, sharinga virtual edge(v,w,i) constructsa graphG =
(V(G1) UV(G2), (E(G1) \ {(vwW,i)}) U(E(G2) \ {(v,Ww,i)})) from G; andG,. A graphG canbe recon-



structedfrom its split componentdy recursve applicationof meige operations.To constructthe tricon-
nectedcomponent®f a biconnectedyraphG, meige bondssharingvirtual edgesuntil no two bondssharea
virtual edge,andmemge simplecyclessharingvirtual edgesuntil no two simplecyclesshareavirtual edge.
Theresultinggraphsare the Tutte componentstriconnectedcomponentsor tricompsof G. If G is not bi-
connectedthetricompsof G arethetriconnecteccomponent®f its bicomps.Thetriconnecteccomponents
of G areuniqueandof threetypes: (1) triconnectedsimplegraphs,(2) bonds,and(3) simplecycles. The
separatiorpairscorrespondingo the remainingvirtual edgesarethe Tutte pairs of G. LetH = (W,F) bea
graphobtainedoy meiging anumberof tricomps,andlet F’ bethesetof virtual edgesn H. Thenthekernel
He of H is thegraphH® = (W,F \ F’).

A graphG is planar if it canbe drawn in the planeso thatthe edgesof G do not intersect,exceptat
their endpoints.Sucha drawing of G is calleda topolggical embeddingf G anddenotedby £(G). Every
topologicalembeddingf G definesanorderof theedgesncidentto eachvertex v € G, clockwisearoundv.
A representatioof theseordersfor all verticesv € G is calledacombinatorialembeddingf G anddenoted
by G. For mostgraphalgorithms,the latter is sufficient, so that the planarity problemis the problemof
computinga combinatorialembeddingf a given graph. Given a topologicalembeddingE(G) consistent
with a combinatorialembeddingG of G, we call the connectedegionsof R? \ £(G) the facesof G. Let
F denotethe setof facesof G. By Euler's formula|V|+ |F| — |E| = 2. In particular |E| < 3|V|— 6, for
every simpleplanargraphG. We definethe size|G| of a planargraphG asthe number|V| of verticesin G.
Theplanarembeddingf asimpletriconnecteglanargraphG is uniquein thefollowing sens¢g14]: Let Gy
andGz betwo planarembedding®f G. ThenGl andGz have the samenumberof facesandthereemstsa
bijectiono : [1,k] — [1,K] suchthatif fi,..., fx arethe facesof G, andfi,..., f; arethefacesof G,, then
facesf; and fé(i) have the sameverticeson their boundariesmoreorver, eitherthe orderof the verticeson
theboundaryof facef; is the sameasthatontheboundaryof fé(iy for all 1 <i <k, ortheorderis reversed,
forall1<i<k.

GivenasetSCV of verticesof G anda subgrapiH C G— S, 0H is the setof verticesin Sadjacento
verticesin H. We call dH theboundaryof H.

A graphG = (V,E) is bipartite if the vertex setV canbe partitionedinto two setsV; andV, suchthat
v e Vp andw € Vs, for every edge{v,w} € E. In this casewe write G = (V1,V,, E). We needthe following
technicalresults.

Lemma 1.1 [33] LetG = (V1,V-, E) be a simpleconnectedipartite planargraphsuchthatthe verticesin
V, have degreeat leastthreeeach.Then|V,| < 2|V|.

Lemmal.2 Givenan embedding’é of asimplebiconnecteglanargraphG, graphG is triconnectedf and
only if therearenotwo facesf, andf, of G andtwo verticesv andw suchthatv andw areon the boundary
of both f1 andf,, but edge{v,w} doesnotexist or is on the boundaryof atmostoneof f; andf.

Proof. First assumeéhattherearetwo facesf; and f, of G andtwo verticesv andw suchthatv andw are
ontheboundarie®f both f; and f,, but edge{v,w} doesnotexist or is onthe boundaryof atmostoneof f;
and f,. Assumew.l.0.g.thatedge{v,w} is onthe boundaryof facef; if this edgeexists (Figurel.1a).Let
P, bethepathfrom v to w counterclockwiseroundf;, andP, bethe pathfrom v to w clockwisearoundf;.
As edge{v,w} is notontheboundaryof face f;, pathP; containsaninternalvertex x, andpathP, contains
aninternalvertex y. We canconnectverticesv andw by two curvesa andf3 thatarecompletelycontained
in theinteriorsof facesf; and f,, respecirely. Theunionof curvesa andp is aclosedJordancurve y which
doesnotintersectary edgesof G andcontainsonly verticesv andw. Vertex X is insidey, vertex y is outside.
Thus,ary pathfrom x to y mustcontaineitherv or w, sothat{v,w} is a separatiorpair. Hence,graphG
cannotbetriconnected.
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Figurel.1
Proofof Lemmal.2.

Now assumehatG is not triconnected.ThenG mustcontaina separatiorpair {v,w}. The vertex set
V'\ {v,w} canbe partitionedinto two non-emptysetsV; andV, suchthatary pathbetweentwo vertices
x € V1 andy € V, mustcontainatleastoneof v andw. Let Gy = G|V, U {v,w}] andG, = GV U {v,w}]. If
edge{v,w} isin G, remove this edgefrom G,. GraphsG; andG; arebiconnectedndplanar In particular
let G; andG, betherestrictionsof embeddings of G to G; andG;, respectiely. ThenG; is containedn a
facef; of G1, andG; is containedn afacef, of G,. Both f; and f, containv andw (Figure1.1b).

By joining thetwo copiesof v andw in G; andG,, facef; = f, in Figurel.1bis split into two facesf’
and f” both of which have v andw on their boundariegFigure1.1c). However, neitherG; nor G, consist
of asingleedge sothat f and f” cannotshareedge{v,w}. Facesf’ and f” arefacesof G, sothatwe have
shavn thattherearetwo facesf’ and f” of G andtwo verticesv andw sothatv andw aresharedby faces
f"and f”, but edge{v,w} is not. O

2 Overview of Our Algorithm

In this section,we presenthe framework of our algorithm. In subsequengectionswe fill in the necessary
details.Algorithm 2.1 givesanoutline of our algorithm.

Theorem 2.1 Algorithm 2.1 correctly testswhethera simple graphG is planarand computesa planar
embeddings of G if G is planar The algorithmtakesO(sort{N)) I/Os usingO(N/B) blocks of external
memory providedthatM > (DB)?log?(DB).

Proof. Wefirst provethecorrectnessf Algorithm 2.1. AssumehatouralgorithmreportshatgraphG is not
planar This canhappernin lines2, 6,12,or 18. If |E| > 3|V| — 6, graphG is not planarby Euler’s formula.
The separatorlgorithmof [33] canfail for two reasonsEither G is not sparseunderedgecontraction,or
the algorithmidentifiesa non-planarsubgraphof G. In bothcases( cannotbe planar If oneof thegraphs
Gj,...,G| is non-planarG cannotbe planar astheseare subgraphof G. Finally, if A is non-planarG
cannotbe planarby Lemma7.1. On the otherhand,if our algorithmdoesnot reportthat G is non-planar
the outputof the algorithmis a planarembedding of G, by Lemmas.1.

Next we analyzethe I/O-compleity of Algorithm 2.1. Lines 1-3take O(scar{N)) 1/Os, asthey only
requirecountingthe verticesandedgesn G. As shawvn in [33], Lines4—7 take O(sortN)) I/Os, provided
thatM > (DB)2log?(DB). Lines8-9take O(scar{N)) 1/Os, aseachsubgraptG; hassizeat most(DB)2 +
(DB); thus, eachsubgrapHfits into internal memory and we cancomputegraphsGy,...,G| by loading



Input: A simplegraphG = (V,AE).
Output: A planarembeddings of G or theanswerthatG is not planar

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:

if |E| > 3|V|—6then

ReportthatG is not planarandexit.
end if
Computea setS of O(N/(DB)) verticesof G whoseremaval partitionsG into O(N/(DB)?) subgraphs
Gy,...,Gk suchthat|Gj| < (DB)? and|dG;| < DB, for 1 <i < k.
if Stepd reportsanerrorthen

ReportthatG is not planarandexit.
end if
LetGy,..., Gy bethegraphdefinedasG, = (V(Gi)UdG;, {{v,w} e E:veV(G)AweV(G)UIG}).
LetGj,..., G| betheconnectecomponentsf graphsGy, ..., Gy.
for j=1,...,1 do

if G| is notplanarthen

ReportthatG is not planarandexit.

end if

ComputetheconstraingraphC; of Gj.
end for
LetA=G[SUC U---UC
if Ais notplanarthen

ReportthatG is not planarandexit.
end if
Computea planarembedding& of A
fori=1,...,jdo

LetC; betherestrictionof embeddingA to C;.

ReplaceC; by anembedding) of G.
end for
Let G betheresultingembeddingf G.

Algorithm 2.1
Planarityalgorithm.



graphsGy, ..., Gy into internal memory one at a time, and partitioning eachof theminto its connected
componentsSimilarly, Lines 10—15take O(scar{N)) I/Os,aseachsubgraprG’j is smallenoughto fit into
internalmemory Line 16 requiressortingandscanninghe vertex andedgesetsof graphsG[S,Cy,...,C,
in orderto eliminatemultiple verticesandedgeswith the samenamein differentsubgraphsThus,this step
takesO(sortN)) I/Os. By Lemma7.2,graphA hassizeO(N/(DB)), sothatLines17-20take O(N/(DB))
I/Os. Lines21-25take O(sort(N)) I/Os, by Lemmas8.1. O

In Sections3 through6, we describethe constructiorof constraingraphsC;, ....,C; from graphsG,. ,
shav thateachsuchgraphC; hassizelinearin the numberof separatoverticesin G’ andthatthegraph
G[G’ /Ci] is planarif andonly if G is planar An inductive applicationof this argumentprwesthatA is
planarlf andonly if Gis planar In Section7, we prove thatgraphA haSS|zeO(N/(DB)) In Section8, we
shawv thata pIanarembeddmgG of G canbedervedfrom aplanarembeddmgA of A by locally replacing
the restrictionsCy, ...,G of A to subgraph<Cy,...,C; with conS|stentembedd|ngsG G’ of graphs
Gj,-..,G[. Infact, thls follows immediatelyfrom the propertiesof graphsCy,...,C sh0/vn in Sections3
through6; but Section8 providesimportanttechnicaldetailsof the replacemenprocedure.

3 Computing the Constraint Graphs

Thecoreof ouralgorithmis theconstructiorof theconstraingraphsCy, ...,C from graphsG,...,Gj. Our
constructlorensuresthatgrath[G’ /Cj] is planarif andonly if G is planar a planarembeddlngﬁ of G
canbe obtainedfrom a planarembeddlngﬁ[G’ /Cj] of G[G|/Cj] by locally replacingthe embeddingf C;
inducedoy G[G|/C;] with a consistenembeddingf G|.

We assumédor therestof the paperthatgraphsG,..., G| areplanarbecausetherwiseAlgorithm 2.1
correctlyreportsthat G is non-planarregardlessof the correctnes®sf the restof the algorithm. The con-
structionof graphsCy,...,C partitionseachgrath’j into its bicomps3, 1, .. ., Bj q;, andeachbicomp B, k
into its tricompsZj k1, .-, Zj k.- TheconstraingraphC; of Gj is now constructedn abottom-upfashion
from the constraintgraphsCy; | of tricompsZj ;. In particular the constraintgraphCg, , of abicomp B, x
is computedby classifyingthe tricompsof B; \ into two classes;essential"tricompsarereplacedy their
constraintgraphs;‘inessential’tricompsareeithercompletelyremaoved, or groupsof themarereplacedy
constrainigraphsof constansize. Theconstructiorof C; from constraingraph<Cs, ... ,C@j’qj followsthe
samepattern.“Essential’bicompsarereplacedoy their constraintgraphs;‘inessential’bicompsareeither
removed,or groupsof themarereplacedoy constraintgraphsof constansize.

