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ABSTRACT
The thesis is primarily concerned with

optimization problems which have objective functions which

-

do not take values on the resal line.
In chapter one.convexity'properties are

investigated for functions in partially ordered vectorn

spaces.

In chapter two the concéﬁt of & tangent cone is
introduced.and the previously little used notion of a wesk
tangent cone is defined;. Properties of these cones are
investigated and various differentisl relationships are
proved.

Chapter three establishes several transposition
theorems and Farkas lemmas both for linear and non-linear
systems.  These results have some applications in later
chapters.

In bhapter four the concept of a subgradient is
extended and related to the tasngent cone results of chapter.
two.

The rifth chapter establishes Kuhn-Tucker and
Fritz John type necessary and sufficient conditioﬁs Tor
general nénwlinear programming problems to have solutions
with respect to various notions of minimizstion. These
conditions are given in tangent cone terms. They include
one sided derivative and'subgradient results.

Chapter six includes a variety of multiplier

theorems for convex and quasiconvex progresmmes in partially



ordered spaces. A minimax theorem is included.

Chapter seven uses tangent cones 1o generali:ze

xnown second order conditions to more general pfoblems and

spaces. N ) |
| Finally, in chapter eight, the results of

chapter five are Specialized to Hilbert space using
The chapt

ey cetao
ey seLs.

”
5 ©on conv

pseudolnverses and projeciion n

glso contains a section on varistional inequalities which

centres around the non-lilnear complementarity problem.

er
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INTRODUCTION

-In the thesis I have asttempted to eitend many of
the standard results of nonlinear programming theory in the
following directions:

(i} The objactive,funcfioﬁs are not generally

' supposed reél valued,

(2) The various convexity assumptions usually
associated’with sufficlency conditions have
been generaslized and weaker.cd,

(3) The notion of a tangent cone, and of
constraint gualifications given in tangent

- cone terms, has been extended.
Using these thrée ¢xtensions I have attempted to

both unify and enlarge what theory does exist for

optimization with respect to partial orderings. I have

found it gdssible to state and prove a number of fairly
general theorems,

The two notions of minimization that are used have
both been studieg befbre, but not within the mainstream of
abstract optimization thebry as represented by the tangent
cone investigations of Varaiya, Guignard and others. I hope
that T have partially rectified this situation.

Some remarks on format seem in order. The

chapters are arranged so that almost =211 the preliminary

‘results are proved in chapters one through four and are

8pplied and investigated further in chapters five through

elght.  The chapters are divided internally into numbered



paragraphs, which are also used for purposes of cross

reference. I have tried to keep the notation as uniform

as possible. For example bilinear forms are used only

in chapter eight where 1t seemed unavoidable. Otherwise

+
the velue of & linear functional x at a point x has been

+ +
denoted x (x) not (x ,x).

Finally, the bibliography i8 arrsnged chronologicselly

-

within each. author's listing and all references sre referred

to simply by name and date,



_ Chapter One

CONVEX TYPE FUNCTIONS




This chapter 1s devoted_to a survey and ex‘be_nsion of results
on convex type fmﬁctions. ~ In the literature these functions
are, except in the case of c(ons‘train“b functions, usually taken to
be real {alued.’ CAs will bé éeen this i‘estriction is often un—
necessary.-

Ceriaiﬁ pr-elimir%rj definitions are necessary. . For the sake
of convenience all spaces a_re; asgumed 10 be real vecior spaces.
A1l general‘ topological' and fﬁnctiqnal anzlytic definitions are
used as in. Robertson andf Robertson (1964) if they are not defined

explicitly.

[1] A set C in X is convex if ’Axl-f-(l —k)xz € C whenever

X, X, € Cend 02X < 1.

[2] A topological vector space is a vector space with an associated

topology in which the vector operations are continuocus. Such

a topology is sald to be compatible.

[3] A (locally) convex (topological vector) space is a topological

vector space in which there is a base of neighbourhcods of the

origin consistent of convex sets.




[4] A cone S in X is a set with the property that Ax €S
when;aver x €S and A7 O, S is a convex cone if it is

convex In addit_ion.

[5} Partial orderings

Rach convex cone S in X determines a relation ! Z. 1

which is fransitive and reflexive and which is given by
x z ¥y if x-73€S.
When there is no am‘qiguify _>__- s will be denoted simply by 2.
This relationship is compatiblé with the vector structure.
That is R
(1) x>o0emdy> o"implies x+y>o.
(2) x> oand ) >o implies Ax >o0.

The relation determined by the conme S is celled the vector (partial)

ordering of X and the sald (x,8) or (¥,>) is & partially ordered

vector space.

[6] Conversely if > is a symmetric and transitive relation
gatisfying (1) end (2) then 8 = {x]x €X and x > O} is
a convex cone in S and > is exactly the ordering on X

induced by S.

[7:] In some cases only (2) is reguired of the cone which need
not then be convex. If 50-S = Jo} then S is aid to be
pointed or proper. It is clear that S is pointed if and

only if the induced ordering is anti-symmetric, that is if

x>0 and x L0 (- >0) then x = 0.
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[22)

With these definitions it is possible to turn to an
investigation df_ the elemen;tary properties of convex
type ﬁmc‘bicﬁs. It will be useful to list the eight
function types of pr-imary_interest. |
£ 'X 7‘—--_} Y is convex with respect to S a convex cone in
Yif

£ (Ax+ (1-4) y) < JAz(x) + (1-2) 2(y)

%, y€X; 0 <)\ 1o
If is convex f is saﬁid"co be concave. Similar remarks

apply to the following definitions.

£: X -3 Y is quasiconvex with respect to S, if for o <¢ 1.

2(Ax + (1-A) 7) s_-f(y) whenever £(x) < £(y) x, y€X.

£t X -}Y is strongly quasiconvex with respect to S if

S(z) = {xl f(xj < g z}is a convex set for each z in Y.

s(z) 1s called a level set of £ with respect to S.

£f:1X—>Yis absolﬁtelv guasiconvex with respect to S if

whenever
£ (Ax+ (1 -2) 7)) >20()
for some 0 <) < 1, one has

2(x) > 2(y),

If S is a2 cone in a topological vector space and s® k% it is

possible %o define a strict inequality (denoted by >.) by

x>, ¥y if end only if x - y€ s®.  Clearly x>y implies
X > ¥y. Equally clearly if S = R+, the nomnegative real

axisthen x)s o has the usual meaning.

(914
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(4]

(23]

{26}

_if whenever o< A < 1, x + y, and £(x) < z,f(y) £ z then

N

With this extra definition to sharpen the previous ones:

£ : X —>Y is strictly convex wiih respeet to S if i
2(Ax+ (1 -2) y)<Ae(x) + (1 -A) 2(y)  =y€X;5 0oxQ& 1o |

£ ¢+ X =Y is strictly ouasiconvex with respéct to S if

2(Ax + {1 -X) y)< 2(y) whenever 2{(x} < £(y) = 4 y and o<

£ : X ->Y is strongly stricitly quasiconvex with respect to S

(hx + (1 -X)y)<z.

