CSCI6506— Genetic Algorithms and Programming

Exact Schema Theorems for GP with 1-point Crossover

Case for representation as a Bernoulli Trial [1]
» Basic obedive of schematheoremsisto provide adescription for how the popuation

schema membership varies over time.
 Aswe ae drealy aware, the seach operators are cgable of both creaing and removing
instances of a particular schema from the popuation.
 Genedly,
o Crossover may be described in terms of one of two processes,
» Reproduction—individuas already passessng schemaH are mpied.
=  Crosver — children may or may not possess €hemaH of the parents,
however, they also have the patential to introduce schema nat currently
sampled in the popuation a ater the popuation schema sampli ng.
0 Mutation
=  May result in schemaremoved by crossover being reintroduced;
= Might remove (or not) a schema aeaed by crossover;
= |ntroduce a ompletely new schema.
» Schematheorems provide abasisfor iteratively expressng properties of apopuation, say
propartion d individuals possessng a given schema, in terms of the aurrent generation.

0 Properties usually expressed as an expeded value, E[[]], of the propatiory court,

m(D), of schemaH, at the next generation.
= E[m(H,t+1)]
*  Question:

o Canweinvestigate the properties of the underlying distribution governing the
expedation withou having to provide adefinitive analyticd expressonfor the
probability of schemaH survival?

* Consider:

0 lrrespedive of how the survival of schemaH isadually described thereis only
one outcome when creaing new members for the next popuation,

= SchemaH ether survives (is propagated) or it does not!
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e Asamption,

o

Seledior/ crosver/ mutation are independent processes,

* Implicaion,

o

Chanceof children matching schemaH is the same.

* Such an assumption defines a binary event, a(H, t), denating the probability that a dild

samples H, or the total transmission probability.

«  Such an event ismodeled by aBernodli trial*, and therefore mnforms to a binomial

probabilit y density function.

* Implicaion—abinomial distributionimmediately provides for the foll owing statements,

o

The number of instances of schemaH at the next generation, m(H, t + 1), is
modeled by,

P(m(H.t+1) =k) = Er %(H D A-a(H, )"

Where M isthe popuation size.
The mean and variance of such a schemanow aso returally foll ow from the
properties of the binomial distribution,
E[m(H, t + 1)] = Ma(H, 1)

Va[m(H, t + 1)] = Ma(H, t) (1 -a(H, 1))
It aso follows that the signal-to-noise ratio for schemaH can be defined as the
ratio of mean to standard deviation (SD = V(variance))

o

Has the potential to enable studies onthe @mnvergence properties of GAs[2] or the
likelihood d schema extinction a growth [1].

Therewe will concentrate on the problem of estimating a(H, t) exadly.

'Y ou may have cane acossthis when modelinga win toss
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Exact Schema Theory for GA [4]
* Approac taken by Poli isto develop a microscopic (exad) schema theorem utili zing the

concept of “total schema transmisson probability,” a(H, t).
« Thisisnoat the only approach. A tautology of schema models, figure 12, summarizes the
crosssedion d approadesin terms of,
0 Degreeof approximation (exadness in the mode,
o Granularity of the predicted quantity (left hand side of schema eguation);
o Granularity of the dements utili zed to make the prediction (right hand side of
schema ejuation).
» The gproach of Poli will provide an Exad schematheory for,
0 Microscopic — program spedfic properties, and then,
0 Macroscopic — properties of schema.
» For clarity in the following we concentrate on the spedfic case of fixed length binary GAs
withou mutation.
» Thefirst mgor result for exad schematheorems was derived by Stephens and Wadbroek
[4].
o Summarized lriefly asfollowsin order to provide the basis for the more general
results of Poli [3, 5.
» For the spedal case of fixed length GA and 1-point crosover, recognize that it is necessary
to expressthe adion o crossover as either,
0 P (schemaH reproduced without crosover),
0 P (schemaH survives crosover or is creded by crossover).
Case of reproduction without crossover
* From thelast ledure,

m(H,t) f (H,t)

P(H,t) = MF (D)

» Describestherate of reproduction without crossover (or mutation)
 Thus,
o P (schemaH reproduced without crossover) = (1 — Perossover) P (H, t)