The classificatiorof subgraphssessentiabr inessentials closelytied to the conceptof requiredver-
ticesin sucha subgraph For ary subgraptH of G, therequired verticesof H arethe verticessharedoy H
andH. Thatis, for agraphG', all separatowverticesin G’j arerequired;for abicompB all separatovertices
andcutpointsin ‘B arerequired;finally, for atricomp ‘7" all separatowertices,cutpoints,and memberof
separatiorpairsarerequired. For ary graphH, the vertex setof its constraintgraphCy hasto containat
leasttherequiredverticesof H. To seewhy thisis necessarassumehatthereexistsapathin H connecting
two of its requiredvertices.If this pathis partof a subgraprof G homeomorphido Ks or K3 3, andoneof
thetwo requiredverticesis not presenin Cy, G[H /Cy] maybe planareventhoughG is not.

Thefollowing sectiondollow the bottom-upconstructiorof graphsCy,...,C;. Sectiond describeshe
constructionof the constraintgraphCy of atricomp 7. Section5 shawvs how to constructthe constraint
graphCg of a bicomp B, usingthe constraintgraphsof the tricompsof B ashbuilding blocks. Section6
describesiow to assembléehe constrainigraphC; ofgrath’j from the constraintgraphsof the bicompsof
G.



(a) (b)

Figure4.1

(a) A tricomp ‘7" with its face-on-ertex graphGg. Requiredverticesarewhite discs;verticesthat arenot
requiredareblackdiscs;faceverticesaresquares Edgesof 7 aresolid; edgesof G aredashed.(b) The
compresseflace-on-ertex graphGg. of 7.

4 TheConstraint Graph of a Tricomp

Let 7 beatricomp,andlet R(‘7T) denoteits setof requiredvertices. Our goalis to constructa constraint
graphCy for 7 whosevertex sethassize O(|R(‘T)|), which containsall virtual edgesof 7', andsuchthat
G is planarif andonly if G['7°/C%] is planar If 7 is abond,the constrainigraphC, of 7 is 7T itself. If T
isacycleT = (vq,...,W), letvy,...,V betherequiredverticesin 7', appearingn thisorderalong7. Then
Cr isthecycleCy = (v4,...,V). Therestof this sectiondealswith the constructiorof C in the casewhen
T is atriconnectedsimplegraph. .

Let 7 bethe uniqueplanarembeddingf 7. Theface-on-verte graph Gg of 7 is definedasfollows
(Figure4.1a): Gg containsall verticesof T aswell asonevertex v; perfacef in 7. Thereis anedge
betweerafacevertex vi andavertex w € 7 if andonly if w appear®ntheboundaryof facef. GraphGg
is planar Orderingedges{vs, w1 },...,{Vvi,Wx} aroundv; in the sameorderasverticesws ..., wi alongthe
boundaryof facef in T, weobtaina planarembedding3r of Ge. A

Ourgoalisto construcC; sothattheorderof requiredverticesaroundthefacesof 7 is preseredin ary
embeddingf C,. Weremove all verticesin V(7) \ R(7') from Gg. Next we remove faceverticesadjacent
to atmostonerequiredvertex from Gg; but we ensurethatthe degreeof ary requiredvertex in G remains
atleasttwo. We call theresultinggraphGr. thecompessedace-on-verte graphof 7 (Figure4.1b).

Lemma 4.1 The compressediace-on-ertex graphGr. of a tricompT is planarandhasat most10/R(7)|
vertices.

Proof. As Gt is a subgraphof Gg, the planarityof Gi. is obvious. In fact,we will usethe embedding@’F
of G inducedby the embeddingGe of Gr in the remainderof this section. In orderto countthe number
of verticesin Gf, we partitiontheverticesin R(‘T') into two groups.The verticesin thefirst group,R;, are
adjacenbnly to faceverticesof degreeone. Theverticesin thesecondyroup,Ry, have atleastoneneighbor
of degreeat leasttwo.

Thetotal numberof faceverticesadjacento verticesin Ry is 2|R;|. Every vertex in Ry hasatmostone
adjacenffacevertex of degreeone. In orderto countthe faceverticesof degreetwo in G, considerthe
subgrapH of G inducedby all verticesin R, andall faceverticesof degreetwo in Gi.. We constructa



Figure4.2
Proofof Lemma4.1.

graphH’ containingall verticesin R,. Thereis anedge{v,w} € H' if thereexistsafacevertex in H whichis
adjacentov andw. As H is asubgraplof G-, H is planar A planarembeddingf H’ caneasilybederived
from a planarembeddingof H. Hence,H' hasat most3|R;| edges.We associate facevertex x of degree
two with edge{v,w} € H' if xis adjacento v andw in H. We shav thatthereareat mosttwo facevertices
associateavith eachedgein H’, sothatthereareat most6|R;| faceverticesof degreetwo in Gi..

Let v andw betwo verticessothatedge{v,w} hasthreefaceverticesvs,, vs,, andvs, associateavith it.
SeeFigure4.2. ThenR? \ (vuwuU f, U fo U f3) consistsof threedisjointregionsRy, Ry, andRs. Only oneof
theseregionscanbe degeneratei.e., consistonly of theembeddingf edge{v,w}. W.l.0.g.,assumehatR;
is this region. ThenR; containssomevertex x, andR3 containssomevertex y. Any pathfrom x to y must
passthrougheitherv or w, asthereareno edgescrossingfacesf;, fp, and fs. Thus,{v,w} is a separation
pair, contradictingthetriconnectvity of 7.

ThesubgraptH” of G inducedby all verticesin R, andall faceverticesof degreeatleast3 is planarand
bipartite,whereV; = R, andV, containsall faceverticesof degreeatleast3. Hence by Lemmal.1, |V;| <
2|Vi| = 2|Ry|. Thus,Gg hasatmost(|Ry| + 2|Ry1|) + (|Re| + |Re| + 6|Ro| + 2|Re|) < 10R(T)| vertices. [

Next we useG. to constructthe constraintgraphCz of 7. In orderto constructCs, we augmentGi so
that we canconstructa graphH whoseface-on-ertex graphhasG asa subgraph.In particular every
face-ertex in Gk musthave degreeat leastthreein orderto represent valid face. Thus, for eachface
vertex vs in G of degreeat mosttwo, we addoneor two dummyverticesandmale themadjacento v;. If
vt hasdegreetwo, let x andy bethetwo requiredverticesadjacento v; in Gi.. If thereis anedgebetween
x andy in 7, assumehatx, edge{x,y}, andy appeaiin this orderclockwisealong f’s boundary Thenwe
addthedummyvertex z incidentto v clockwisebetweery andx in theembeddingfa’F. This construction
is illustratedin Figure4.3afor thetricompZ shawvn in Figure4.la.

We constructa graphH whoseface-on-ertex graphhasGg asa subgraph.GraphH hasthe required
anddummyverticesof G asvertices. Thereis anedge{x,y} in H if thereexists a face-ertex v in Gg
suchthatedges{vs,x} and{vs,y} appearconsecutiely in theclockwiseorderaroundv;. This construction
is shavn in Figure4.3h The embeddingH of graphH hasa numberof faceswhich are not represented
by faceverticesin G¢.. (In Figure4.3bthe only suchfaceis the outerface.) In orderto constructCs, we
augmenH sothattheresultinggraphC; is triconnectedandhasthe propertythatevery facein theunique
planarembeddingf C; which doesnot correspondo a facevertex in Gr hasat mostonerequiredvertex
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(@) (b) (©)

Figure4.3

(a) Thecompressedlace-on-ertex graphGg. of tricomp 7 shavn in Figure4.1a,augmentedvith dummy
vertices. (b) The graphH whoseface-on-ertex graphhasthe augmentedace-on-ertex graphGr asa
subgraph(c) TheconstraingraphCy of 7.

onits boundary As aresult,thereexistsa naturalbijectionbetweerthefacesof T andéf with atleasttwo
requiredverticesontheir boundaries.

The augmentatiorof H proceedsn three phases. First we iterateover all facesof H which do not
correspondo faceverticesin Gi.. For every boundarycycle of suchafacef, let vy, ..., v betherequired
verticesin thatcycle. (Notethatthis cycleis notnecessarilsimple,andsomerequiredverticesmay appear
morethanoncealongthe cycle.) For eachvertex v;, we split the two edgesprecedingand succeeding;
in the cycle by addingtwo dummy verticesu; andw; on thesetwo edges;we connectverticesu; andw;
by anedge{ui,w}. As aresultface f is partitionedinto a numberof triangles{u;,v;,w;} anda face f’
which doesnot have ary requiredvertex on its boundary If H is disconnectedthe graphobtainedafter
this augmentations alsodisconnectedThis is equivalentto someface f’ having morethanoneboundary
cycle. As long asthereis suchafacef’, we choosewo of its boundarycyclesandtwo pairsof consecutie
vertices{x,y} and{u,v} onthesetwo cycles. Let x,y andu,Vv appeaiin this orderclockwisealongthese
two cycles. Thenwe addedges{x, v}, {x,u},{y,u} to H, therebyconcatenatinghe two boundarycycles.
Oncethis procedurss finished,every faceof H hasa singleboundarycycle. We triangulateeachface f’
notcorrespondingo avertex in Gi by addingadummyvertex in the centerof f' andconnectinghis vertex
to every vertex ontheboundaryof /. Theresultinggraphis the constrainigraphC, of 7.

Lemma4.2 TheconstraingraphCs of atricomp‘T is a planargraphwith O(|R(T)|) vertices.

Proof. Forbondsandcyclestheclaimtrivially holds,asall verticesin C; arerequired.If T isatriconnected
simple graph,we shav the lemmaasfollows. By Lemma4.1, graphGg containsat most2|R(7')| face
verticesof degreeone andat most6|R(7)| faceverticesof degreetwo. Thus,we addat most10/R(7)|
dummyverticesto G, in orderto increasehedegreeof eachfacevertex to atleastthree.Hence graphH is
aplanargraphwith at most11|R(7)| vertices.The constructiorof C; from H addsat mostonevertex per
edgeof H andat mostonevertex perfaceof H, 55R(7)| verticesin total. Thus,C+ hasat most66/R(‘T)|
vertices.Theplanarityof C; is explicitly guaranteedby the above construction. O

Lemma 4.3 TheconstrainigraphCy of atriconnectedsimplegraphT is atriconnectedsimplegraph.

Proof. To shav thatC; doesnot containmultiple edgesobsere thatgraphH constructedrom G does
not have multiple edges:As we adddummyverticesseparatelyfor eachfacevertex of G, the only edges
thatmay be duplicatedin H arethoseboth of whoseendpointsarerequiredvertices.If therearetwo faces

11



f1 and f, sharingverticesv andw in H, thetwo correspondindacesn 7" sharev andw aswell. Hence they

shareedge{v,w}, by thetriconnectity of 7 andLemmal.2. In this case pur constructiorguaranteethat
no dummyverticesareinsertedbetweernv andw in the embedding.Thus,edge{v,w} is sharedby f; and
f,. All edgeghataresubsequenthaddedto H during the constructionof C; areaddedbetweenvertices
thatarenotin H; it is easyto verify thatwe addeachsuchedgeonly once.Hence C is asimplegraph.

To shaw thatCy is triconnected|et C.; betheplanarembeddingf C; derivedfrom the planarembed-
ding 7 of 7 usingtheabove constructionBy Lemmal.2,it is suflicientto shov thatfor all facesf; andf;
sharingtwo verticesv andw, edge{v,w} is ontheboundaryof both f; and f,.

To prove this, we partitionthefacesof Cy into two categories:Requiedfacesarethosethatcorrespond
to faceverticesin G;; all otherfacesareauxiliary faces.

If f; and f, arebothrequiredfacesthenv andw arerequiredvertices. This is true becauselummy
verticesare createdseparatelyffor eachfacevertex of G, so that no two requiredfacessharea dummy
vertex. Facesf; andf;, correspondo two facesf; andf; of 7 sharingverticesvandw. Thus,by Lemmal.2,
edge{v,w} mustbe on the boundaryof both f; and f;. As shavn abore, edgesbetweerrequiredvertices
arepreseredin Ct.

It is easyto verify thatall auxiliary facesof CI aretriangles.Thus,if f; andf, arebothauxiliaryfaces,
edge{v,w} is ontheboundaryof both f; and f,.

If f; and f, areof differenttypes,assumav.l.0.g.that f; is requiredand f, is anauxiliary face. As f,
is atriangle,edge{v,w} is on theboundaryof face f,. Thus,it remainsto shav thatedge{v,w} is onthe
boundaryof facef;.