Ponstein (1967) has introduced, in the real cese, a property

which will be called (P) strict gquasiconvexity and which is

weaker than EM] or [15] but suffices for some basic propositions.
£ : XY is (P) strictly quasiconvex with respect to S if

£(Qx + (1-0)) )< £(3) whenever £(x)< £(y) and 0 < A & 1.

Relationships between the above definitions

The properties will be referred to by their respective numbers
since these are directly above. All the relationships follow

directly from the definitions.

1) 3] > ) - [d ->[s] i
(2) [15] -s0s] -» [34] —» 2l
(3) [33] —»k5] -»[3d — {97 ' -f
(4) [8) —>[1), [8] — [16]




The next proposition will be useful in the sequel,

Proposition: If 8 is closed and 5° # \g_,shong quasiconvexity

is equivalent.to T{(z) = {xlf(x)( z} be_:’Lng convex ¥z €Y.
Proof: ?Lét N be a convex neighbourhood in S.  Suppose that
x,yé_@(z). Then f(x) -7 €= SO; f(y) -z €~ SO or
equivalently, for aﬁy‘_a‘él{ one has

£(x) <z ~=a, £y} <z ~a,

Since £ is strongly quasiconvex £ (Ax+ (L -} y) 42 - =
for all a €N and this is the same as

f(Ax+ (1 -2A) ylez

& 1f T(z) is convex and £(x) < 2z, £(y) £ z then when .
ag€s® za,/nG.S0 for any né N and

£ (x)<z + a/n, £{y)<z + a,/n .
By the convexity of (z) V¥ z,

t {(Ax+ (1 -A) ylcz+a/

and taking limits

El9] Proposition: Strong quasiconve:d.fy and quasiconvexity coincide,

(mhat is [9] &> [10]).

Proof: [10] =7[9]is general. Conversely if £(x) < z and

f(Axt+ (1 —})_y),—'z €-5° = S.E

.+
When (Y,S) = (R,R ) or more generally any linearly ordered space

more can be said about the definitions.

{y) <.z then z > Z, = max (£(x), £{y)). By E9__} one has

f(?ﬁx + (1 —‘A)y) < Z < z as reguired. l

S B
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[20_] In a linearily ordered space the cone generally has no interior,

One can, however, define x 1eés than but not equal y by
_ x_?&ifxf_yandx:[:y.
This definitionis good for any cone and in the case of

a linear orc‘i.ering it can be used to glve meaning o strict

inequality. Replacing < by 4 one has:

[2] >Proposition: If .(Y, S) is linearly ordered
(1) Strict quasiconvexity '_['14] end strong strict quasiconvexity
D.SJ coincide. ,
(2) Absolute quasiconvexity [11] and (P) strict quasiconvexity
[16] agree.
Proog: [15] >[14] ana [16] > [11] follow airectiy from the relevant
getinitions and [20] . [14] = [15] #ollows as does [9] 2 [i0] in [29].]
In rgene:r‘al, thé s;Erbrig quasiconvex types are actually stronger

than the corresponding quasiconvex types. As an example one has

the following.

[27] Fremple: Tet f: R - R with the ordering in % the orthant

ordering (xi, x2) > (yl, y2) if % 2y, and X, 2 y,. Iet

1) = {M o
0,1} x< -1
Suppose £(x) £ £(y) .
(l) y;>_l, the.ﬁ f(x) < (1,0) and x& {rllg_ r< Oa}
(2) Iyl < 1, then £(x) £ (2,2) and x€ frR

(3) y< -1, then £(x) < (0,1) ena x€3r |~o0lr < A}




T

[ed]

[28]

In each case {xs £(x) _-c_.f(y)} is Vcorlwex end thus £ is
éuasiconve;c with respect to the orthent ordering.  However,

if z = (1,1),' S(z) = {x ] f(x) < (_1,1)} is not convex and

£ is not strongly quasiconvex. |

Mbre' sophisficated éxamples couid be given but the above serves ‘
to indicate the reason for the divergence of definitions in
generdl .

A though (P) strict quasiconvexity does not in general imply
quasiconvexity, es is shown by £ : R 3R with £{o) = 1 and

f(ﬁc) = 0o, x ¥ 0, only the ﬁlildest of continuity conditions

'if
is necessary for the implication to hold wken (Y,8) = (R,R )

Definition: £ X = Y has the one point exclusion property with -

respect to 3 if £ (xo) 4 z whenever f(x) < % for all x in &
line segment ]:xl, xgl containing x and not equal %o X .

A continuity condition which is clearly stronger is:

Definition: £ : X 3 Y is lower semicontinuous with respect

to 5 if S(z) = {x l f(x) £ z} is closed ‘V/z &Y.
Upper semicontinuity is defined similarily. On the

line this reduces to the ususl definition. In general,

however, one also hagt

Definition: £ : X 3Y 1s fully lower semicontinuous with respect

to 8, a cone with :‘mte:é-ior-, if for 21l z in ¥
F(z) ={x lf(x) > z? is an open set.

These notions are related by the following proposition.

1
3
7
H




[26] Proposition: Suppose S .is a closed convex cone with interior

in a convex space Y. Then £ : X Y is lower semicontinuous

whenever £ is fﬁlly lower semicontimious. _

zr_g_g_:_f;:' Suppose xoe?(;')". Let {xt ]t?T} be & net in S(z)

with limit ]‘{o‘ Let s€S° and let m€EN. Since f(xo)>i‘(xo) - s/m
and f25] holcis there is 'sqme t, €% such that :f:‘(xt)>:t’(xo) - s/m
v}hen t > ‘to. Since Y is;. a c-(mvex. -spa.ce s/m tends to zero in ¥
as m tends %o infinity and one has

:z ?_f(x'to)>i'j(xo) - s/n1 -

and f(xo) <z, Thus S(z) is closed.l
: : is needed
It becomes apparent that some mechanism for relating the

order-bounded sets, those {x] T <X < z} , and the original

topology. The following which is taken from Kelley and Namioks

(1963) i1s sufficient for present purposes.

[2’7_1 Definition: A convex cone S in a pseudo normed space with

pseudonorm p, is said 4o be normal if vhenever x and y belong to

8 and have pseudo nonﬁs greater than or equal to 1 one has

P (x + y) > ¢ where e is some fixed positive number.
Equivaltently one has the requirement that the set

(B + 5)N (B - 5) 1s bounded where B =§x[p(x) <17.

The following theorem holds in a pseudo normed space.

E?B] Theorem: (Kelley and Nemioke 23.7). If S is normal each
order-bowunded set is bounded. I x, € 8% then S is normal

:.f and only 3.f{y] - X, 47 53(93 is boundt'ad.l
One has for cloged cones and finite dimensional spaces

the following:




[29] Proposition: If X is a finlte dimensional pseudonormed

Hausdorff space (and hence nomable)‘ 3 is poin'ted i.2.f.