2 From GECCO 2002 Tutorial Program, Foundations of Genetic Programming, Langdon W.B., Poli R. July 10.
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Case of schema surviving or being introduced by crossover
* Principle observation that Stephens and Wadbroek make is that for one point crosover,
schemaH only surviveif the,
o contributionfrom LHS of crosover paint and;
o contributionfrom RHS of crosover point, match schemaH.
» The probability of this happening is estimated by considering all possble aosover paints.
e Thus, let
0 L(H, 1) denate the schemafrom instance H with “don't care” symbads repladng
genesat index i + 1to N;
0 R(H, i) denote the schemafrom instance H with “don't care” symbadls repladng
genesat index 1toi;
« E.g.forH=*110

Then
i L(H, i) R(H, i)
1 — *110
2 — **] 1%
3 k] %k k] %k
4 **] 1% —
5 *110 —

« P (K,t)istheseledion pobability of aschemaK at generationt.
» Stephens and Wadbroek demonstrate that the total transmisson probability for afixed length
binary GA is[4],

(H,0) = (1 Do)+ P22 5 PUL(H D.OPCRCH 1))

Example
e For H=01* what isthe total transmisgon probabilit y?

e Q(01* 1) = (1= Purcssore) P (O1% 1) + meE P (%%, t) P (01, t) + P (0™, t) P (0™, 1
[

+P (1% ) P (1) O
D
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e DUP (™ t)=1,50

° a(ol*’ t) - (1 _ pcro;sover ) P (01*’ t) + pCI'OSSJVef P (O**’ t) P (O**’ t)

Exact Schema Theory for GP with fixed size-and-shape population and 1-
point Crossover

* Approad the problem in two steps,

0 Canwe develop a GP schematheory from the spedal case where dl individuals

are of the same size and shape?

o If so can we then generalize this result to programs with different size and shape?

e Poli [3, § usesthe previous result of Stephens and Weadbroed [4] to describe the total
transmisson probability along the same general lines, i.e.
o a(H,t) =P (schemaH reproduced)
+ P (schemaH survives crossover or creaed by crosover)

Case 1—P (schemaH reproduced)
o Takesthe exadly the same form as developed above
Case 2 — P (schemaH survives crosover or creged by crosover)
* There ae N(H) crosover paints, e.g.,

For individual (% = (x a =)), correspondng index paintsare{0, 1, 2, 3, 4}, @

(%)
SR

o First parent, h;, has corred lower region with resped to (0] crossover point;

e SchemaH is‘dupicaed iff

0 Sewnd prent, hy, has corred upper region with resped to u()] crosover point;
o Seefollowingfigure, or Figure 3 [5].
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u(H, 2 identificaiion d buil ding block locaion I(H, 2)
(A ™ (%)

() ()
@/ \G @/ \G

buil ding blocks identified by u(JJand I(()

-
© (=) © ()
G)/ \@ @/ \@

* Leti denote aosover index,
» For schemaH to survive or be aeded, then
o I(H,i),uH,i)OH
» Thetotal probability of survival / creaionfor schemaH under any seledion d the aossover
pointiisgiven by,

N(H)-1

Hoemmes S PAHLDPUCH.D)
« Or,
a(H, t) = (1 — Perossover) P (H, 1) + pc"m’ve’ N(HZj I;(I(H 1))P(u(H,i))
e Comment,

0 Fine asfar asit goes, bu in order to generalize this result to the cae of varying
size and shape individuals, the schema neals to be alittl e more flexible.
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Hyperschema [3]
* In order to generali ze this result to the cae of popuations with individuals with dfferent

sizes and shapes, bu still using 1-point crosover, the (rooted tre@ schema definition requires
extensionto include abitrary size trees.
 To doso,introduce an additional “dorit care” symbdl, ‘# , thistime &le to represent any
subtree
* Note,
0 ‘# suppatsthe description d programs with arbitrary shape and size.
0 Theresulting ‘hyperschema are still rooted Tree schema
= Not posshleto place a# between aterminal andthe root node.
» Déefinition 1 — GP Hyperschema|[3]
0 “A GP hyperschemaisarooted tree @mpased o internal nodes from the set F [
{=, #} andleavesfrom T O {=, #}, where F and T are the function set and the
terminal set used in a GP run. The operator = isa “don't care” symba which
stands for exadly one node, whil e the operator # stands for any valid subtree”
 Example
(+ = (% x #)) isthehyperschemadencting all programs with
a) Root nocde of addition;
b) 1% argument of roct is any valid terminal;
¢) 2" argument of roat is the %operator;
d) 1% argument of %is the terminal x;

e) 2" argument of %is any legal subtree

Microscopic exact GP schema theorem [3]
* A microscopic schema theorem considers the detail s of individual schema from generation to

generation.
o Provide such aschema by defining the concept of lower order schemain the same
way as above.
o0 The ensuing schematheory still requiresfixed pant crosver, bu does not
constrain all treesto the same size and shape.