Let f bethefaceof H containingfacef,. Facef is split into two typesof faces:trianglesproducedoy
bridgingrequiredverticesontheboundaryof f andtrianglesproducedy triangulatingtheresultingfacef’.
If f, is of theformertype, f; and f, canonly shareverticesy; andv; or verticesv; andw; becauserertices
u; andw; areon the boundaryof differentrequiredfaces.Assumew.l.0.g.that f; and f, shareverticesu
andyv;. Vertex u; hasbeeninsertedon anedge{x,Vv;} onthe boundaryof a requiredface fo, sothatu;, v,
andedge{u;, Vi } areontheboundaryof facefy. As requiredfacesarenot partitionedby our algorithm,and
fo istheonly requiredfacehaving vertex u; onits boundarywe have f; = fo. Hence edge{u;,vi} isonthe
boundaryof facef;.

If f, is of the latter type, the edgesharedby f; and f, is on the boundaryof face f’. By the above
agument,no facein f’ cansharetwo verticesu; andw; with a requiredface. Also, no facecansharethe
centralvertex x of f’ with arequiredface. All other pairsof verticeson the boundaryof trianglesin f’
correspondo edgeson the boundarie®f requiredfaces. O

Lemmad4.4 Let T bea planarembeddingf T, andC., beaplanarembeddingfCy. Let fy,..., fx bethe
facesof T with at leasttwo requiredverticeson their boundariesandfi, ..., f/ bethe facesof C; with at
leasttwo requiredverticesontheirboundariesThenk = |, andthereexistsabijectiono : [1,k] — [1,K] such
thatfacesf; andfé(i) have the samerequiredverticeson their boundariesin the sameorder

Proof. Thelemmaholdstrivially for bondsandsimplecycles. A

If T is atriconnectedsimplegraph,C; is triconnectecby Lemma4.3. Hence,embeddings” andC,
areunique. In particular Cq is the embeddingof C+ derived from ‘7" by our constructionabove. Faces
f1,..., fk in T correspondo faceverticesws, ..., W in Gg, whichin turn correspondo facesfy,..., f; in
CT. Moreover, it is easilycheclkedthatour constructiorpreserestheorderof requiredverticesaroundthese
faces.

Thus,in orderto prove the lemma,we have to shav thateachauxiliary facehasat mostonerequired
vertex on its boundary Every auxiliary faceis the resultof partitioninga face f of graphH in the above
constructionwhich doesnot correspondo a vertex in Gi.. Facef is partitionedinto triangles{u;,vi,w; },
for eachrequiredvertex v; onthe boundaryof f, andaface f’ which doesnot have ary requiredvertices
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onits boundary Verticesu; andw; onthe boundaryof atriangle{u;,v;,w;} aredummyvertices.Facef’ is
partitionedinto trianglesnoneof which hasa requiredvertex on its boundary Thus,no auxiliary facehas
morethanonerequiredvertex onits boundary O

LetTy,..., 7 bethetricompsofgraphsG’l,...,G{.ThenwedefineasequencefgraphsGél),...,G&l) such
thatGy" = GandG() M7 /Cg ], for 1< i < . GraphG(Y is definedasG(Y = G,

Lemma 4.5 Grathi(l) is planarif andonly if Gi(f)l is planar for 1 <i < q. A planarembeddingf G@l

canbeobtainedby locally replacingthe embeddingf C inducedby a planarembeddingf%i(l) of Gi(l) with
aconsistenembeddingf Z.°.

Proof. Consideran embeddingﬁll1 of Gl(l)l Let 7 bethe uniqueplanarembeddingof 7, andﬁ‘° bethe

planarembeddingf Z° obtainedfrom ‘T by removing all virtual edgesin 7. Let QI betheuniqueplanar
embeddingf C, andC° bethe planarembeddingof C obtainedfrom CT by removing all virtual edges
in Cg;. _

We partition Z;° into maximalsubgraphachof which is embeddednsidea face f of ‘ff’. Eachsuch
graphK is |nC|dentonIy to requiredverticeson the boundaryof f. If f is the resultof meiging a number
of facesof 7/ by remaoving virtual edgeseachconstituenfaceof f in ‘T hasat leasttwo requiredvertices
onits boundary Thus,theseconstituenfacesarepreseredin Crzi‘, by Lemma4.4. Moreover, they sharehe
samevirtual edgesin C; asin 7. Thus,facef hasa correspondindace ' in C;. with the samerequired

verticesonits boundaryin thesameorder If f is afaceof ‘%" consistingof asinglefaceof ‘Afwith atleast
two requiredverticeson its boundary this faceis presered in Crf andthusin C° by Lemma4.4. Thus,
in bothcaseswe canembedK inside f'. If facef hasonly onerequiredvertex onits boundaryK canbe
embeddednside an arbitraryfaceof Cf’ri with this vertex on its boundary Embeddingall subgraphs< in

this mannerwe obtaina planarembeddingf Gi(l) from Gi(f)l. The proofthatGi(f)1 is planarif Gi(l) is planar
is similar. O

Corollary 41 GraphGWY s planarif andonly if graphG is planar A planarembeddingof G canbe
obtainedby locally replacingthe embedding®f graphs[:f’r1 yees ,Cf}q with consistenembedding®f graphs

5 TheConstraint Graph of a Bicomp

GivengraphG\Y, which wasconstructedy replacingeachtricomp of graphsG/, ..., G| with its constraint
graph,we shav next how to constructthe constraintgraphof a bicomp 8. In orderto do this, we usea
two-stepprocedureo classifythe tricompsof ‘B asessentiabr inessential.For an essentiatricomp 7" of
B, we leave the constraintgraphC+ of 7 in G(Y) unchangedAn inessentiatricompis eithercompletely
remaved from G, or it is groupedtogethemwith otherinessentiatricomps;eachsuchgroupis replaced
with a constraintgraphof constansize.

Let R(B) bethesetof requiredverticesof B, and7, ..., 7y beits tricomps.We definethetricomptree
T = T3(‘B) asfollows (seeFigure5.1): TreeT hasq verticesty,...,Tq, Onepertricomp 7. Thereis an
edge{T;, T} € T if tricompsZ andZ; sharea virtual edge.By the recursve definition of the tricompsof
abiconnectegsimplegraph,T is indeeda tree. For eachvertex v € R(‘B), we choosea tricomp 7 (v) such
thatv € 7 (v). We call atricomp 7 essentialf thereis avertex v € R(‘B) suchthatZ = 7'(v). A tricomp 7]
is potentiallyessentialf therearetwo essentiatricompsZ and 7k suchthatvertex t; is on the pathfrom
Ti to Tk in T. All othertricompsareinessential In the next section,we shav thatremaoving all inessential
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tricompsfrom G doesnot alterits (non-)planarity Thenwe finish the classificationof the tricompsby
decidingwhich of the potentiallyessentiatricompsareessentialandwhich areinessentialln Section5.2,
we replaceall tricompsclassifiedasinessentialn this secondroundof classificationby a small numberof
constansizeconstraingraphs.Section5.3 putsthe piecegogethermndshavs thatthefinal constraingraph
Cg of B hassizeO(|R(‘B)|).

5.1 Discarding Inessential Tricomps

Let T’ be the tree obtainedby removing all verticest; correspondindo inessentiatricomps7; from T.
Let B’ bethe subgraplof B obtainedby meiging all tricompscorrespondingo verticesin T'. The nodes
T; € T correspondingo inessentiatricompsZ; inducea setof maximalsubtreed, ..., Ts of T. Eachsuch
subtre€T; is connectedo T’ througha singleedge. Let K be the subgraphof 3 obtainedby memging all
tricompscorrespondindo the nodesin tree T;. As T; and T’ shareonly a single edge,K; and B’ share
exactly onevirtual edge(vj,wj,ij). Let B" bethegraphobtainedby replacinggraphsKy,...,Kg with edges
(v1,W1,i1),...,(Vs,Ws,is) in B. Alternatively, B" is obtainedby makingall virtual edgesn B’ non-virtual.

Let By,..., By bethebicompsof graphsG, ..., G|. Thenwe definea sequencef graphsGéz), ey G((f),
whereG? = G andG® = G\?,[8/8"]. GraphG® is definedasG?® = G{?.

Lemmab5.1 Grathi(z) is planarif andonly if grathi(E)1 is planar for 1 <i < q. A planarembedding

of G2, canbe obtainecby locally replacingedgesn anembeddingf G\ with embeddingsf inessential
tricompsof B;.

Proof. Let B = B;, andlet treesT, T/, andTy,..., Ts andgraphs®’ andKg, ..., Ks bedefinedasabove. Let
éi(f)l beaplanarembeddingf grathi(E)l. For eachsubgraplK; of B, thereis a pathfrom vj to w; in K.
Thus,replacingk; by edge(vj,wj,ij) in éi(f)l correspondso remaving thewholegraphKy exceptthatpath
from G, andthenreplacingthis pathby a singleedge. As all tricompsin K; areinessentialy; andw; are
theonly verticessharedby K7 andK7. Hence two pathsfrom verticesv; to wj in graphK; andfrom vy to
wi in K¢ areinternally vertex disjoint, so thatreplacingboth pathsby a singleedgedoesnot introducean
intersectionin the planarembeddingpf éi(f)l. Applying this agumentto graphsKy,...,Kg in turn shavs
thatGi(z) is planarif Gi(f)l is planar

To shawv thatGi(E)1 is planarif Gi(z) is planar recall thateachgraphK; sharesonly verticesv; andw;
with K_J Hence,we canobtainan embeddingof Gi(f)l from an embeddingpf Gi(z) by replacingeachedge
(vj,wj,ij) in Gi(z) with an embeddingof graphK; which hasverticesv; andw; on its outerface. The
existenceof suchan embeddingollows immediatelyfrom the planarity of the tricompsof a biconnected
planargraph. O

Corollary 5.1 GraphG? is planarif andonly if graphG\Y) s planar A planarembeddingf GV canbe
obtainedby locally replacingedgesn anembeddingf G with embedding®f inessentiatricomps.

Having disposedf thefirst setof inessentiatricomps,we now classifythe potentially essentiatricomps
of B" asessentiabr inessential.A potentiallyessentiatricompis essentialf its correspondingertex in
T' hasdegreeat leastthree; otherwise,it is inessential.Note that all verticesin T’ whosecorresponding
tricompsareinessentiahave degreetwo. This is true becauseill leavescorrespondo essentiatricomps,
andall tricompscorrspondingo internalnodesof degreeat leastthreehave beendeclaredessential.We
partitionthe setof nodescorrespondindo inessentiatricompsinto maximalpathsin T".
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Figure5.1
A biconnectedlanargraphG, its tricomps,andits tricomptree. Tricompsarelabeledwith capitalletters.
Virtual edgedn thetricompsaredashed.
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Figure5.2
TricompsTy, ..., Ts andthefive graphsinto which the meige of thesetricompsis beingdecomposed.

Let P = (14,...,Ts) besuchapath,andlet 1o andts, 1 bethetwo otherneighborsof 11 andts, respec-
tively. Tricomps7p and Zs,1 areessential.Let (vj,wj,ij) be the virtual edgesharedby tricompsZ; and
Tj+1,0< j <s. LetHp bethegraphobtainedoy meging tricomps7y, . .., Zs. ThenHp containgwo virtual
edges:(Vo,Wo, o) and(vs,Ws,is). Also, asall tricompsin Hp arelnessentlalgrathP shareonly vertices
Vo, Wo, Vs, andws with Hp.

5.2 Compressing Chains of I nessential Tricomps

In this section,we constructa constraintgraphCp for eachgraphHp inducedby a pathP of verticesin T’
which correspondo inessentiatricomps,andreplaceHg with C5. GraphCp hassizeO(1); replacingHgs
with C2 in B preseresthe (non-)planarityof G2,

To constructCp, we partition tricomps i, ..., Zs into five (possiblyempty) groups,and replaceeach
suchgroupby its own constraintgraphof constansize.

Thefanof tricomp Ty is definedasfollows: Let jo bethemaximalindex suchthat{vj,, w;, } N {vo,wo} #
0. Thenthefanof tricomp Ty is theunionof tricompsTy, ..., 7;,. Thefanof 7y is emptyif jo=0

Analogously the fan of tricomp Zg,1 is definedasfollows: Let js be the minimal index suchthat
{Vjs, Wi } N{vs,Ws} # 0. Thenthefanof tricompZs, 1 is theunionof tricomps7j_.1,...,Zs. Thefanof Zg, 4
is emptyif js=s.