S iz normal. -

Proof:<= If S iz not i:\o:!_nted there is some x with x € SN-8
and {|. x | = 1 and, hence, H x + (- x) ” = 0 and S is not
normal. =§‘ Tet {xnz ' {yng be sequences in S with H xn“ >1
! ynl\.;— | end, in contradiction of normality, with

\\.xn + yn“ = l/n. Lgt_kn—= xn/Hxn\\ then since X is finite
dimensional one can suppose kn is convergent to ko which will
be non zero. Now, since uxn ft >1,

W, + 3 M= W5 < 2/ 1/,

L
hY
W5 W\
: . -1 .
and this means that kn + uxn H Y, -3 5. Since lcn—a' k:o F o
=1 : .
-.“xn \ ¥, —>-k, £ 0. Since the cone is closed and x ,¥_ € s
both —-koé,s end k_ €5 contradiciing pointedness.!

This result does not hold true in general Banach spaces.

(0] Exemple: Define the come S inl_ by
s={{me3l 2o xpetn,, >0 ko]
S is pointed since x €SN -5 imples that X, = 0 and

X+ Feypp = O _Tha'h is {xk}f= 0.
S is not normal. . Suppose e 1ls the constant of definition

[2ﬂ « Let {xk? y {yk-i bav_e

] {(-—1)‘}l+l |
X, = n kK = 3,.00y20t3

{ o otherwlse

and




eal

53
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(2);
1),
_ / k= 2,00.g nt2
Tk 0 g o.'therwise.
én+3 Yt - -
en = > l(“—u— ' /. . an x
Th.uflszn %:_3, = 7 1 a{=xles
‘, \{ n_ 2n+e l(:]j' > )
l :Ylg = ;“/;;_ x % .1 and {yk-}('-_s
“{% * Wk}” = VY

Taking n sufficiently large i/ﬂ( e. }

Proposition: If both £ and -f are fully lower semicontinuous
with respect to a normal cone S with S closed and with interior

then £ is continuous.

—
6
]

roofe et

IN]

7

| SR
{x } 2,4 ({x)& z27]

is open. Since S is normel and has interior the norm bounded

l
I

- By hypothesis the set

sets in Y éenerate the norm topology. Thus the inverse images

of open sets are open and f is continuous.l Since any finite
dimensional pointed cone is normal this result is a true extension
of the siandard relationship.

Returning now to the discussion of guasiconvexity in [22]:

Proposition: If £ : X DR is (P) strict gquasiconvex [16]8115.
satisfies E23_] then f 1s gquasiconvex E9].
Proof: Suppose f(x) < £(y). If f(x}(f(y) then

s(Qx+ (1 -2) y) «2(y) vy 26l

B, 5 1
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£ £(x) = t(y) suppose that s I16 EXJ] with

f(xo)> £(x) and f(x1)>:f.’(x). Then either x, € fxo,y] or

x & [x‘,xov] » In either case by [16__{ one has
,f(ﬁ)?fcxo) . . _ N

_ Symmetrically :E’(xo)-( :f.’(xl) since xc; € [—xl,y—_] or L_L,x.;’

which gives f(xo)< f(xo). Thus there cen only be one

exceptional point on the line segment I_-x,yj. This is

excluded by hypothesis. Thus f(Ax + (L -Aly) < £ (x)

In similar vein to Proposition E}2j is:

Proposition: If £ : X SR is (P) strictly quasiconvex and
satigfies the one point exclusiom px_'operty then if f(x) £ ¢ end
?{y)<ei #(Ax + (I-A)y)<e o< ALl

Proof: Sgppose f(y)(c and f(x) < Ca g f(y)(f(x)

then £ (Ax+ (1 -A) y)<2(x) < ¢ vy [16], while if

£(x) ££( y) one has £(A x + (1 -A)y) & 2(y)<ec it

04 A<l since, by [32__.’,;1‘ is quasiconvex.l

The next few results are concerned with properties of convex

funetions which for the most part do not generalise to quasiconvex

-ones.

Since the sums of quasiconvex functions are generally not
quasiconvex (even if one is convex) it seems worth noting some
of the quasiconvexity maintaining operations befOTe turning

to convex functions.




§
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[33;[ Proposition: If £ : X 9 R is quasiconvex and g ¢ X DR is the

wm
o]

indicator function of a convex set ¢ (that is g{x) = o if xec
and g(x) =0 if XEC) then £ + g is quasiconvex.

Proof: .S(r) =-¥x ]i’(x) + g‘(x)_@_r} ={xlf(x) ér}ﬂcel

* Sinece both € and {x ‘ f(x) £ r} are convex £ + g is quasiconvex.l

The pointwise supremm of a family of real valued guasiconvex

Punctions is guasiconvex.

A function M mapping (Y,S) into(Z,T) such that x - y €S if

and only if M(x) - M{y) €& T will be called cone monotone.

Propogsition: (1) If £ : X 2Y is quasiconvex with respect to
S CY¥and M : Y 2»7% 1s cone monotone then g = Mf is quasiconvex
with respect $0 T ¢ Z.

(2) If £ is strongly quasiconvex with respect to S
and M is cone monotone and surjective then Mf is strongly
quagiconvex v}iﬁl respect to T.

Proof: Tet g = MFf .,

(W= e <, e} ={xlute =) )< uz GH}
=§x|2(x) £ 4 2(y)} since M is

cone monctone. Since £ is quasiconvex with respect to S this

last set is convex.

(2){3{ lg(x) < z}={x ‘ M(£(x)) 4 . M(y)} since M is assumed

surjective. Then as in (1) {x\ M(f(x) < T M(y)g is equal to

$x | £(x) < y} which is convex \?/y(EY since £ is strongly

-

quasiconvex, i

14
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[37] It A L Y DY is linesr and £ : Y 3 Z is quasiconvex with
respect to S then (£ A) (x) = £ (Ax) defines a function
£4 : X 5Z which is quesiconvex with respect to 3. if
in =2ddition A iz surjective and f is strongly quasiconvex '

‘so is TA.

Bg It A:X Y. ig lineer and £ : X 9 R is quasiconvex then

AP ¢ X 3R defined by (Af)(x) =-inf{ (x) ] y}ls
quasiconvex. 7

Rockafellar (l97Qa) gives an exhaustive list of convexity
presermg operatlons for real wvalued :f‘lmcts.ons. Note that
if £ is taken t0 be convex in [37] or [38], the composite
mapping ls alsoc conveX.

The following characterization of convex fype functions

ig very useful.

