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Naïve Crossover Biases in GP 

On the Evolution of Parsimonious 
Solutions 
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Case for Parsimonious 
Solutions 

  Avg(program size increase) 
  ∝ O (generation2) 

  Evaluation Overhead Increases 
  Solution Transparency Decreases 
  Does boat → more effective search? 

  What is an effective search? 
  Does bloat → better population diversity or more duplication? 

  Restrict our discussion to Tree structured GP 
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Generic Approaches to Date 
  Size and Depth Limits 

  [1] 
  Parsimony Pressure 

  [2], [3], [4] 
  Non-destructive crossover 

  [5] 
  Biased crossover operator 

  [6], [7] 
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Size and Depth [1] 

  Explicit, 
  Max node count/ Depth limit; 
  Unwanted interaction with crossover 

operator [8]. 
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Max Problem [8] 
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Fig. 1. Mapping a Full binary tree to a circular grid. (a) Full binary tree of depth 3. (b) Corre-

sponding circular grid

depth level). Unfortunately for these larger trees, there is little by way of a drawing

convention. Consequently, the next section introduces a method for drawing large, m-

ary trees. To simplify matters, we restrict our attention to plane binary trees. 

3    Visualizing Structure for a Tree 

3.1    Visualization Method 

Our method for visualizing trees involves mapping m-ary (binary trees for this paper)

to a circular grid. For binary trees, this grid can be derived by starting with a full bi-

nary tree, which we designate as C. The nodes of C are labeled by a positive integer k
(k ∈ ℑ+

) in the following way:

1. The root node is designated as k = 1 and at depth level 0.

2. The leftmost node for each depth level n is designated as k = 2
n
.  

3. Nodes at depth level 1 are labeled from left to right as k = 2 and k = 3, respec-

tively.

4. Nodes at each subsequent depth level n are labeled from left to right using the fol-

lowing sequence: {2
n
, 2

n
+1, 2

n
+2, … 2

n+1
-1}.

The nodes of this labeled full binary tree can be mapped to a circular grid in polar 

coordinates (r, θ ) by first assigning depth levels to a set of concentric rings. The ex-

act mapping of depth levels to ring radii is arbitrary, so long as depth level 0 remains 

at the center and increasing depths are assigned to rings of increasing radius. For con-

venience, we let depth level n be mapped to a ring of radius n. Figure 1a gives an ex-

ample of a full binary tree of depth 3 that has been labeled in this manner. 

Ring radius is subsequently determined by using the following mapping ρ(k): k →
r, such that k ∈ ℑ+

, r ∈ ℑ+
, and 
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ρ k( )=
0, k= 1.
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Nodes on a ring are positioned by using the following mapping φ(k): k → θ, such
that k ∈ ℑ+, r ∈ ℜ, and

φ k( )=

0, k= 1.
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 

     (2) 

For the moment, we designate set LC of plane binary trees to be defined by the col-
lection of labeled nodes (vertices) of C in polar coordinate space. Figure 1b gives an
example of a full binary tree of depth level 3 that has been mapped to set LC. 

We can show that an arbitrary plane binary tree A (or for that matter, an arbitrary
binary tree) can be mapped to LC by showing that a set of labels corresponding to A is 
a subset of LC. To do so, we traverse A in preorder2 and label each node visited in the 
following manner:

1. The root node of tree A is designated as k = 1 and at depth level 0.

2. The root node of the left subtree is labeled 2l, where l is the label of that node’s 
parent. 

3. The root node of the right subtree is labeled 2l+1, where l is the label of that 
node’s parent.

We designate this set of labels for A as LA. Figure 2 depicts an example of an arbi-
trary plane binary tree A that is mapped to LC. If A is a full plane binary tree, it can be 
readily shown that this preorder labeling does result in an identical labeling that corre-
sponds to C. 

2 Preorder traversal is defined recursively and is described in [22], p. 319. There are three steps 
that are taken: visit the root; traverse the left subtree; traverse the right subtree.
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Fig. 2. Mapping an arbitrary plane binary tree to a circular grid. (a) Arbitrary plane binary tree 
of depth 3. (b) Corresponding circular grid
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If one forgoes the information content in each node and treats each node as a ver-

tex, one can use the described visualization method to examine the gross structure of

(plane binary) trees. The compact representation allows for the depiction of structures

consisting of one to several thousands of vertices. 

3.2    Visualization Examples

Figure 3 shows an example of a full binary tree of depth level 10 (2047 nodes) and an

example of plane binary tree of depth level 26 (461 nodes) that result from GP. From

the standpoint of typical metrics that quantify aspects of tree structure (i.e., number of
nodes and depth level), the GP binary tree is unremarkable. The GP tree was gener-

ated under circumstances that were also unremarkable and is a solution from a sym-

bolic regression problem that has been documented elsewhere in the literature [26-

29].3

In comparison to a full binary tree, the GP plane tree that is shown in Fig. 3 is 

sparse and is characterized by a few radial spikes in which much of the nodes are 

found. There are significant areas of the lattice that are not populated. It is asymmet-

ric. As it turned out, though, this gross pattern is representative of the population from

which it was taken.