e Tothisendlet,
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o L(H, i) denate the hyperschema defined by repladng all nodes between crossover
point i androot with ‘=" and any subtrees conreded to a‘=" with #
o U(H, i) dencte the hyperschema defined by repladng the subtree following
crosover point i with ‘#'.
o Andthefollowing condtion hdds,
» |Fthe aosover paint, i, resides within the common region d both parents,
but is not within the region d schemaH,
= THENL(H,i), UH,i)={0O}

 Example,
i 0 1 2 3 4
H= (x = (+ x =))
LH, D) (==#)
UH, D - (x # (+ x 9))
LH, - (=# (=x #))
UH,3 - (x = (+ # =5))
0 Wherethisaso has apictorial interpretation, Figure 3 [3], or Figure 4 [5].
Methodol ogy:
» Given aworking concept for how to define lower order schema, L([)and H([), we aenow in
apositionto formulate a(H, t).
» Thetota transmisgon probability neals to encompass
0 All passhblewaysin which crossover may be gplied per parent;
0 Probability that both parents upper and lower are compatible with schemaH.
e Derivation [3]:

1 if childrenOH

a) Define ameasurement function,d(h 0 H) =] _
00  otherwise

a o(hyOL(H, 1)) xd(hy OL(H, i) thereforereturns 1 if both parents
contain the required lower order schema necessary to buld schemaH and

0 atherwise.
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b) Let P(hy, hy, i, t) dencte the condtional probability that crosover point i is
seleded, given parents hy, h, and the probabilit y that both parents hy, h, are
seleded at generationt, or

= P(i | hy, hg) P(hy, 1) P(h, 1)

c) Thepropation d timesthat the off spring of h; and h, 0 H may now be modeled
asthe expedation d the sum of: parents and crosover points from (b), moduated
by the schema membership from (&) over al combinations of parents and common

crosver paints® idC(hy, hy), or

Z Z O(h OL(H,))a(h, DU (H,i))x P(i | by, hy)P(h, t)P(h,,1)

hy)
d) For the 1-point crossover to function,
P(i | hy, hy) isawaysin the cmmmon region shared between ead parent, iLIC(hy,
hy), or
1
NC(h.,h,)

i.e. al crosover points within the shared region are equally possble.

P(i|h,h)=

€) Substituting (d) into (c) provides theorem 1.
Theorem 1 — Microscopic Exad GP Shema Theorem [3]
0 “Thetotal transmisson pobability for afixed-size-and-shape GP schemaH under
1-paint crosover and nomutationis

.0 =0 P PR P 3 Y (50 (R DL, )3, DU(H.D)
B ’ ioc(hy,hy)

where the first two summations are over al the individualsin the popuation;
0 NC(hy, hy) isthe number of nodesin the treefragment representing the ammmon
region between program h; and program hy;
0 C(hy, hy) isthe set of indices of the aosover pointsin the mmmon region;
o &(x) isafunctionwhich returns1if x istrue, O aherwise;
o U(H,i)andL(H, i) are defined as abowe.”

3 We aedtill using 1-paint crosover, so crosover points are mmmon, hence limited to the cwmmon region of
parents h; and h,.
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* Observation
0 Under therestrictionthat only individuals with the same size and shape & H are
included in the first two summations of Theorem 1, then [3]
0 hy, h, DG(H) - NC(hy, hy) = N(H), and;
-~ C(hy, hp) ={1, 2, ...,N(H) — 1}
a(H,1) 2 (1~ Pyosonr )P(H, 1) +
N(H)-1

ZP(hl DO OL(H,) ) P(hy,t)o(h, DU(H, i)
h,0G

h, IGTH)

pcrossover
N(H)-1 &
*  Wherethis has an equivaent form, providing theorem 2.
Theorem 2 — GP Shema Theorem with Schema Credion Corredion [3]
* “A lower boundfor the total transmisgon probability for a fixed-size-and-shape GP schema