If jo < js, let Zj,+1 bethesepaating tricompfor 7o. If jo < js— 1, let 7j, bethesepaating tricompfor
Tsy1. If jo < js— 2, lettheunionof tricomps7j,,.»,..., 7,1 bethecore of graphHp. Figure5.2illustrates
this construction We replaceeachnon-emptyfan, separatingricomp,andcoreby its own constrainigraph
of constansize. For aseparatingricomp ‘7, we keepthe constraingraphC; constructedn Sectiord. The
constraingraphsof fansandcoresaredescribedchext.

5.2.1 TheConstraint Graph of a Fan

Let ¥ beafanof somegraphHp with virtual edgega, b,i) and(a,c, j). For anon-emptyfan #, we have

to distinguishtwo casesIf b = c, thefanconsistof a singlebond. In this casethe constraintgraphof F

is the constraintgraphof the bond,which is the bonditself. Otherwise we areinterestedn capturingthe
possibleembedding®f verticesa, b, andc andedgeqa,b,i) and(a,c, j). In particular we have to capture
thefollowing possibilities:
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(a) Fan ¥ hasaplanarembeddingF suchthattherearetwo faceswith edgeqa,b,i) and(a,c, j) ontheir
boundaries.

(b) Fan ¥ hasa planarembedding7 suchthat thereis one facewith edges(a,b,i) and(a,c, j) onits
boundaryandanotherfacewith edge(a, b,i) andvertex c onits boundary (Thereis a symmetriccase
wherethe secondacehasedge(a, c, j) andvertex b onits boundary)

(c) Fan ¥ hasa planarembedding7 suchthat thereis one facewith edges(a,b,i) and(a,c, j) onits
boundaryandanotherfacewith verticesa, b, andc onits boundary

(d) Fan ¥ hasa planarembedding# suchthat thereis one facewith edges(a,b,i) and(a,c, j) onits
boundary

(e) Fan¥ hasa planarembeddingfr suchthatthereis atleastonefacewith verticesb andc onits boundary

(f) Foreveryfaceof ary embeddingAF of F, therequiredverticesonits boundaryareeitherin {a,b} orin
{a,c}.

Figure5.3shavsfans¥ illustratingthesesix possibilitiesandthe constrainggraphswve constructin eachof
thesecaseslt is easyto verify thatif fan F satisfiesoneof the above conditions thenits constraintgraph
Cs satisfieghe samecondition,andvice versa.

Obsere that thereare always a facewith verticesa andb and a facewith verticesa and ¢ on their
boundariesas ¥ containsedges(a,b,i) and(a,c, j). Thus,thedistinctionis whetherthereis afacewith
verticesb andc onits boundary For Casega)—(e),suchafaceexists. For Casgf), suchafacedoesnotexist.
Casegqa)—(e)furtherdistinguishwhethertherearefacesthathave all threeverticeson their boundariesin
Caseqa)—(d)suchafaceexists; in Case(e) it doesnot. Now obsere thatif thereis a facewith verticesa,
b, andc onits boundarywe canensurehatit hasedgea, b,i) and(a,c, j) onits boundaryby embedding
thesewo edgesnsidethatface.Thus,theonly differencebetweerCasega)—(d)is whetherthereis asecond
facewith all threeverticeson its boundaryandwhetherthis secondacehasnone,one,or bothof thevirtual
edgeonits boundary Thus,Casega)—(f) arethe only possibilitiesfor the structureof fan F .

It is easyto testwhich of the six casesapplies:To testfor Case(a), we addtwo extra verticesx andy on
thetwo virtual edgesandconnecteachof theverticesa, b, ¢, x, andy to two verticesz; andz, representing
thetwo facedn Case(a). Case(a) appliesif andonly if theresultinggraphis planar To testfor Casg(b), we
remove edge{y,z}. (In orderto testfor the symmetriccasewe remove edge{x,z}.) To testfor Case(c),
we remove bothedges{x,z} and{y,z}. To testfor Case(d), we remove vertex z; andall incidentedges.
To testfor Case(e), weremove edges{a, z1 }, {X,z1}, and{y,z }. If noneof thesegraphss planar Case(f)
applies.

Let 7,..., % bethefansof all graphsHp in G. We defineasequenc&!’, ..., Gt of graphswhere

G = 6@ andG® = Gi(f)l[ﬂ"/c;], for 1 <i < q. GraphG® is definedasG® = G

Lemma 5.2 Grathi(3) is planarif andonly if Gi(f)l is planar for 1 <i < q. A planarembeddingf Gi(ﬁ)l

canbeobtainedrom aplanarembeddingf Gi(S) by locally replacingtheembeddingf C with aconsistent
embeddingf F°.

Proof. Considera planarembedding3®; of graphG'?,. Let #° bethe planarembeddingof %° induced

by éi(f)l. We partition %;° into maximalsubgraphsothateachsuchsubgrapiK is embeddednsideaface
of 7.°. Denotethetwo virtual edgesn % by (a,b, j) and(a, c,k).

If % hasatleastonefacewith verticesa, b, andc onits boundaryoneof Casega)—(d)applies.It is an
exerciseto verify thatin all threecasestheembeddingsﬁﬁo andé}i asshawvn in Figure5.3 have thesame

17



(@) «’ «’

(b)

(©)

(d)

(e)

(f)

Figure5.3
Fansillustrating the differentpossibleconstellation®f virtual edges(a, b,i) and(a,c, j). Theleft graphin
eachfigureis afan #. Theright graphis its constraingraphCy .
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faceswith all threeverticeson their boundariesThus,we canembeda graphK embeddednsidea faceof
ﬁff’ with all threeverticesa, b, andc onits boundaryin the correspondindaceof C}i.

Now considerthefacesof ﬁ with two verticeson their boundariesin all casesbut Casegb) and(f),
suchaface f canhave ary two of the vertices{a,b,c} on its boundary However, in all casesput Cases
(b) and (f), thereexists a face f’ in C° suchthat the two verticesappearconsecutiely® along f’. Thus,
we canembedagraphK embeddeah&def insidefacef’ withoutintersectingary othergraphsembedded
inside f'. In Case(b), afacef with two requiredverticeson its boundaryhaseithera andb or b andc on
its boundary Embeddingf}i hastwo facessuchthata andb (resp.b andc) appearconsecutiely on the
boundaryof thosefaces.In Case(f), afacef with two requiredverticeson its boundaryhaseithera and
b or a andc onits boundary Again, embedding’ﬁi’fi hastwo facessuchthata andb (resp.a andc) appear
consecutily ontheboundaryof thosefaces.

Any graphK embeddedn afacef of ﬁi" which hasonly onerequiredvertex on its boundarycanbe
embeddednsideary faceof C;ri which hasthe samerequiredvertex on its boundarywithout creatingary
conflicts.

Now assumethat we are given a planarembeddingG!® of G, Let s be the embeddingof Cs

inducedoy G, andlet C;. betherestrictionof Cy to Cs.. It is easyto verify thatin eachof the above
casesthereexistsan embeddingAF of % suchthatfor every faceof c -, thereexists a correspondingace
in therestrlctlonf of T to %,° with thesamerequiredverticesonits boundaryMoreo/er if therearetwo
facesn C° with threerequiredverticeson their boundariesthentherearetwo suchfacesn ,‘F °. Usingthe

sameargumentsasabo/e,th|3|mpllesthatGi(7)1 is planarif Gi( ¥is planar O

Corollary 5.2 GraphG® is planarif andonly if G\2) is planar A planarembeddingfG'? canbeobtained
from aplgnarembedding)f G by locally replacingtheembeddingsf graph<Cy ... ,C}q with consistent
embedding®f graphsfr,..., ¥ .

5.2.2 TheConstraint Graph of a Core

For the core C of agraphHp, we needto capturethe differentembedding®f its two virtual edges(a, b, i)
and(c,d, j). If {a,b} = {c,d}, C consistof asinglebond,andwe defineC- = C. Soassumehat{a, b} #
{c,d}. Thentherearethreepossibilities:

(a) Thereexistsanembeddingf C whichhastwo faceswith edgega, b,i) and(c,d, j) ontheirboundaries.
(b) Thereexistsanembeddingf C which hasonefacewith edgesa,b,i) and(c,d, j) onits boundary
(c) Thereexistsnoembeddingf C suchthatedgega,b,i) and(c,d, j) appeaonthesameface.

Figure5.4 shavs cores( illustratingthesethreepossibilitiesandthe constrainigraphswe construciin each
of thesecases. It is easyto verify thatif core C satisfiesone of the abose conditions,thenC, satisfies
the samecondition,andvice versa. Moreover, thesearethe only possibilitiesfor the structureof core C,
astherecannotbe threefaceswith edges(a,b, j) and (c,d, k) on their boundaries.This canbe shavn as
follows: Assumethatthereexists an embeddingsuchthat threefaceshave edges(a,b, j) and(c,d,k) on
their boundariesEachsuchfaceneedso have all endpointf edgega, b,i) and(c,d, j) onits boundary
However, since|{a,b,c,d}| > 3, thisimpliesthatthe face-on-ertex graphGg of suchanembeddingf C
containsKz 3 asa subgraphThis contradictghe planarityof Gg.

IHere, two verticesareconsecutie if thereexistsno required vertex betweerthemon the boundaryof the face. Theremaybe
otherverticesbetweerthem.
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Figure5.4
Threeexamplesof coresillustrating the differentconstellationf virtual edges(a, b, j) and(c,d,k). The
left graphin eachfigureis acore C. Theright graphis its constraintgraphC.
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We testfor thesethreepossibilitiesin a way similar to the processingf a fan. In particular we split
edge(a,b,i) into two edges{a,x} and{x,b} andedge(c,d, j) into two edges{c,y} and{y,d}. Thenwe
addtwo verticesz; andz, to C andconnectothof themto verticesa, b, ¢, d, X, andy. Thefirst caseapplies
if andonly if theresultinggraphis planar To testfor the secondcase we remove z, andits incidentedges
from thegraphandtestfor planarityagain.If bothtestsfail, thethird caseapplies.

Let (y,..., G bethecoresof all graphsHp in G®. Thenwe definea sequencef graphs(3§)4), ey G((f),

whereGY? = GO andG” = G* 1[C°/C°] for 1< i < g. GraphG® is definedasG® = G{".

Lemma 5.3 Grathi("') is planarif andonly if grathi(f)1 is planar for 1 <i < g. A planarembeddingf
Gi(f)l canbe obtainedfrom a planarembeddingof Gi(4) by replacingthe embeddingof C;. inducedby the
embeddingf Gi(4) with a consistenembeddingf .

Proof. Let 6 bea planarembeddingof G*,, andlet (¥ bethe embeddingf ¢ inducedby G*,. By
the constructiorof core (G, noneof the verticesin G is requiredin the bicomp3 containingG. Hence,no
vertex in B canbeadjacento ary vertex in G. Splitss(a, b, j) ands(c,d, k) partition‘B into threegraphsg,
K1, andKjy; graphK; sharesirtual edge(a,b, j) with G; graphK, sharessirtual edge(c,d,k) with G. As
aresult,graphKy sharesverticesa andb with °, andgraphK3 sharesverticesc andd with G°. Thus,K{
mustbe embeddedn a faceof ¢° which hasverticesa andb on its boundary;K3 mustbe embeddedn a
faceof C° which hasverticesc andd onits boundary Sinceno vertex in B is adjacento avertex in G, all
component®f C° areembeddednsideoneof thefacesof C° containingk? andKs.