[39] Proposition: £ : X DY is strongly guasiconvex with respect
to a closed cone S if £ is lower semicontinuous and
f(gx-i" y)<2wheneverf(x)-(za.ndf(y)(z

Proof: Assume inductively that for o< m < 2%~ and n 5_ n, -1

“cne has

W e (= + (15 )y )<z wmen2(x) <25 £2(y) & 2. _
.2 > f

For n = 2 this is true by hypothesis. Now

oy e (nr2? [l medet ]
\ + A n -~ 7 [ 7 a7
20 276

=f(%;x-_i~%; ]:El_mn-—-l)y+mnd—l x])
: <

S e e




By the hypothesis of the theorem this last tem is £ 2
it (1) holds. Exchanging x and y in (2) ome sees that
for o< k < 2
X . -k .
3)2 (Znx+ (175 Jy)ezirz(x) <2,2(y) <2,

2Il
Using the semicontinu -—.1ty of £ with respect to S and the

fact that the diadic rationals are demse In [—0,1:] one obtains

the desired result. | Similarly:

@.@ Proposition: £ : X Y is convex with respect to S if f is
lower semicontinuous with respect to S and satisfies

r(3x+3y)<telx) + 51yt

The analagous resulits hold for strict convex type functions.

[i1] If X' denotes the topological dual of X then the dual conme
st is qefined by :
gt = {x+e Xt I x+(x) >0 Vx es},

+
s* i3 & closed convex cone even if $ is an arbitrary set.

G‘Th.e gecond dual (S+)+ is defined ’py

(S+)+ =§'x€X \ x+(x) >0 Vx+E,S+} .
If S is a closed convex cone a standard separation arguement
A(for cones ) shows that (S“L)+ = §. The dual cone can be used

to give the following importent characterization of convexity.

E‘,a Proposition: £ ¢ X 3 Y is convex with respect to a closed
o R ' .
convex cone S if and only if w £ : X >R is convex for every

u+e S+.




[43] Exemple: TLet £ : R R

[+

43

17

Proof: = If f is ._c_:onvex with respect to S,then for o £ )« i,
and. - for vest . ’ |
W [ar) ¢ @ -N) 2]z owt e 03]
which asserts the convexiiy o§ u+f a

& It u'f is convex Vu'es’ then

o Dael) + (@ -0 2(y) - £z + (0 -2) 1] zo
amat (Ax+ (1-A) y) ~Petx) @ -2 2} € (=T

which since S is a closed convex cone means that £ is convex with

respect to § = (S+)+._I . Unfortunately the same characterization

of strongly quasiconvex functions breaks down,

2 be defined by f(x) = (x, —xs)

with the orthant ordering P. Then f is strongly quaslconvex
+ ' +
but if w = (1,1) €2 =P

which is clearly not gquasiconvex,

Mother property of convex functions (or sets) is +that of

local convexrity. A set A € X is sald to be locglly convex
if for cach x €A there is a neighbourhood N of x with AOK |
convex. A result of Kelley znd Namioka (1963) says that
in g HausdorPf topological vector space a closed connected

locally convex set is conveX.

Defining the epigraph of £ : X 2> Y with respect o B by

Epigf = {(x,y)l ¥y - £(x) € B} one has:




[44]

Proposition: £ : X 2 Y 12 convex with respect 40 S if and
only if Epi f is a convex set.
Proof: = Suppose. (xl, yl) and(xe, yz) € Epi_f.
Then f(xl) < Y1 ,' f(XQ)V:S Tp and since £ is convex
2z, + (L=2) %) < Azlx) + Q-2) 2(5) £ Ay, + 1 =Dy,
and (Ax; + (1 -2) x,, kyl + (1-2) v,) € Epi £ which mst
be convex. - _
& (g, f(xl)) and (=, f(xz) belong to Epi_f which being

convex means that

(Ax + (1 =A) %y As(x) + (1 -A) 2(x,)) € Bpi g,
By he definition of Epi f '
£(Ax + (1 -A) x,) < Ar(x) + (-2 2(x,)

Using the above propesitlon and the result of Xelley and

Namioka quoted in [44] one derives:

- Proposition: £ : X=»7Y is convex with respect to S if and

!

oniy if T satisfies .

2(Ax + (L =A) %) ¢ AL(e) + (1 - A) 2(x,)

whenever ¥ and x belong to scme neighbourhood N.

2
Proof: The condition is equivalent to the local convexity

of Eplsf.‘

This result is ¢learly not true for quasiconvex functions as

is seen by £(x) = 5‘1—};2: ‘_x‘.>i
Lo . _ixi-_{_l

In fact with N = {x f I x \ f_.’.l} f is locally guasiconvex

but it is not quasiconvex.
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[49]

[59

1

The definition in [45] could be rephrased to include a
regtricted domain C, Since this can equally well be dane

by redefining £, it seems simpler to leave it as 1t is.

Proposition: £ : X 3 Y is strongly quasiconvex if and only
if Epl f hes the following property: -
\ ’ 3 P e 4 Y . - \ \
1t (y,% ) and (y,%,) € Bpif then (y, Ax; + (1 -AUx,)
does for o .5__)5_ 1.

Proof: This is immediate from the definitions of the epigraph

and quasiconvexity.i

A zet B Y is said to minimizable :with respect to a cone

S if there is some z¢Ywith b - z €5 Yb €3.

Meximizability is defined dually.

Proposition: If S is a.' cone with non empty interior in a
convex space then all bounded setbs .a.re miﬁimizable a.nd‘
maximizable with réspect to S. The maximizing and

minimizing points can be taken intS. |

Proof: Since B is bounded it is absorbéd by all neighbourhoods.
In particular if séso, theré is an ‘open set N with R07o and

s+}\oBc's+Ncs

where the first containment follows from the boundedness of
B and the second from & € 5°.  Since S is a cone
-1 : .
+ <
Ay s+BCS |
. . ) -1 '
which rewritten says b > - R o S whenever b € B.
Applying the same argument to -B one sees that B is

maxinizable .I

19
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The resultis of [27] and [_-52] can be used to generalise
the standard result (Iuenderger (1969)) that a convex
function on R is continuous throughout the relative interior

of its domain if 1t i1s continuous anywhere. TFor simplicity

¥ and Y ai'e ass{med normed. By the relative interior of a
set C,(deélote;i TiC) one means the interior with respect to
ine smallest closed affine subspace containing C. It 1s
a standard result that fo;- a finite dimensional convex seb
c,riC # & |

Propogition: Iet £ : X =Y be convex with respect to S
which is noxmal with interior. Ther if C is & convex set

in domf and £ is continuous at xoG_ riC £ is continuous

throughout riC.

. Proof: Suppose without loss that £(@) = 0, x_= 0

and riC = €% Tet 6050 be given. Then 350 such that

| x \W< & implies that \| 2(x) l{< € since £ is continuous

" at o.