3 The problem is an instance taken from symbolic regression and involves solving for the func-

tion f (x)= 1 + 3x + 3x2

 + x3

. Fitness cases are 50 equidistant points generated from f (x) over 

the interval [-1, 0). The function set was {+, –, ×, ÷}, which correspond to arithmetic opera-

tors of addition, subtraction, multiplication, and protected division. A terminal set was 

{X, R}, where X is the symbolic variable and R is the set of ephemeral random constants that

are distributed uniformly over the interval [-1, 1]. Most of the GP parameters were similar to

those mentioned in Chapter 7 in [21]. Unless otherwise noted: population size = 500; cross-

over rate = 0.9; replication rate = 0.1; population initialization with ramped half-and-half; ini-

tialization depth of 2–6 levels; and tournament selection (ntournment = 7). Other parameter val-

ues were maximum generations = 200 and maximum tree depth = 26.

(a) (b)

Fig. 3. Two examples of plane binary trees. (a) Full binary tree, depth 10. (b) Structure of a

GP-generated solution (using arity-2 functions), depth 26. The gray circle around (b) represents

depth 26 and is shown for reference 
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Visualization of a population can subsequently be done in three steps:

1. Compute LP. 

2. Normalize each component of LP by the number of individuals in population P. 

3. Construct the tree that corresponds to LP, except that the grayscale value of each
line from parent to child is proportionate to the magnitude of the component vector 
corresponding to that child. (Assume that higher magnitudes map to darker grays). 

The resulting visualization is tantamount to overlaying all of the trees in a popula-
tion. Structures that are used most often show up darker; the least used structures, 
lighter.

4.2   Visualization Examples

The left-side graph of Fig. 6 corresponds to the population of which Fig. 4 is a subset. 
The right-side graph of Fig. 6 corresponds to the population of which Fig. 5 is a sub-
set. Each graph summarizes the structure of 500 trees, which represents an entire 
population.

While individual trees provide an insight to the degree of structural similarity
within a population, they are but a hint. This limitation exists even though our method
of visualization of single trees does enables one to see more structure than has been
possible by orders of magnitude. It is still not enough for understanding structural
trends at a population level.

For those reasons, we would argue that the visualizations of Fig. 6 do help in see-
ing some of these larger trends. In particular, we can observe the following:
• The darkest regions of each graph occur in the center and radiate outward. (Darker 

regions represent locations of higher structural correlation.) This indicates that 
structures near the root are highly correlated within a population. This observation
is consistent with theory and observations about the rapid convergence of root
structure within GP (e.g., [2, 3, 5]). 

• The lightest regions tend to occur near the edges of each graph. This means that 

Fig. 6. Visualization of populations. The left graph corresponds to the population for Fig. 4;
the right graph, the population for Fig. 5

Tournament Selection 
Fitness Proportional 

Selection 
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Parsimony Pressure 
  Fitness = ‘error’ + α ‘complexity’ [2] 

  α is problem dependent; 
  Evolution of α ? 

  Pareto Optimal [3] 
  Multi-objective fitness function 

  Lexicographic [4] 
  Only use ‘complexity’ as a tie breaker; 
  Limited to countable problems? 
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Non-destructive Crossover [5] 

  IF 
  child performance ≠ parent performance 

  THEN 
  accept child 

  (not to be confused with genetic ‘hill-
climbing’) 
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Biased Crossover Operator 

  Size Fair or Homologous Crossovers [6] 
  Emphasize routed tree approach to 

selection of crossover. 
  Second crossover point constrained to path 

defined by the first. 

  Fitness direction 
  Estimate fitness with respect to each node 

of the individual 
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Fitness Direction – Motivation 

  How significant are naïve biases 
  Each node has a fitness; 

  Crossover only produces 1 child 
  Spend more time investigating same shape 

without recourse to 1-point crossover; 
  Mutation provides further investigation of 

reproduced ‘child’. 
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Selection of Crossover Point 
  Random 

  Any link chosen with uniform probability. 
  Deterministic 

  Select branch with respect to distance 
metric. 

  Both 
  Provide for stochastic selection of either at 

some ratio. 
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Directed Crossover Heuristics 
  Fitness 

  Estimate fitness at each node as tree 
evaluated 

  Fitness Difference 
  Difference in node fitness 

  Roulette-Fitness 
  Nodes allocated ‘roulette-wheel’ area ∝ 

node fitness 
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Methodology 
  Investigate increasing levels of 

determinism 
  {0% (random only); 25%, 50%, 75% 

100% (directed only)} 
  Algorithm 

  IF (apply crossover == TRUE) 
  THEN IF (Directed Xover == TRUE) 

  THEN (apply Directed Xover) 
  ELSE (apply Random Xover) 
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Classification Problems 
Data set Breast Liver 

Train 524 259 
Test 175 86 

Terminal x(0),…,x(8) x(0),…,x(5) 
Function +, -, *, %, sin, cos, sqrt 
Fitness # correct classifications 

Pop. Size 500 
Search Op. 90% Xover; 50% mutation 
Termination 15,000 tournaments 
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Breast Cancer – Median Test Error 
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Breast Cancer – Median Nodes 
per Solution 
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Liver Disease – Median Test Error 
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Liver Disease – Median Nodes per 
Solution 
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Evolution of Fitness: Liver – 
Average Classification Accuracy 

Roulette-Fitness Fitness 

100% 
75% 

RND 

25 / 
50% 

No clear distinction! 
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Evolution of Fitness: Liver – 
Average Node Count 

Fitness Roulette-Fitness 

RND 

25% 

75% 

75% 100% 

100% 



20 March 2k3 CSCI 6506 23 

MAPLE™ ‘simplification’ 
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Discussion 
  Hands Off – v – Interactive 

  Removing Introns after solution located – v 
– Inclusion in the evolutionary cycle. 

  Complexity – v – Accuracy 
  Can simple solutions still be accurate? 
  Are complex solutions useful? 

  Solution bias? 
  Are biases application / difficulty specific? 
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