Thefaceof C° containingky is theoneobtainedoy remaving edge(a, b, j) from C. Thefacecontaining
K5 is the oneobtainedby removing edge(c,d, k) from G. Itis easyto verify thatin all threecaseshavn
in Figure5.4, the order of vertlcesa,b c¢,d aroundthesefacesis presered. Hence,ary subgraphof C°

embeddedh suchafaceof C° canbeembeddednsidethe correspondindaceof C°i As the constellations
shawvn in Figure5.4 arethe only possibilities,asarguedabore, this shavs thata planarembeddingof Gi(4)

canalways be derived from a planarembeddingof Gi(f)l. In orderto shawv that Gi(f)l is planarif Gi(4) IS
planar we reversethe abore agument. O

Corollary 5.3 GraphG¥ is planarif andonly if graphG® is planar A planarembeddingof G® can
be obtainedfrom a planarembeddingof G*) by replacingthe embeddingsof graphsC, ... ,Cg,, with
consistenembedding®f graphsCy, ..., (g -

5.3 The Constraint Graph of the Bicomp

Theabove constructionreplacesvery bicomp3 in G with amultigraphC,. In orderto finish the construc-
tion, we remove all multiple edgesfrom G4. Let G(® be the resultinggraph. The constructionof G

is equivalentto the following two-stepprocedure:First replaceevery bicomp B with a graphCg, which

is obtainedfrom C;, by removing multiple edges. Thenremove remainingmultiple edgesfrom the union
of graphsCg,,...,Cg,, WhereB, ..., By arethe bicompsof graphsGy, ..., G[. GraphCs is the constraint
graphof bicomp 3. Thefollowing lemmais obvious.

Lemma 5.4 GraphG® is planarif andonly if G is planar A planarembeddingdf G\ canbe obtained
from a planarembeddings® of G by duplicatingedgesn G(®.

Next we shav thatthe constraintgraphCg of abicompB is small.

Lemma5.5 TheconstraingraphCyz of abicompB is a simpleplanargraphwith O(|R(‘B)|) vertices.
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Proof. Theplanarityof Cz followsimmediatelyfrom theabove construction We shaw thatthereareatmost
2|R(B)| essentiatricompsin B. Therearetwo typesof essentiatricomps. Type-| tricompsaretricomps
T(v), v € R(B). Type-ll tricompsaretricompswhosecorresponding/erticesin T’ have degreeat least
three,whereT’ is the treeconstructedrom thetricomptree T = T3(B) in Section5.1. Clearly thereareat
most|R(B)| tricompsof typel. Let T” bethetreeobtainedrom T’ by replacingevery maximalpathwhose
internalverticescorrespondo inessentiatricompswith a singleedge. TreeT” containsall verticesof T’
correspondingo essentiatricomps.All leavesof T” correspondo type-Itricomps,sothatthereareat most
|IR(B)| leavesin T". Theverticescorrespondingdo type-II tricompsarea subsebf the verticesof degreeat
leastthreein T"”. Therecanbe at most|R(B)| — 1 suchvertices,asthereareat most|R(B)| leavesin T".
Thus,thereareatmost2|R(B)| — 1 essentiatricompsin 3.

Every edgein T” representa (possiblyempty)pathof verticesof degreetwo in T', which correspond
to inessentiatricomps. For eachsuchpath,the graphHp obtainedby memging thetricompscorresponding
to the verticesin P hasbeenreplacedy a constraintgraphCp of constanisize. This impliesthatthetotal
size of all constraintgraphsnot correspondingo essentiatricompsis O(|R(B)|). The constraintgraph
Cr correspondingo an edgein T” sharesat mostfour verticeswith the tricompscorrespondingo the
endpointsof the edge. Thus, the total numberof requiredverticesin all essentiatricompsis O(|R(B)|),
which implies that the constraintgraphsof thesetricompshave total size O(|R(‘B)|), by Lemma4.2. As
meging all constraintgraphscanonly reducethe numberof verticesin the resultinggraph,graphC;, has
O(|R(‘B)|) vertices.GraphCg is obtainedrom C/, by removing edges. O

6 TheConstraint Graph of a Connected Component

Sofar we have replacedevery bicomp B of graphsG/, ..., G| by a smallconstraintgraphCg. In orderto
obtainconstraintgraphsCy,...,C;, we remove someinessentiabicompsaltogetherandreplacechainsof
inessentiabicompsby constraintgraphsof constansize. The constructioris similar to the constructiorof
theconstraingraphCg of abicomp3 from theconstraingraphof its tricomps. Thatis, wefirst classifythe
bicompsof agrath’j asessentialpotentiallyessentialpr inessentialandremove all inessentiabicomps.
Thenwe finishthe classificatiorof potentiallyessentiabicompsbasedn thedegreeof their corresponding
verticesin the bicomp-cutpoint-treef G'j. The remaininginessentiabicompsform chainsin G’j sharing
only two verticeswith therestof G’j. We replaceeachsuchchainwith a constraintgraphof constansize.
Next we describehis constructionn detail.

Let G| beoneof thegraphsG, ..., G|, let S; bethe setof separatowerticesin Gj, andlet By,..., B,
be the bicompsof Gj. The bicomp-cutpoint-ge T = T»(G)) is definedasfollows: Tree T containsall
cutpointsvy, ..., Vv, of G’j andonebicompvertex (i, for every bicomp B, of G’j. Thereis anedge{v,Bi }
in T if cutpointvy is containedn bicompB. For every vertex v € S;, we choosea bicomp‘B(v) suchthat
v € B(v). As T containsbicompnodesaswell ascutpoints,we classify the nodesof T, ratherthanthe
bicompsof G’j, asessentialpotentiallyessentialpr inessential A nodef; in T is essentialf thereexistsa
vertx v € S; suchthatB(v) = B;. A nodev is potentiallyessentialf therearetwo essentiahodesu andw
in T suchthatv is onthepathfromutowin T. All othernodesof T areinessential

In thenext sectionwe shav thatremaving all bicompscorrespondingo inessentiahodesn T from G
preseresthe (non-)planarityof G(®. Thenwe classifythe potentiallyessentiahodesaseitheressentiabr
inessentialln Section6.2, we replaceevery maximalchainof bicompscorrespondingo inessentiahodes
with a constraintgraphof constantsize,andshawv that this preseresthe (non-)planarityof the graph. In
Section6.3, we shaw thattheresultingconstrainigraphC; of G’j hassizeO(|Sj|).
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6.1 Discarding Inessential Bicomps

Let C; bethegraphobtainedirom Gj by replacingevery bicomp3 of Gj with its constrainggraphCs. Let
T' bethetreeobtainedby remaving all inessentiahodesfrom T, andlet C{’ bethe subgraplof C| obtained
by removing all constraintgraphsCs from C'J- which correspondo bicomp nodesf3; that were removed
fromT.

We defineasequencésg@, . ,GI(G) of graphs,vvhereGEf) =GO andGi(G) = Gi(ﬁ)l[c{/c{'], for1<i<I.

GraphG® is definedasG® = G°.

Lemma 6.1 Grathi(6) is planarif andonly if grathi(f)1 is planarfor 1< j <|. A planarembeddingf
G\, canbe obtainedfrom a planarembeddings® by locally replacingthe embedding}' of C} induced
by G® with a consistenplanarembeddingf Ci.

Proof. Grathi(e) is obtainedrom Gi(f)l by remaoving verticesandedgesrom Gi(f)l. Thus,if Gi(f)l is planay
Gi(e) is obviously planar

To shaw thatGi(f)1 is planarif Gi(s) is planar we partition the graphC; — Cj' into its connecteccompo-
nents. EachsuchcomponenK is composedf inessentiabicompsof C} andsharesonly one cutpointv

with C’j. Hence,graphK sharesnly vertex v with K andcanbe embeddednsideary faceof Gi(s) which

hasvertex v onits boundary As thisis truefor all componentsf C’j — Cg’, grathi(f)1 is planarif grathi(6)
is planar O

Corollary 6.1 GraphG'® is planarif andonly if G®) is planar A planarembeddingof G®) canbe ob-
tainedfrom a planarembeddingz(®) of G(®) by replacingthe embedding®f graph<C!,...,C!" in G(®) with
consistenembedding®f graph<y,...,Cj.

Having disposedof the first setof bicompscorrespondingo inessentiahodesin T, we now classifythe
potentiallyessentiahodesof T’ aseitheressentiabr inessential A potentiallyessentiahodeis essentialf

it hasdegreeatleastthreein T'; otherwiseijt is inessentialNotethatall inessentiahodeshave degreetwo,

sinceall leavesof T’ areessentialandall internalnodesof degreeat leastthreeareessentialThus,we can
partitionthe setof inessentiahodesin T’ into maximalpaths.For eachsuchpathP containingat leastone
bicompnodef;, letHp = B, U---U B, wherefj,, ..., Bi, arethebicompnodesin P. Next we replaceeach
suchgraphHp by a constraintgraphCp of constansize.

6.2 Compressing Chains of Inessential Bicomps

Let Hp beagraphcorrespondingo apathP of inessentiahodesn T'. As all bicompsin Hp areinessential,
andevery nodein P hasdegreetwo, graphHp sharesexactly two verticesa andb with Hp. If Hp hasan
embeddingsuchthatverticesa andb areon the boundaryof the sameface,graphCp consistof the single
edge{a,b}. Otherwisewe replaceHp by the graphCp shavn in Figure6.1. GraphCp is triconnectecand
hasthe propertythatverticesa andb arenot on the boundaryof the samefacein the uniqueembeddingftp
of Cp. Thetestwhichof thetwo casesppliescanbecarriedoutin lineartime: If thegraph(V (Hp), E(Hp) U
{{a,b}}) is planar thereexistsaplanarembeddingf Hp suchthatverticesa andb appeaonthesameface.
Otherwisethereexistsno suchembedding.

LetT],..., T/ bethetreesobtainedrom treesT,(G)), ..., T2(G|) usingthe constructionn Section6.1.
LetPy,..., Py bethemaximalpathsof inessentialerticesin treesT/,..., T/'. We defineasequencef graphs

Gl,...,GY) asfollows: GJ” = GO®. For1<i < q, G" = G!”)[Hp /Cr]. TheapproximategraphA of G
is definedasA = GY.
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Theconstrainigraphof a“twisted” chainof bicomps.

Lemma 6.2 Grathim is planarif andonly if grathi(Z)1 is planar for 1 <i < q. A planarembeddingf
Gi(z)l canbe obtainedfrom a planarembeddingf Gim by locally replacingthe embeddingfpl of graphCp
with a consistenembeddingf graphHp .

Proof. First assumethatGi(z)1 is planar Let é@l be a planarembeddingpf G@l, andlet Hp bethe planar

embeddingf Hp, inducedby G!”),. We partition Hp, into maximalsubgraphsuchthateachof thesesub-
graphsis embeddedn a differentfaceof |:|P,- As all bicompsin Hp areinessentialsucha subgraphcan
containonly cutpointsa; andb;. If therearesubgraphsf |‘Tp| containingbothag; andby;, |:|p| hasafacewith
bothverticesa; andb; onits boundary Hence,Cp consistsof edge{a;,b; }, andall subgraph®f Hp con-
taininga, andb; canbe embeddedvithoutintersectionsn theonly faceof Cp. Subgraphsf Hp containing
only oneof verticesg; andb; canbe embeddednsideary faceof épl which hastherespecire vertex onits

boundary Hence,Gim is planarif Gi(z)l is planar
Now assumehatGim isApIanar Let éim beaplanarembeddingf Gim. If Cp consistof asingleedge,

thenHp hasanembeddindp with verticesa; andb; onthesameface.A simpletransformatiorguarantees

thatthe outerfaceof HP. hasverticesa; andb; onits boundary Thenwe replaceedge{a;,b;} in éi(7) with

embgdding—]p,. This producesa planarembeddingpf Gi(z)l, asa andb; aretheonly verticessharedoy Hp
andHp. _

If Cp is thegraphshavn in Figure6.1, every componendf Hp embeddedhsicjeafaceof Cp contains
only oneof g andb;. Hence |t canbeembeddednsideary faceof anembeddingHp of Hp which hasthe

respectre vertex onits boundaryThus,grathi(z)l is planarif grathi(7) is planar O

Corollary 6.2 GraphA is planarif andonly if graphG'® is planar A planarembeddingof G® can

be obtainedfrom a planarembeddingA of A by locally replacingthe embedding<p,, . . .,Cp, of graphs
Cp,, - .., Cp, with consistenembedding®f graphsHp, ..., Hp,.

6.3 The Constraint Graph of the Component

Theconstructiorof theprevious sectionsrreplaceseachgrath’j with its constraingraphC;. In this section
we shaw thatC; is small.