Tet yec. 3 B>1 with By €c%
hz -y W < 1- 6-1)50 then z = y_ + (1 —p—l) x with
Wxll §,, x€0 ma 2 (2) < B 2(By,) + (0 -B™) 2,
Since,

£ ()1l =€ vhen|x ||« § , there is, using 52},
some 4 such that £ (x) <d ¥V x witkllx 1< §, and

2(z) = B 2(Br) + (1 - B a = alyy)
it \\3?0 -z 2_(1 - (3“1)50. For o< £ <1 one has

(2 + 7)) = Elo+ €T 2) + (1 -€) yo




(54]

53]

and by,convexit‘y _
2(z +y,) - f(:?o) < € [i”(e"l z +y,) - f(yo)] .
so 1z flzlle € -B )%

1) 2z + 7,) - 2(,) <efaly,) - 2(3,)] = €a.
1

. 1 : -1
Noreover, since ¥, =T7g (z + yo) + {1 - 5.-47:’_) (~e™ z + yo)

-1
ely, + 2 ) -2(r,) >- €y, ~€72) - 2(3,)]
which as before gives
(2) £ (v, +2) -2(y)) >~ €=
Combining (1) and (2) gives - a€g f(yo +z) - f(yo) < ac
whenever | zll < e(1 - B"l)é'd By the result of [28]

the set A = {x ]— I a}is bounded because S is normal and

one has
£y, + ) - £(z,)€ eamen (alee @ -F,

and £ is continuous . throughout ric. |

By the result in [-29__) any pointed cone In R? is normal and in
particular [ESBj generalises 'I:uenb'erger's proposition. Also
the condition that s° & | is needed for [52] and it plus the

boundedness of A are, by [28] equivalent to normality of S.

The next proposition' relates continulty off and interior points

of Episi’ when X and Y are ncrmed spaces. |
Proposition: If S is a nommal cone with interdor and ri(dom )4 X%
then £ is continuous at x if and on_j_y if (xo,yo) Eri Epi f for

some ¥ .

o poat




Proof: & Without loss x = o = £(o) and replacing X by
- v(C) the variety (affine subspace) spanning domf ome can
gassume that (domf)o £ b. Suppoese (O, yd) E£xri Episf, then
since
v(Bpif) = V() x ¥

('O’YA) may be supposed interior to Epi_f.

Thus, §; end £, >o exist with (x,5) EFpi_f when
g [{x - ofl < 5] ana ”yo—y\\z.JQ.

| as in [53] |

AT ) 2 (AT

7 Also

i
g

£(x) 27 vhen |[y ~y lle I, enallx [l<d; .
Since neigbbourhoolds in normed spaces are bounded and s°
+ §,0 = {yi'ﬁ y , Ml _{.g"é%ig maximizable and there is some
a, with £ (x) <ag it llxl<d7,
mms if {{x|¢AJ7
~A a, < £(x) ‘—C‘)-ao .
Since § is normal the same argument as in [_—5’37_1 shows that

£ is comtinuous at 0. = Let & >o be given and suppose I is

conbinmous at o &(aome)®. Thenllzll< S implies that
\ r{xfi< 6/2 and by [52] there iz sone SZQS with

-8, < £7]{x) < 8,0 _

o . : . '

Let s, €5 with ¥ ¢ such that s, + N ¢ €8 then

f(x)<sl + :SOGS v:;'ilenl[x \Vléd-.

%
e lly - 501\56/2 then
2(x) -y = (2(z) = s} + (s, - ¥)

. _ + : [l T - ‘-.-..
CNg, =S, +Ng EX¥ =8, C-5
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mhus it l|x - x| <dand lly - o126/, (z,y)€Ep1 2

and (xo, so)é ri Epi ? as desired.}

The continuity results above can be use.ad to generalilse a '
theorern of Rockafellar's (1970).

Theorem: ILet £ : X 3 Y. be convex with respect to a convex
cone S with §° Y. ILet X, Y ibe normed spaces with X
i'eflexive and let B be a weakly compact subset of the
relative interior of domf (W) in the weak topology. If

£ is 'wea.kly coﬁtinuous_on W then £ is Lipshitzian relative
to B. In particular if X is finite dimensional and f is
continuous at scme point of ri(domf) the result holds.
Proof: By restricting atiention ‘co the variety spammed by
domf one can asgsume that W 1s the weak interior of domf.
et U C X be the unit ball; then U is WeaMy compact since

X is reflexive and hence g0 is

%U#B Vné.N.Moreover
N (—Il-l-U+:B)ﬂW=&.
né&N

This is the intersection of weakly compact sets so there

some n with B+%§ vCw,

Since £ ig assumed continuous on domf and B + % U is
weakly compact £{B + ;];- U)‘ is wéa}ﬂ.y bounded and tlms both
minimizable and maximizable, since s® 4 x.

. 1
Tet bléf(BJriU)g_b and let z,y€Bx ¥ y. Then

2
7 = y+%l]y-—xu—l (y -x)éB-i-%l- Uand y::Az + (l —-})x
with A= lly - x ||/ %1. +]ly - x|, Since £is convex with respect

to S




aea!

2(y) « 1 - £2(x) +A2(z)
and _
£(y) ~ £(x) < Alv, - by)-
Since x, y are interchangable .
2(y) - 2(x) €5u| Ao, - B) 2w L A, - b))
Thié lest set is contained in.D where D is

1,

- Coi m +
D= 1wi—ux - ylxe welx - yl}xc}

and X = n(b, - by),

By a result of Keliey end Namioka (1963) thert; isg
L >0 (since § is normal)with |
sllwll€ ez -y Il Vwew,
In par'ti.cular for x,y&3B

follows from K

[13.05%
T Lows L2

e second conclugion
Rockafellar's initial result was the cese X = B
+ .

(1,8) = (R,R'). IT£X =R and Y= R with S any pointed

cone with interior then it is clear that £ is Lipshitz on

any closed bounded set in ri(dom? ),

Examples of discontinuous behaviour
(1) Tet D = {x¢c [o, 1] | a %/ E€C [0,1]} and

Tet A : DDC [0,1] be defined by Ax = dx/ . A is

discontinuous but is convex with respect to any cone S.

(2 £ : R -)Loo(mth the orthant ordering) given by
£(r) ={r2n} is convex with domf = 5;1' Pl < 1.}, In this
case T is continuous if lr} <1 but is discontinuous at 1 since

e (1 - %1) - f(lmz:s;p e —}I; Y2 L 1 which is 1.

R D S SR B S s e

T S Tt




[58] Although comvex functions share the property of [53) with linear

Leo]

functions a convex function can be contimuous at a point and not
weakly continuous,
Lét f;lz") L2 (with the orthant orderings) be given by
£( gxn —} ) 2{_32n"§ . f1is cléarly conv'ex with domf = L .
It is reasonably simple to verif‘y continuity especially at the

origin. .fis not we..lﬂv contimcus since Qxﬂi} gg‘ S ?2‘
'{{(2531{)2 }} is not

]

is weakly convergent but {f({ nk'.f 3
since u* = ij_'gé LZ = Lz and
n

ut.r ({.xnk%) =2%(2gm{)29 = ﬂf’)‘; —3 ©Q.,

}
(s

Note that S is normal but has no interior,

- The following partial analogues of the linear situation do hold:

Proposition: If £ = K;*Y is gtrongly quasiconvex with respect to

S and lower semicontinuous over C, a closed convex set then f is
weakly lower semicontimious over C. - _

Proof: { ;x\ f(x) € Z.g (\.C- is a closed convex set and thus weakly

closed. ‘

More intereastingly one has

Propoaition: If £ = X2Y is strongly quasiconvex with respect to

S and lower semicontinuous sequentially on any convex set C then f

is weakly lower semicéntinuous on C.