H under one-paoint crosover and nomutationis
P N . .
a(H,t) = (1~ Pyosoe )P(H ) +WS‘3)W;°’1 |Zl P(L(H,i) n G(H),t)PU(H,i) n G(H),t)
» the quality applying when al the programsin the popuation sample G(H).”
* Consider,
o0 Inthepreviousledure weidentified an expresson for the GP schematheorem in
terms of alower bound,which orly incorporated dsruptive dfeds.
o Given such alower boundandthe éove expressonincorporating schema
credion undr the same @nstraints to schema shape and size, can we identify the

fadors contributing to schema aeaion?

o Dividing the lower bound ly ‘M’ provides alower boundfor total transmisson
probability.
o0 For equivalence, also et pmytate = 0 and pyis(t) = 1;
o Thelower boundwith disruption alone now hasthe form,
L(H)
N(H)-1

o It followsthat the diff erence between the éowve lower boundwith dsruption alone

L]
a(H,t) 2 P(H,t) (L= Pyosne %— P(G(H),t) + (P(G(H),1) - P(H,t))%
[l

and theorem 2 is now,
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Aa(Ht) :I\'Io(cr;—ss;vfl (P(L(H,i).)PU (H.,i),t) - P(H,1)?)
inBTH)

0 Where B(H) denotes the index set for which the aosover point lies between
defining nodes of schemaH.
» Observation,
o L(H,i)OHandU(H,i) O H; asa omnsequence, bah contain more than schemaH,
thus
= P(L(H,i),t)=P(H,t)and P(U(H, i), t) = P(H, t)
= andAa(H,t)=0
0 The @ove expressonfor Aa(H, t) therefore represents the aedive cntributions

from crosver.

Macroscopic Schema Theorem [5]
» The &owve microscopic formulation, although exad isafunction o properties of individuals.

¢ A maaoscopic formulation would expressproperties of schema and pesbly provide better
insight to the propagation d schema, as oppased to individuals.
» Given that aworking microscopic schematheorem aready exists, it shoud be possbleto
transform this diredly into an equivaent maaoscopic theorem.
o Consider [5],
0 Theset of order zero schema{G;, G, ...} define adigoint set of programs, the

union d which cover the search space or
Zé(thGj) =1
and d(hOL(H,i)) = Zd(hlm L(H,i)nG))= Zd(th L(H,i))o(h OG))

(likewise for the cae of U(H, 1))
o If thisis substituted into the expresson for the microscopic schema theorem and
the summations reorganized taking note of the condtions under which h; O Gj

and then the foll owing theorem for maaoscopic schematheory follows [5].
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Theorem 3 —Maaoscopic Exad GP Shema Theorem [5]
0 “Thetotal transmisgon pobability for afixed-size-and-shape GP schemaH under
one-poaint crosover and nomutationis,
1

a(H 1t) = (1_ pcrossover)P(H 1t) * Perossover z Zm P(L(H ’I) N Gj’t)P(U (H ’I) N Gk’t)
T i Sinée)

o0 wherethesetsL(H, i) n GyandU(H, i) n G are ather fixed-size-and-shape
schemata or the empty set {J}.”

Summary
o Concept of “total transmisgon probability” or a(H, t) used to dencte the survival of schema

in terms of abinary event, it either survives or it does nat.
0 Immediately enables us to make predictions regarding general statisticd properties of
schema.
Work of Stephens and Wadbroedk [4] provided concepts of,
0 Reproductionas survival withou crosover;
0 Modd for credive and dsruptive dfeds of crosover in terms of schemaH being

‘reproduced’ from left and right hand strings with resped to al string index positions.

e The concept of a hyperschema— Definition 1 — provides the basis for introducing arbitrary
subtrees into rooted treeschema.

* Microscopic exad schema— Theorem 1 — derived by Poli for an exad model of survival for
an individual program at generationt.

0 Speda case of same size-and-shape individuals — Theorem 2 — Poli is able to
explicitly identify the cmporents resporsible for schema aedionwith resped to
the previous lower bound.

e Microscopic exad schema— Theorem 1 — derived by Poli for an exad model of survival for
schema & generationt.

e Such modelswill providethe basisfor the formal analysis of code bloat in GP.
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