Lemma 6.3 TheconstraingraphC; of grath’J- is asimpleplanargraphwith O(|S;|) verticesfor1 < j <I.
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Proof. The planarityof C; follows immediatelyfrom the above construction.In orderto shav thatC; has
O(|Sj]) verticeslet T = T»(G)) bethebicomp-cutpoint-treef Gj. Let T’ bethetreeconstructedrom T in
Section6.1. We partitionthe essentiahodesof T’ into two classesType-I nodesarebicompnodesB; such
thatB = B(v), for somevertex v € S;. Type-ll nodeshave degreeatleastthreein T'. Thereareatmost|S;|
type-lnodes.As in the proof of Lemmab.5, the numberof type-Il nodescanbe boundedoy the numberof
leavesin T, whichis |S;j| becausell leavesof T’ areof typel. Thus,thereareatmost2|S;| essentiahodes
inT'.

Let T” bethetreeobtainedrom T’ by replacingevery maximalpathwhosenternalnodesareinessential
by asingleedge.Thenthenodesof T” aretheessentiahodesn T', sothatT” hasatmost2|S;| nodesandat
most2|S;| — 1 edgesEveryedgein T” correspondso apathP in T', whichin turncorrespond#o apossibly
emptygraphHp in C’j . EachsuchgraphHp is beingreplacedy a constraingraphCp of constansize.Every
essentiabicompin C’j containsatmostasmary cutpointsasedgesncidentto its correspondingiodein T”.
Thus, the total numberof requiredverticesin all essentiabicompsis at most5|S;|. By Lemma5.5, each
suchbicompis representedby a planarconstraintgraphwhosesizeis linearin the numberof its required
vertices.Thus,C; hasO(|S;|) vertices. O

7 TheApproximate Graph

TheapproximategraphA of G is thegraphobtainedafterapplyingthereplacemenproceduresf Sectionst
through6 to G. Thefollowing two lemmasshav thatgraphA hasthe desiredoroperties.

Lemma 7.1 GraphA is planarif andonly if G is planar

Proof. Thisfollowsimmediatelyfrom Corollaries4.1,5.1,5.2and5.3,Lemmab.4,andCorollaries6.1and
6.2. O

Lemma 7.2 GraphA hassizeO(N/(DB)).

Proof. In Step3 of Algorithm 2.1, graphG is partitionedinto O(N/(DB)?) graphsG;, ...,Gx suchthat
0G| < DB, for 1 <i < k. In particular TK_;|0Gi| = O(N/(DB)). As graphsGy,...,G| arethe connected
component®f graphsGy, ..., Gy, thisimpliesthaty_, |Sj| = ¥, [dGi| = O(N/(DB)). By Lemma6.3,
ICj| = O(|Sj]), for 1< j <1, sothaty'_, |Cj| = O(3|_; |Sj|) = O(N/(DB)). GraphA consistsof graphs
Ci,...,C andthe subgraphG[S of G inducedby the separatorerticesin S. GraphG[S hasO(N/(DB))
vertices.Thus,|A| < 3_; |Cj| + |G[§| = O(N/(DB)). O

8 Constructing the Final Embedding

Givena planarembeddingof A, Lemma7.1 impliesthat G is planar In this sectionwe describehow to
derive a planarembeddingé of G from an embedding& of the approximategraphA. Conceptuallythe
constructionis fairly simple: Replacethe embedding®f graphsCy,...,C inducedby A one by onewith
consistenembedding®f graphsG,...,G|. This intuitively simple processgpresentsa few technicalities
thathave to be dealtwith, in orderto obtainavalid embeddingf G.

Section8.2 definesformally whatwe meanby an embeddingof G'J- which is “consistent’with anem-
beddingof C;, andshavs how to derve suchanembedding.The “replacement’of embeddingfj with the
computedembeddingGA’j is doneasfollows: First partition C; into maximalsubgraphsuchthat eachof
themis embeddedhsideadifferentfaceof C,- . Thenplaceeachsuchsubgraphnsideanappropriatdaceof
é’l without changingts embedding.
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An importantconstrainton the replacemenof graphsCy, ...,C with graphsG, ..., G is givenby the
factthatit would becomputationallytoo expensve to @(tracttheerpbeddiAng)f graphC; immediatelybefore
thereplacemenof C; with G’j. Thus,we extractall embedding€;, ...,C of graphsCy,...,C inducedby

A beforestartingto replacethemwith graphsGj,...,G|. The constructionof embeddingé’j dependon

tpeembpddingfzj of C;. Thus,we have to ensurqhatreplacingembgddingél, ... ,Cj_l with embeddings
Gy,---,Gj_1 in Adoesnotchangeheembedding; of C; inducedby A; otherwisetheextractedembedding
would be invalid at the time whenC; is replacedwith G|. The constructionin Section8.2 takesthis into

a}ccount.Beforewe describetheAconstructiomf G from A in detail, we explain how the planarembedding
A of A andthefinal embeddings of G areto berepresentecandhow to extractgraphsCy, ..., G andtheir
embedding€, . .. ,C 1/0-efficiently.

8.1 Extracting the Embeddings of Constraint Graphs

Giventhe partition of G into graphsG/, ... ,G’j andG[S, every edgein G belongsto exactly oneof these
graphs.We labelevery edgein G with the nameof the subgrapthcontainingit. Similarly, every edgein A
belongsto oneof thegraphsCy,...,C; andG[S. Edgesn G[g arein bothG andA. Theedgesn Cq,...,C
caneasilybelabelledasbelongingto oneof thesegraphswhile constructinggraph<C,,...,C, from graphs
Gj,....G.

We répresemthe embeddingA of A asa collection of interlacededg cycles Thatis, every edge
e= {v,w} € A storesfour pointers: two pointerssucg(e) and predy(e) to its two neighborsclockwise
andcounterclockwiseroundy, respectiely, andtwo pointerssucéy(e) andpredy(e) to its two neighbors
aroundw. Our goalis to modify thesepointersto obtaininterlacededgecyclesrepresenting valid planar
embeddings of G. In orderto beableto extracttheembeddingf only asubsebf theedgesncidentto ary
vertex in A, it is corvenientto have the edgesncidentto eachvertex v numberedlockwisearoundv. That
is, in additionto pointerspreds(e), sucg (e), predi(e), andsuci(e), every edgee = {v,w} in A should
storetwo labelsvy(e) andvy(e) representinghe numbersof edgee in the clockwiseordersof the edges
aroundverticesv andw, respectrely. Suchalabelling of the edgescanbe derived from theinterlacededge
cyclesrepresenting\ asfollows:

Representachedgee= {v,w} in A by two triples (v, e,sucg(e)) and(w, e suc/(e)). Sorttheresulting
setof triples by their first components.The resultis a concatenatiorf lists, eachrepresenting circular
linked list of edgesclockwisearounda vertex of A. Replacingoneof thetriples (v,e,sucg (e)) in eachlist
by thetriple (v, e null), we obtaina collectionof regularlinkedlists. Now applythelist-rankingprocedure
of [9] to all of thesélists simultaneouslyTheresultis anassignmenof a labelvy(e) to eachtriple (v;e,-),
wherev,(e) is the numberof edgee in the orderof edgesclockwisearoundvertex v. Sortingthesetriples
by their secondcomponents&nd scanningthe resultinglist, we cannow computetriples (e, vy(€),vw(€)),
for all edgese = {v,w} in A. This procedurdgakesO(sort{N/(DB))) I/Os.

GraphsCy,...,C andtheirembeddingél,...,(3| arenow easilyextracted:In orderto extractgraphs
Ci,...,C, sortthe edgesin A by their componentiabels. This producesa partition of E(A) into sets
E(G[S),E(Cy),...,E(Ci). GivengraphCi, arepresentatiomf its embeddingas interlacededgecycles
can be extractedby reversingthe constructionof the previous paragraph. In particular we createtwo
triples (v,vy(e),e) and (w,vy(e),e), for eachedgee = {v,w} in C;, and sort the resultinglist lexico-
graphically As aresult,all edgesincidentto a vertex v € C; are storedconsecutiely, sortedclockwise
aroundv. In asinglescanwe replaceevery triple (v, vy(e),e) with atriple (e, preogj(e),sucQ’;, (e)). Sort-
ing thesetriples by their first componentsand scanningthe resultinglist, we computea list of quintuples
(e predéj (e),suc@j (e), precgj (e),suc%”j (e)), for eachedgee = {v,w} in C;. Thewhole constructiortakes
O(sor{N/(DB))) I/Os, for all graph<Cy, ...,C;.

In orderto be ableto performthe replacemenbf Cj with an embeddingé’j efficiently, we augment
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graphC; with edgespred(e), sucg(e), predy(e), andsuci(e), for eachedgee = {v,w} € Cj. LetD;
be the graphobtainedby augmentlng;J in this mannerandlet D beits planarembeddlngnducedby A
Obsenethatfor every (copy of a) requiredvertex vontheboundarwf afacef of CJ graphDj containghe
firstandlastedgesg and€’, in clockwiseorderaroundv which areembeddedhside f. If K is thesubgraph
of Cj embeddedhsidef, all edgesn K thatareincidentto v appeabetweertwo suchedges’ and€’ in the
clockwiseorderaroundv. As we replacef:j with anembeddingﬁ’j of G’j without changingthe embedding
of K, theedgesn E(D;) \ E(C;) aretheonly edgesin K whoseneighborsin the embeddingchangeasa
consequencef thereplacementandall edgesn Gj have their neighborseitherin G| orin E(D )\E(CJ)
Thus,graphD; andits embeddlngDJ provide suiﬁuentmformaﬂonto performthe replacemenof CJ with
G’ Moreover, asevery edgein C; hasfour neighborsn A D; containsat mostfive timesasmary edgesas

Cj,sothatD fitsinto internalmemory andthetotal sizeof graphdDy, . .., D |SO(ZJ:1\CJ|) O(N/(DB)).

8.2 Replacing the Embedding of a Constraint Graph

Given graphsDy, . ..,D; andtheir embeddingDs,...,D;, we now replacethe embedding<,,...,C of
graphsCy, ...,C; with consistenembedding®f graphsG,...,G|. We performthis replacemenonegraph
atatime. In this section,we areconcernedvith deriving the embeddlngG’ of G’ from CJ andreplacing
CJ with G’ Section8.3 shaws how to exchangeinformation aboutupdatesof the interlacededgecycles
resultingfrom thesereplacementbetweengraphsDy,...,D;. This ensureghat subsequenteplacements
canbeperformedcorrectly

Givenan embeddmg::J of C;, the goal of the constructionin this sectionis to constructanembedding
G’ of G’ sothatthe subgraphsf C; embeddedn thefacesof CJ canbeembeddednsideappropriatdaces
of G’ Th|s goalis achieved by undoingthe compressiorstepsof Sections4 through6, oneby one,and
maintaininga planarembeddingof the currentgraphaswell asa mappingof the subgraphof C; to the
facesof theembedding We call the currentembeddingandthe mappingof subgraphsf C; to the facesof
theembeddingonsistentvith CJ if thefollowing invariantholds:

(11) LetKy,...,Ks bethe maximal subgraph®of Cj so that eachof themis embeddednside a different
faceof CJ- . Theneachof thegraphsKy,...,Ks is embeddeadompletelyinsideonefaceof the current
embedding.Let ey,...,e; betheedgesin E(K;) U---UE(Ks) incidentto a vertex v € C;. If edges
e1,...,€ appearin this order clockwisearoundyv in A, then edgesey, ..., e appearin this order
clockwisearoundyv in the currentembedding.

Thisinvariantensureshatthe embedding®f graphsCj, 1, ...,C; arenotchangedy thereplacemenof Cj
with G’j. Giventhatwe do not modify theembedding®f graphsKy,...,Ks whenreplacmgcJ with G’ the
following invariantis equivalentto Invariant(11):

(12) Let Ey,...,Es bethe maximalsubsetof E(D;) \ E(C;) suchthatthe edgesin eachsubsetare em-
beddednsidea differentfaceof C;. Thenthe edgesn eachof thesesubsetareembeddednsidethe
samefaceof the currentembeddinglLetey, ..., e, betheedgesn E(D;) \ E(C;j) incidentto a vertex
v eC;. If edgessy,...,eq appeain this orderclockwisearoundv in D,, thenedgese,, . ..,eq appear
in this orderclockwisearoundyv in the currentembedding.