Proof: Leti ‘iC C bhe a sequence with 1limit % £C. Since X
belongs to the weak closure of the convex hull of {x}%}:_ﬂ

for any n, X actually belongs to the closure of the convex hull,
Thus there is for each n a point Z. and scalars >\nk>" O with

SNy A

. -
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- m o n
,z‘_n = ‘ :n'knk? xk-} XO.

Since f is strongly quasiconvex over C

f( Zn) \< max f(xk) .

nekém,

H X : £ ;
Hence if f( k)_ &, -7, end % — X one has z n)\S z  when

n),no-

Because zn-=rfj:o and £ is seguentially semicontinucus one has
f(x.o)\(,,z and f is weakly sequentially lower semicontinuous on c.4
This last result generalizes Daniel (4971) and provides at least
a partial a.naiogue to the equivalence of weak and strong continuity

of linear maps.

Since in the result of [53] it is only to prove that bounded
sets are maximizable that s° # &? is used, one could have required
only the former condition. This condition would not be much weaker
because the following partial converse to [52] helds,
Proposition: If‘ S CY is a generating cone, that is 5 - 35 =Y,
and Y is normed then S° # Y.
_fl‘_i__‘o_gg:r Since Y is normed the unit ball U is bounded. Let y, €Y
be a maximizer for .U. Then
Yo 2u V’ ue U,

1

s, +UC32+Sc_S

so that s, € s°.0

Since 8 =85 =Y y_ =8 -3, 31,52€-Sand

In further reference to [ 53), [55] it is spparent that if S
is not pointed it is unreasonable to expect continuity since in
the nonpointed case ‘there is at least one direction in which the

behaviour of f is not restricted at all. It is also apparent that

S e e R VG
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no sort of simple continuity result should be expected for
quasiconvex mappings even on the line., Certainly dense countable
sets of discontinulties can exist because any monotone real

valued mapping is quasiconvex. On the line this is the worst

that can happen because:

Proposition: (Stoer and Witzgall (1970)) A function f: C=R,

where C is convex, is (quasi)convex if and only if its restriction
to any line segment is {quasi)convex., Moreover, f: R—R is
quasiconvex if and onlylif there is a partition of R into two

(possibly disjoint) intervals (I1, 12) with f non-increasing on

.1

I, and non-decreasing on I2.|
In particular this means that if f: R-R is quasiconvex it
is of bounded variation and has at worst countable discontinuities.

This also implies that the set of discontinuities of any real

valued quasiconvex map has no interior.

Boundedness of level éets"

It is a well known result in R° that any closed unbounded
convex C contains sll half lines of fhe form X + th, t30 where h
is some fixed non zero point and x is any member of C. h is called

a direction of recession. An unbounded convex set in general

need not have any such directions.

Example: Let X be Lcn and let C be the convex set defined by

c = {{a}%\ ta 1€ x, koyq, 2 ... }which is clearly
unbounded and closed. Suppose that a + tb, t » o was a line
segment in.C,aE:C3b f o. Then for some by , by 1s non zero and

for t ¢t la.k + tbd > k which means a + tb is not in C.}

[éé] The next result, which generalizes a proof of Stoer and
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Witzgall (1970) is phrased in R" because it relies on the
‘existence of half lines in unbounded sets.
Pronositic;n: Let f: R'-Y be lower semicontinucus and convex
with respect to a generating closed comvex cone S. Either
all nonvoid lefel sets are bounded or they are all unbounded. .
Proof: Suppose the level sets S(z) = {x lf(x) (zgare such that
S(z,i) is bounded and S(z.z) is unbounded. Since f is supposed
convex and lower semicontinuous all the level sets are closed and
convex in R°. Hence there is h, $ o with x + th,€3(z,)
N xéS(zz) and t 3 o.

Iir z3 is chosen éuch fhat z.3>, zé, 337} z1,which can be done
since S is generating, S( zj) is unbounded because it contains
z,)-

Let x&S(z‘t). Then x€& S( zj) and since h, is a direction of

2
recession for S(zz) it is also one for S(zj) and x + th, € s( zj)

\ft 20« Thus

f{x + t 2 & A(x) + (1-'>\)f(x%i h2)
:_(7\21 + (1-7\)23 if o <A<,
Letting A3 4 |

.f(x + th2)$z1 Vt‘,;.o, since S is closed,
This shows that §( z1) is unbounded and a contradiction has been

established, §

For quasiconvex functions the result in [&] is not true. The
next proposition which generalizes Lemma 4.9.7. of Stoer and

Witzgall {1970) 'is a partial clarification.

Definition: A chain (-1_inear ordering) is order complete if any
subset B of A which can be maximized has a supremum in B, That is,

there exists Zy such that if 2% b Ybv eB then Z>/Z1 and

i
i
]

3
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Proposition: Lét iR Y be lower semicontinubus and strongly
quasiconvex with respect to S, Let A be an order complete chain
in a sequential topological space Y. Suppose that any descending
convergent sequence in A has limit in A, If the level sets

fS( a) laeAri contain both bounded and unbounded sets there is

an B €A with S(a) unbounded exactly when a3 &.

Proof: Suppose S( a2) is unbounded and S( a1) is bounded. Let
E =rinf{a\8(a) is unbounded} . Then a, ga-..(az. It remains to
show S(a) is unbounded., Let T(a) denote the directions of
recession of S{a) with norm one. These sets are compact a.nd,'
since T(a)cT{b) if ab, have the finite intersection property

for ay 3. Hence, N S{a) % &g. Let h be in this intersection,
a>a .

For each a3 @ and for x€ S(E) one has {1) f{x + th)€a Yt>o.

The assumptidns on A imply that there is a sequence % B‘n% R an>,§:,
with a &, This with (1) shows S(&) is unbounded.§

Taking f: R>R, f(x) = { ', : ;‘: Z’: one sees that S(r)
is unbounded if and only if r;1. Setting A ={0FS U {x [ x>2§ ,
which is an order complete chain which does not contain its

limit points one has an example in which the propositicon does not

hOldo

Differential characterizations of convex type functions

For the most part differential conditions will be introduced
as they prove necessary. The following few prﬁpositions are given
for the sake of completeness.

Definition: If f: XY is a mapping between iwo convex spaces
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then £ is said to be @-differentiable at X. with respect to a

famil of sets in X if there is a continuous linear transformation
£/(x )t XY with

£ [£(x +th) - f(x)] - f'(xo)(h) S0 as tdo
uniformly in the topology defined by .

f is said to be (1) compactly differentiable if @ is all

sequentially compact sets and (2) boundedly differentiable if 3

is 21l bounded sets, In particular these notions agree in secuential

¥ontel spaces. In normed spaces (2) is just Fréchet differentiation.