Next we provide thedetailsof thereconstructiorof G’j from C; alongwith anembeddingf;’j of G’j ; thiscon-
structionmaintaindnvariant(12). Sections8.2.1through8.2.7describeheconstructiorof G’j. Sectiond.2.8
discusseshe changedo the interlacededgecyclesrgpresenting\ thatneedto be made,in orderto obtajn
interlacededgecyclesrepresentinghe embeddingA[C; /Gj] of graphA[C;/Gj] obtainedby replacingC;
with the constructedambeddingG’j .
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8.2.1 Introducing Parallel Edges

Recallthatthe constructionof the constraintgraphsof bicompsremovesall paralleledgesthat may have
beenintroducedby the removal of inessentiatricomps. Theseedgeseedto bere-introducedsothatthey
can later be replacedby the (group of) tricompsthey represent.For every group of parallel edgeswith
endpointsy andw, we embedthe requiredadditionalcopiesof edge{v,w} parallelto the only edge{v, w}
in Cj sothatthefacesboundedby theseedgesdo not containary vertices.As this changeseitherthe order
of edgesn E(D;) \ E(C;) aroundtheir endpointsnor placesedgeshatwerein the samefaceinto different
faces)nvariant(12) is presered.

8.2.2 Replacing the Embedding of a Triconnected Component

The next stepis to replacethe embeddingﬁ%,...,éga of the kernelsof constraintgraphsCy;,...,Cq,

of essentialor separatingricomps 7y, ..., Zq in G’j with embeddings%f,...,‘ATqC’ of the kernelsof these
tricomps. A

Thetreatmenbdf tricomp7 depend®nitstype.If 7 isabond,thenC; = 7, andwe chooseZ° = éﬁf.
If 7 isacycle,everypathin 7 whoseinternalverticesarenotrequiredhasbeenreplacedy asingleedgen
C+. Now we reversethis operation replacingeachsuchedgeby its correspondingpath. This replacement
caneasily be donewhile maintaininglnvariant (12). The processof replacingthe embeddingﬁf’f of C
with anembeddingATo of 7° is only slightly morecomplicatedn the casewhen is atriconnectedsimple
graph.

First recall that in this caseZ andC; both have a unique planarembedding. The constructionin
Section4 preseresthe orderof faceswith at leasttwo requiredverticeson their boundariesaroundthe
requiredverticesof 7°. Thus everysubgrapmf C° embeddednsidesuchafaceof Cf’r will beembedded

insidethe correspondindgaceof T°. This preserestheorderof edgesn thesegraphsincidentto arequired
vertex of 7° clockwisearoundthatvertex. Any graphembeddedhsideafaceof C7. with only onerequired

vertex v on its boundarysharesonly vertex v with C2.. Hence, it canbe embeddednsideary faceof T°
which hasvertex v onits boundary This givesus enoughfreedomto embedthesesubgraphsn a way that
preseresthe order of all edgesin C. aroundthe requiredverticesin CZ.. Thus, Invariant(12) is being
presered.

8.2.3 Replacing the Embedding of a Core

Thenext stepis thereplacementf theembedding®f the constraingraphsof coreswith embeddingsf the
cores.Let C beacore.We treatthe threedifferentcasegdepictedn Figure5.4 separatelyln Case(a), two

edgesdn the currentembeddingneedto be replacedby the embedding®f two graphssharingtwo vertices
eachwith therestof the graph. This is easilydonein a mannemreservingnvariant(12). In Case(b), the
whole graphCC is embeddedn the outerfaceof Cf.. Thus,we chooseanembeddingf C suchthatvirtual

edges(a,b,i) and(c,d, j) areonits outerboundaryandthenembedCC in the outerfaceof C°. In Case
(c), finally, graphC, consistof two subgraphspneof whichis embeddedhn thefaceof C° with verticesa

andb onits boundarythe otheris embeddedn the facewith verticesc andd onits boundary Sincethese
two subgraphslio notshareary vertices,embeddingeachof themin the correspondingaceof C maintains
Invariant(12). Thus,in all threecaseéc canbereplacedvith anembeddingf ¢ which preseresinvariant

(12).
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8.2.4 Replacing the Embedding of a Fan

Next we replacegheembedding®f the constraingraphsof fanswith embedding®f therespectie fans.As
for cores,we distinguishthe differentpossibleconfigurationsshavn in Figure5.3. In Caseqa)—(c),edges
in the constraintgraphson theright have to bereplacedwith the correspondingubgraphentheleft. Each
of thesesubgraphsharesonly the two endpointsof the correspondingdgewith therestof D;. Thus,this
replacementaneasilybe donein away thatpreseresinvariant(12). In Caseqd)—(f), it is easilyverified
thatthe orderof faceswith atleasttwo requiredverticeson their boundariesroundthe requiredverticesof
thefanis thesamen theembeddingf thefanasin theembeddingof its constraintgraph.Thus,all graphs
embeddedn facesof C with at leasttwo requiredverticeson their boundariesan be embeddednside
the correspondindgacesof F. This preseresinvariant(l2). As in the caseof a triconnecteccomponent,
a graphembeddednside a faceof ég: with at mostonerequiredvertex onits boundarycanbe embedded
insideary faceof F with thatvertex onits boundary Hence we have the freedomto arrangethesegraphs
sothatInvariant(12) is notviolated.

8.2.5 Introducing I nessential Tricomps

Inessentiatricompsthat were removed in Section5.1 were groupedinto maximal groupscorresponding
to completesubtreesn the tricomp tree of the bicomp containingthem. The subgraphK obtainedby

meming the tricompsin one suchgroup sharesexactly one virtual edge(a, b,i) with the restof G, and

was consequentlyeplacedby a non-virtualedge(a,b,i). In orderto re-introducethis subgraphinto the

embeddingwe have to replaceedge(a, b, i) with anembeddingf K° thathasverticesa andb onthe outer

face.This preseresinvariant(12).

8.2.6 Replacing the Embedding of a Chain of | nessential Bicomps

Having dealtwith theembedding®f essentiabndinessentiatricomps,we have to re-introduceall inessen-
tial bicompsthatwereremovedfrom G. Thefirst groupof inessentiabicompsarethosethatwerereplaced
by constraintgraphsof constantsizein Section6.2. The secondgrouparethosethatwerecompletelyre-
moved from G in Section6.1. The bicompsin the first groupform chainssuchthat eachchainK shares
exactly two vertices,a andb, with the restof G. Dependingon whethera andb canappearon the same
faceof anembeddingf K, K wasreplacedoy a singleedge{a,b} or by aconstrainigraphof constansize
which doesnot allow a andb to appearon the boundaryof the sameface. In the former case we have to
replaceedge{a,b} with anembeddingf K with verticesa andb on the outerface. As before,this pre-
seneslinvariant(l12). In thelattercase no subgraptof K cancontainbotha andb. Thus,we canchooseary
embedding of K andembedthe subgraphef K incidentto a andb in thefacesof K incidentto verticesa
andb in amannerthatpreserestheir orderaroundthesevertices.

8.2.7 Introducing Inessential Bicomps

Finally, all bicompsthatwerecompletelyremoredfrom G’j weregroupednto maximalconnectedubgraphs
suchthateachsuchsubgraprsharesonevertex with therestof G. EachsuchsubgraptK sharinga vertex
v with K canbe embeddednside ary faceof the currentembeddingwvhich hasvertex v on its boundary
withoutviolating Invariant(12).

8.2.8 UpdatingtheInterlaced Edge Cycles

After finishingthereplacemenstepsin Sections8.2.1through8.2.7,we obtainanembeddingﬁ'j of Gj and
anembeddingf theedgesn E(D;) \ E(C)) insidethe facesof G’J It remainsto integratethis information
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with the embeddingA of A, in orderto obtainan embeddingA[C;/Gj] of A[C;/G]]. In A[C;/G]], every
edgee in G| hasboth its neighborsaroundboth its endpointsin E(Gj) U (E(Dj) \ E(C;)). Thus,if G'
is the graphinducedby the edgesin E(G)) U (E(Dj) \ E(C;)), andG' is the embeddingof G’ derived in
Sections8.2.1through8.2.7 thenthe pointersto be storedwith e in theinterlacededgecyclesrepresenting
A[C,/G’] arethe sameasthe onesstoredwith e in the|nterlacededgecyclesrepresentlngﬁ' Similarly, as
our constructiorensureshatthe embedding®f subgraphf CJ embeddednsidedifferentfacesof CJ are
notchangedall edgesn E(C;) \ E(Dj) have thesameneighborsn A[CJ/G’] asin A. Finally, lete= {v,w}
beanedgein E(D;) \ E(Cj). We dlscussthe necessaryipdatedor edgee, usingits pointersucg (e) to its
successoclockwisearoundv asanexample.The otherthreepointersareupdatedn a similar fashion.

Obsere thatsincee € E(D;) \ E(C;j), eithersucg(e) € C; or predi(e) € Cj, or both. Let K be the
subgraphof C; containingedgee andlet A’ = A[C;j/Gj]. If sucg(e) € Cj, thensucg,(e) = sucg; (€)
Otherwise suc(€) € K. As theembeddingof graphK is notmodifiedby the replacemenof C; with G,
sucg,(e) = sucg(e) in this case.

8.3 Iterative Replacement of Subgraphs

In the previous section,we have shavn thatan embedding&[Cj/G’j] of graphA[C;/Gj] canbe computed

from anembeddingA of graphA by locally modifying the predecessocandsuccessopointersof edgesin

D; and G’j. Now we usethe proceduredescribedn the previous sectionto producea sequencef graphs
Ao,...,A andembedding®,...,A of thesegraphs,whereA; = A andA; = A_41[Ci/Gl], for 1< i <.

EmbeddingAy is the embeddingA of graphA, = A. The embeddingA; of graphA is computedrom the
embeddmg&. 1 of graphA;_; by applyingthe procedureof theprevioussectionn orderto replaceC. with

aconsstentembeddmgﬁ' of G[. Thefinal graphA is graphG, sothatG = A is the desiredembeddingpf

graphG.

Therearetwo issuesthat needto be addressedin orderto male this iterative replacemenof graphs
Cy,...,C with graphsG/,...,G| work: (1) WhenreplacingC; with G’ the neighborsof the edgesin C;
clockW|seandcounterclockwsearoundthelrendpomtsarenotnecessarllyhesameln A andA;_;. Hence,
graphD; mustbe updatedm orderto correctlyrepresenthls neighborhoodnformation, beforeit canbe
usedto construch’ fromG;, andderive embeddmg&. from Ai_1. (2) Let py, sy, pw, Sw bethefour neighbors
of anedgeein G in the embeddingd; obtainedafter replacingC; with G’ If oneof theseneighborssay
Pv, IS contalnedn agraphC;j, j > i, thenp, will bereplacedoy anotheredgep(, whengraphC; is replaced
with grath’j. Thus,immediatelyafterreplacingC; andG|, thecounterclockwis@eighborof edgee around
vertex vin thefinal embeddings is notknown. Hencewe needa criterionto decidewhentheneighborhood
relationshipbetweerntwo edgescannotbe brokenasaresultof subsequentplacementsothatwe canadd
pointersbetweerthesetwo edgedo the final embeddingWe addresshesetwo problemsnext.

8.3.1 Updating the Augmented Constraint Graph

In orderto updategraphD; sothatit containghe correctneighborsof theedgesn C; in the currentembed-
ding Ai_1 of A_1, weusea priority queueQ to collectinformationaboutthenecessarypdatef D;; before
replacingC; with G/, we retrieve this informationfrom Q andmake the necessarghangesn D;.
Recallthatevery edgein A is labelledasbelongingto oneof thegraphsCy,...,C or G[S. If thereis an
edgee= {v,w} € E(Dj) \ E(C;) suchthate € E(C;), fori > j, andpred'(e) changesisaresultof replacing
C; with G’j, thenwe put a quintuple(e,v,“pred”, j,pred(e)) into Q andgive it priority i. For a successor
changethe quintupleis of the form (e v,“succ”, j,suc¢(e)). WhenreplacinggraphC; with graphG/, we
retrieve all quintupleswith priority i from Q. As we have alreadyreplacedgraphsCs,...,Ci_1 with graphs
Gj,...,Gi_; whenthis happensall entrieswith lower priority have alreadybeenretrieved from Q. Hence,
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retrieving all entrieswith priority i from Q amountsto repeatedapplicationof delete-minoperationuntil
thefirst entrywith priority i + 1 is retrieved. This entryis thenput backinto Q.

Next we usethe quintuplesretrieved from Q to updategraphD;. We sortthe list of retrieved quintu-
pleslexicographically sothatall quintuples(e,v, “pred”,-,-) andall quintuples(e,v,“succ”,-,-) arestored
consecutiely, for eachedgee = {v,w}. Thesequintuplesaresortedby their fourth componentvhich can
be interpretedas the time whenthis quintuplewas queued. Hence,the quintuplewith the largestfourth
components the mostrecentupdateof the predecessoof edgee in the clockwiseorder aroundvertex
v, sothatits fifth componentrepresentshe correctpredecessoof e aroundv in A_;. The sameis true
for quintuples(e, v, “succ”,-,-). Hence,we scanthe sortedlist anddiscardall quintuples(e,v,“pred”,,-)
and(e,v,“succ”,-,-), exceptthe last one,for eachpair (e ,v). Theresultis alist L; containingquintuples
(e v,“pred”,-,preds_, (e)) and(e,v,“succ’,-,preds_, (e)), for all edgeswhoseneighborsaroundtheir end-

pointsaredifferentin A andA; ;. Thesizeof this list is at mostthe sizeof D;. Hence,graphsG/, D;, and
list L; fit into internalmemory We uselist L; to updategraphD;, andthenproceedo the constructionof
embedding3 from G;.

Thetotalnumberof I/Os spenton queuinganddequeuingjuintuplesn Q, aswell assortingtheretrieved
entriesbeforereplacinggraphC; with graphG;, is O(sor{(T)), for all graphsG/,...,G|, whereT is the
total numberof quintuplesproducedby changingthe neighborsof edgesin setse(D;) \ E(C), 1 <i <.
This numbey however, is proportionalto the total numberof edgesin setsg(D;) \ E(Cj), 1 <i <, as
the replacemenbf graphC; with graphG] canchangeat mostall four neighborsof an edgein E(D;) \
E(Ci). Hence,T = O(N/(DB)), andit takesO(sortN/(DB))) I/Osto maintaingraphsD1,...,D; andtheir
gmbeddjngswhich provide the requiredinformation to replaceembedding<, ...,C; with embeddings
Gi-...G.

8.3.2 Adding Pointerstothe Final EdgeLists

It remainsto addresshe problemof producingtheinterlacededgecyclesrepresentinghe final embedding
GofG. Theproblemis thatthesuccessoof anedgee € G| is changedifterreplacingC; with graphG if this
successois anedgee’ € Cj, j > i. This changeof successohappensvhengraphC; is replacedwith graph
G’j. Thus,whengraphG; is replacedwith graphG!, we cannotwrite the successoof edgee to disk yet. The
following simplecriterion guaranteeghatwe write the neighborpointersfor anedgee only whenthey do
not changeary more: If anedgee € G| hasits successom agraphC;j, j > i, this successowill change.
Thus,we do notwrite it to disk yet. If onthe otherhand,edgee hasits successoin agrath’j, j <i,or
in G[9, thenthis neighborhoodelationcannotchangeary moreasa resultof replacinggraphsCi, 1, .. .,C
with graphsG{H, ..-,Gi. Thisis truebecausedgee andits successoareembeddednsidethe samefaces
of embedding<i;1,...,C;, andwe do not changethe embeddingf the maximal subgraphembedded
insidethe facesof embedding’fj whenreplacingC; with G’j. Thus,we canwrite the successopointerof
e andthe predecessopointerof its successoto disk asrepresentinghe neighborhoodelationshipin the
final embedding5 of G.

Onceall graphsCy,...,C have beenreplacedwith graphsG,...,G|, the algorithm hasproduceda
list of 4|E| quadrupled(e,v,“pred”,pred;(e)) and (e, “succ”,suc¢;(e)), four quadruplegper edge. We
sortthesequadrupledexicographically so that the quadruplegepresentinghe four neighborsof an edge
e arestoredconsecutiely. Now we scanthis sortedlist to producethe interlacededgecycles containing
quintuples(e, pred;(e), sucg;(e), predi(e), suc(e)), whichrepresenthefinal embeddingG of G.

We summarizehis sectionin thefollowing lemma,which concludegshe proof of Theorem?2.1.

Lemma8.1 Givena planarembedd[ng& of graphA, it takesO(sortN)) I/Os andlinear spaceto perform
thelocalreplacemenof embedding€s, . .. ,C with consistenembedding&,. .., G|. Theresultis aplanar
embeddinds of graphG.
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9 Lower Bound

In this section,we prove an Q(perm(N)) 1/O lower boundfor computinga planarembeddingof a planar
graphG. We alsodescribea simplesimulationtechniquevhichreduceghel/O-compleity of ouralgorithm
to O(perm(N)), therebymatchingthe lower bound.

9.1 ThelLower Bound

The proof of the lower boundof Q(perm(N)) 1/Os for computinga planarembeddingof a planargraphG
usesa reductionfrom the problemof permutinga list of N itemsxy,...,xy. In particular we shav that
if arepresentationf a planarembeddingof a planargraphG asinterlacededgecycles canbe computed
in o(permN)) 1/Os, thenit takeso(perm(N)) I/Os to computethe desiredpermutatiorof itemsxy, ..., Xx.
This contradictghelower boundof Q(perm(N)) I/Os shawn for this problemin [32].

Lemma 9.1 GivenanalgorithmA thatcomputesa planarembeddingf a planargraphwith N verticesin
O(I(N)) I/Os, thereexistsanalgorithmA' thatpermutesalist of N dataitemsin O(1(N)) I/Os.

Proof. We assumehatthe input to algorithm 2’ is given asfollows: Let xq,...,xy be N dataitemsto be
arrangedn the orderXg(1), - - - , Xg(n), fOr somepermutationo : [1,N] — [1,N]. Thenalgorithm 2’ is pre-
sentedwith two listsL1 = ((1,x1),...,(1,xy)) andLz = ((0(1),y1),-..,(0(N),yn)). Thegoalof algorithm
A4' is to computeallist L = ((X5(1),¥1); --- > (Xo(n)»Yn))- In orderto achieve this, algorithm A’ computesa
graphG whoseplanarembeddings unique,andsuchthatlist L canbe extractedfrom the interlacededge
cyclesrepresentinghe embedding5 of G in O(I(N)) 1/Os. The constructiorof graphG takesO(scar{N))
I/Os, sothatwe cancomputelist L in O(Z(N)) I/Os by constructingG, computinginterlacededgecycles
representings, andextractingL from G.

Thevertex setV of graphG consistsof four setsVp, V1, Vo, V3. SetV containsa specialcentralvertex
z setV; containsall elementsof Li; setV, containsall elementsof L,; and setV; contains2N vertices
numberedl through2N. TheedgesetE of G containsedges{v, z}, for all v e V; UV,, edges{2i — 1, (i, %) },
for 1 <i <N, edges{2a(i),(o(i),yi)}, for 1 <i <N, andedges{1,2},{2,3},...,{2N — 1,2N}, {2N, 1}.
GraphG is shavnin Figure9.1.

The vertex setof G canbe constructedn O(scarf{N)) I/Os: appendvertex z andverticesl, ..., 2N to
the concatenatiowf listsL; andL,. In orderto representhe edgesetof G, we computethe adjaceng lists
of all verticesin G. Theadjaceng list of every vertex (i,x) € Vi containsvertices2i — 1 andz. Thesedlists
caneasilybe constructedn asinglescanoverL;. Theadjaceng list of every vertex (a(i),y;) € V, contains
vertices2o(i) andz Again it takes a single scanover L, to constructtheselists. The adjaceng list of
vertex z is the concatenatiof lists L; andL,, which canbe producedn O(scar{N)) I/0Os. The adjaceng
list of avertex 2i — 1, 1 <i < N, containsvertices2i — 2, 2i, and (i, ). Theselists canbe producedin
a single scanover list L;. The adjaceng list of a vertex 20(i), 1 <i < N, containsvertices2a(i) — 1,
20(i)+1, and(ao(i),yi). Theselists canbe producedn a singlescanover list L,. Thus,graphG canbe
constructedn O(scar{N)) I/Os. Moreover, theembeddingf graphG shawvn in Figure9.1is unique.Hence,
aftercomputingG, suc&({z (i,x)}) = {z,(i,Y51()) }. We scanthe interlacededgecyclesrepresentings
anddiscardall quintuplesexceptthosebelongingto edges{z v}, v € V; UV,. Eachremainingquintuple
is transformednto the pair (xi,yofl(i)). The resultinglist is a permutationof the desiredlist L. In order
to computelist L, we reversethe I/O-operationghat have beenperformedto arrangeitemsys,...,yn in
the currentorder This reversalperformsthe samenumberof I/O-operationsasthe constructionof G, ie.,
O(I(N)) I/0s. Hence ist L canbe extractedfrom G in O(scarfN) + I(N)) = O(Z(N)) I/Os. O
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Figure9.1
ThegraphG constructedn the proof of Lemma9.1.

Corallary 9.1 It takesQ(perm(N)) I/Osto computeanembeddingf a planargraphwith N verticesiif this
embeddings to berepresentedsinterlacededgecycles.

A fairly straightforvard adaptatiorof the proof of [22] thatouterplanaembeddingakesQ(perm(N)) 1/0Os
shaws thatit takesQ(perm(N)) 1/0sto computea planarembeddingif theembeddings to berepresented
asa numberingof the edgesin G clockwisearoundeachvertex. We believe that a representatiomf the
embeddin@sinterlacededgecyclesis awealer representationf theembeddinghansuchanumberingso
thatCorollary9.1is stronger

9.2 Achieving Optimality

Thefollowing lemmaprovidesasimplesimulationtechniquevhich allows usto improve thel/O-compleity
of Algorithm 2.1 sothatit matchegshelowerboundprovedin the previoussection.

Lemma9.2 Giventwo algorithms4 andA' solvinga problem® in 1(N) and1’(N) I/Os usingS(N) and
S(N) spacerespectiely, thereexistsanalgorithmA" solvingproblem® in O(min(1(N), I'(N))) I/Osand
O(S(N) + S(N)) spaceprovidedthatmax I(N), I'(N)) = Q(scarfN)).

Proof. GivenaninstanceP of problem?, createtwo identicalcopiesP; andP, of instanceP. This takes
O(scarfN)) 1/0s. Now run algorithm 4 on instanceP;, andsimultaneouslyun algorithm 4’ on instance
P>. Whenalgorithm A4 cannotproceedwithout performingan I/O-operation et algorithm 4 performthis
I/O-operationand then switch to algorithm 2. Whenalgorithm 2’ cannotproceedwithout performing
an I/O-operation et algorithm 2’ performthis I/O-operationandthen switch backto algorithm 4. Stop
this procedureas soonas one of the two algorithmsfinishes. The I/O-compleity of this procedureis
O(min(Z(N), I'(N))). Therequiredspacds O(S(N) + S(N)). O
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Corollary 9.2 GivenagraphG = (V,E) it takesO(perm(|V | +|E[)) I/Osto testwhetherG is planarandto
computea planarembeddindgs of G if theansweris affirmative.

Proof. Let 4 be Algorithm 2.1, and 2’ be the linear time planarityalgorithmof [16]. Algorithm 2 takes
O(sor{N)) 1/0Os to computean embeddingG of G. Algorithm 4’ takeslineartime andhenceO(N) 1/Os
to solwe this task. Both algorithmsuselinear space.Hence by the previous lemma,the simultaneousim-
ulation of bothalgorithmstakes O(perm(N)) 1/0s andO(N/B) blocksof externalmemoryto testwhether
graphG is planarandto computea planarembeddingf theansweiis affirmative. O

10 Conclusions

In this paper we have provided the last missingpieceto obtain I/O-efficient algorithmsfor a numberof
fundamentaproblemson planargraphs.As our algorithmusesthe separatoalgorithmof [33], it inherits
theconstrainthatM > (DB)?log?(DB). It is achallengingopenproblemto designalgorithmsfor computing
planarseparatorandplanarembeddingshattake O(sort{N)) 1/Os usinglessmemory
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