Proposition: If f: X"J’fl is boundedly or compactly .differentiablc
then f is quasiconvex if and only if : ' ,

_f‘,(xo)_ (x - xo) £o when f‘(x_) sf(xo).
Froof: This is proved in Ponstein (1967) for X = R® and Fréchet
differentiation. The differences are entirely technical since
any sensible e;.—derivative will suffice in his proof.l From now
on when any reasonable derivative will do it will just be called

differentiable.

Proposition: f: XY is convex with respect to a closed cone 3

"if and only if

f‘l(xo) (x - xo)\<f(x) - f(xo) \Ix, x €X.
Froof: The result when ¥ = R is standard., In the general case
by [42] uff is convex (and differentiable) V u¥ e 57,
By the linear result this is equivalent to
wk (£(x) - (=) Y wie(x)) (x = x)) V' €s®,
Since S is closed this last inequallity gives as eguivalent

f(x) - f(xo) >{3_ f,(xo) (x - XO)-E
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It does not appear that the condition
/
£ (xo) (x - xo) \%_O whenever (x) \<sf(x0) is equivalent to
(strong)quasiconvexity although by a direct derlvative argument

it is implied by quasiconvexity.

A condition which will be of primary importance in cptimization

is - . ‘

f’(xo) (x - xo) € - S implies £(x) - f(xo)e s \QixeA

which is called pseudo-convexity over A at x . It 1s possessed

by convex functions ( [69]). The function £: R-R given by

f(x) = =% x € 0,11 is quasiconvex but not pseudo-convex

o x ¢ Psl]

when the derivatives are taken to be cne sided at o and 4.

A useful relstionship which simplifies proofs given in Guignard
(19638) and Cottle and Ferland (1970) is:
Proposition: TLet f: X-*R be quasiconvex on a convex set C and

' f
differentiable at x_ . Suppose that for some y €c ¥ (xo)(y—xo)) o

‘then £ is pseudo-convex at x, on C.

’
Proof: Suppose f (xo) (x ~- xo)>,o Y x ecC.
F) /
Then (1 =) £ (x ) (x-x) + (x) (v - x.)v o YV xecC.
Since x, yEC x>\=7\y+(1 -A) x, &€ C and
f
big (JCO) (X.-)\"' x0)> Ce
Since f is supposed quasicorrvexr on C

£(x5) > £(x,).
{

The continuity of £ implies that f(x)?,f‘(xo)n

!
Guignard's case was C = X and £ (xo) $ ¢ while Cottle and Ferland

/
had X =R, C = R'§ f (x,) 4 0. It is easy to show that these

are both subsumed,




‘ E]Z] The natural condition

£x) (x=x ) C2(x) = £(x) if £(x)<#(x)) is strong
enough to imply convéxity in most cases. Frecisely one has:
Proposition: Let f:<xélfbe twice Fréchet differentiable with
fIZx) continuous in x.tﬁen the above condition implies that £
is convex.

Proof: Consider X = R. By Taylor's theorem

Oy + (1 =N)x) = 22 = MG -0+ 2N (x50 - 0P
with X = x as A o |

.The condition of the hypothesis implies quasiceonvexitiy
([68]) and thus for o <§\<1 and £{y) € £{x) one has

£(Ny + (1= N))CE(x) and £(xy + (1 =2)x) = 2(x)% £ (x) My-x).
Thus

%3{? f”(x)) (v -x)°% %o, )

On dividing by')? and letting A> o one geis f"(x)(y - x)2; o.
Now, if £(x) 4 inf £(y) there is some y 4 x with #(y) < f(x).
In this case (y - x)_zl)‘b and f”(x) >, 0.

Otherwlise, let {kIJ% be a sequence of poihts with X, 3 x
x — x. By the definition of x ., £(x) $f(xn) and thus
f‘”(xn) (xn - X )2>,0. As before f”(xn) 0. Letting x - x
f%x)bobmmmef” is continuous.

Consider now g(k) = f(x +Ay) for fixed x, y€X. It is
irmediately verifiable that ngatisfieé the conditions and hence
g{™\) = #{x + W y) is convex for any x, y. This, using the first
part of the proposition in [521 s implies that £ is convex. }

Concents of minimizaetion with respeet to cones

There is a profusion of possible extensions to the notion of the
minimum of a real valued function over a set A, The two rost

useful and possibly most natural are defined below. S 1s always
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assumed to be a closed convex cone.

Definition: f: X =Y is said to have a strong minimum (with

respect to S) over A at x if (x) - f(xo) €s Yx e A.

Definition: f: X =Y is said to have a weak mimimm (with
respect to Slover A at X, if f(x) - f{xo) ér- ~8% when x € A.

r s° = § eny point is a weak minimum so from now on the

interior of S will be assumed nonvoid when weak minima are being

discussed,

Proposition (1) Any strong minimum is a weak minimum,
(2) If S is pointed any two strong minima agree in

value.

| (3) If C is convex and x , is a strong minimum f or
f over C and if f is quasiconvex with respect to S, a pointed
cone,then M = {x | £f(x) = f(:&o) = strong min {f(x) \XGC}E
is convex. 7
Proof: Only (3) is not immediate, If X, X, € and o $Ag
then 'Xx1 + {4 = '>\)x2 € C and f()xx,l + (4 -)\)xz) £ f(x1)
by quasiconvexity. By {2) and the definitions

f('>\x1 + (4 —')s)xz) = f(xo)
and )\x“ +'(1'-')s)x2) € M.|

- Propesition: Let £: X 2 Y be fully lower semicontinucus with

respect to S and let A be closzed then the set of weak minima for
f over A with respect to S is closed.

Froof: Suppose {xn In< N} is a net of weak minima with




34

xn-) X, Since 4 is closed x, € A implies X, € A. Suppose for ' i
some x in A f(x) < f(xo). By full lower semicontinuity ‘

f{x) < f(xn) if n % n_ Since s® is an open set.This contradicts 5

the minimality of xn.l

Similarily one has:

\—7ﬂ Troposition. If f: X Y is lower semicontinuous with respect

to 8 and A 1s closed the set of strong minima for f over A is

R g s

closed. §

3 i bl i,

E]Ea If one wishes to guarantee the convexity of the set of weak
v minima over. a convex set quasiconveﬁcity is too week. The
condition stated below seems artificial but it is eguivalent to
quasiconvexity when (¥,8) = (R,R").
Proposition: The set of weak minima over C is convex if f: X > X
satisfies? Wheﬁever X, ¥y X, € C and for some o < A < 1

f(rx +(1 =Ry < f‘(xo) then f(x) < f(xo) or fly) < f(xo).!

E{’ﬂ If X is a topological space then X, is called a local minimum

for £ over A with respect to 3 if x is & minimum over A1 N for
some neighbourhood No If A = X = N the minimum is called global.
Ponstein's (1967) result that every local minimum of a real

valued (P} strictly quasiconvex mapping is global has the

following extensions.

E&o] Theorem: If f: X —Y is (P) strictly quasiconvex with respect
to S then every local weak minimum with respect to S is global.

Proof: Suppose x, is a local non global minimum. Then there is

some XZGX' with f’(xz) - f(x1) € - 8% Let X o =')\x2 + (4 - A )xz.
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For A sufficiently small X~ will belong to the neighbourhood
over which x1 is a wesk minimum,
o
 Thus £{x~) = f(x1) ¢ -s” foro <'>\<'>\o.
But by (P) strict quasiconvexity ([16])
o
£(x5) - i‘(x1) €-5
since
£(x,) - £(x,) € - s°
and a contradiction has been derived. i

For strong local minima one has {dually)

Theorem: If £ is absoluiely quasiconvex ([‘H]) with respect to
S then every strong local minimum is global. |

Proof: Let x1 be a locel minimum and let xoe X, For o<)\<7\0

f(h\x, + (4 =N)x)) Z1(x,).

By [11]  f(x,) % £(x;) end x, is a globel mindrmum, §

1r (¥,3) = (R,R*) then by [21] both [80] and [81] agree with
Ponstein's result., Vhen this is the case one can in fact show
that if every local minimum of 2 gquasiconvex function is global

the f is (P) strictly gquasiconvex.

More generally for any convex space X one has

Proposition: If f: X~ Y is quasiconvex with respect to a pointed

cone S, and X5 is any nonglobal but local strong minimum then

f(x)} is constant on I{ €) = {x \x = )\Jc1 MDY )XZ,O $->~$€}

where x, is any global minimum and € is some positive number.

Proof': Since x2 is a local minimum there is € > o with

f(")\x1 + (1 -X)xz) P f(xz) if o £ €. Sirce
f(x1) £ f(xz) and f is quasiconvex

f(’)\x1 + (1 = A) x2) £ f‘(xz) if o $AE 1.

i
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Thus for x € L{(€) f£(x) = £(x,) since S is pointed. i

Weak and strong maximization ere defined dually to

mninization. Any convex minimization result ylelds a dual

maximization result for concave type functions. Thus it is

usually unnecessary to consider both maximization and minimization
problems. The next results, however, give information about

maxima of guasiconvex functions.

Theorem: If f: X —>Y satisfies
(1) 1r £(x) £ f{z) and f{y) £ f{z) then
f{nx + (1 =N)y) £ £(z) for o<\ € 1,
then if f achieves its strong maxdmum over C, a comnvex set
contéined in domf, at x, & riC then £ is constant on C.

Proof: Let zeriC with £(z) > f(y) YyeC and let xeC. Then

“there is some y € C and o < >\°<‘1 with =z '='>~0x + {1 -)\O )y.

" (Otherwise z would be a boundary point). Now, if f(y) € f(z)

and £(x) $ f(z) one ﬁas, since £(x) éf(z),that
f(hx + (1 =2)y) & f(z)-. This is impossible for A\ = ')\o and

f(x) must, therefore be equal to f{z). Thus f is constant on c.k

Corollary: If f: X —Y is such that either

(4) £ is convex _
or

(2) (¥,8) = (R,R") and f is (P) strictly gquasiconvex and
satisfies the one point exclusion property thgn the result holds.
Proof: For (1) it is easily verified that any convex f satisfies
(1) of [83], while for (2) the proposition of [33] proves that the

property is satisfied. i

36
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The proof method of [83] is derived from a result of
Rockafellar (197(’;&) which is in fact the corollary of [&] in
case (1) with (¥,8) = (R,R").
For any quésiconvex function it is simple to show the

following result,

Fropesition: If £t X =Y is quaéiconvex with respecf to S and if
A is any set over which £ has a strong maximum at X, then N is
a strong maximum for f over the convex hull, C, of A.
Froof: - & © {x {£(x) € £(x))] = s(e(x))).
Since f is quasiconvex S(f(xo)) is convex and thus

c < s(x )
Equivalently £(x) < £(x ) Yxec.i

Definitions have been made of convex like conditions which do not
require that one be in a vector space. In particular, a function

f: X~ R is called pathwise connected if whenever x, y €X

there is an arc p(t) with plo) = x and p{1) =y and with

P{p(t)) & max(£(x),f(y). Strict pathwise connectedness is

defined similarily. Many of the previous results hold for strict
pathwisé connectness, For example local minima are still globkal,
The properties defined in [8] through [16] could all be extended
analogously but the difficulty in verifying the connectedness of
a function and its relative inutility because of this suggest

that the effort is not worthwhile,

If £ is both guasiconvex and quasiconcave with respect to S
f is celled guasiaffine while if it is both (P) strictly

quasiconcave and quasiconvex as well it is called strictly guassiafline.
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1r (Y,S) = (R,R*) then Stoer and Witzgall (1970) have
shown that the set gf maxima for f over a convex set C consists
exclusively of ez‘-ctreme points, The result can be seen to hold
for any strictlj quasiaffine function with respect to a rointed
cone. Note that on the line if f is (F) strictly quasiconvex
and P strictly quasiconcave‘ it is automatically strictly

quasiaffine.

Yultivalued convex and quasiconvex functions

In another direction to the notions previously discussed
lies the idea of zﬁultivalued quasiconvexity and convexity. As
will be éeen later many standard multiplier theorems can be
painlessly extended to cover multivalued functions.,

The sequel gives the definitions which will be used and

some propositions.

Definition: F: X Y is said to be a multivalued convex function

with respect to 8 if F(x) is a subset of ¥ for each x&X(F: X+ 1)
and if whenever vy ¢ F(x‘l 1, y2er(x2) and o £ A £ 1 there is

some ¥y € F(')u':_1 + (4 -7\)3(2) with y~ - £™ ¥y ot (_1 -My,] €- s,

Definition: ¥: X -»>Y is multivalued (P) strictly quasiconvex

with respect to S if whenever o <A<1, v, € F(x1), Yo GF‘(XZ)
with y, < ¥y, there is some ¥+ € F('Rx1 + (4 -‘,\)xz) and with

Definition: F: X~> Y is multivalued guasiconvex with respect to

8 if vhenever y, € F(x1), Iy E_F(xz) with y, £ ¥, there is a
y)é ( )\x1 + (1 -))xz) with 7o € ¥pe

The following list of facts, collected as a theorem, follow
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from the definitions or from the same type of arguments as in

the single valued cases.

Theorem: (1) If 31 X =Y is quasiconvex, (P) strictly quasiconvex,
or convex with respect to S it is muitivélued of the same type.
(2) F is multivalued convex with respect to S if and only
if Ep’isF = %(x,z)!a y& Fx) z7% y-_g is convex.
(3). Convexlty in the multivalued sense implies both

multivalued quasicomvexity and (P) strict quasiconvexity.l

Definition: x_ is a weak (local) minimum for F over A if there
is some y,€ F(x) such that whenever y & F(x) and y - y_¢& -s°

x ¢ A (x4 NNA).

Proposition: If F is multivalued (P) strict quasiconvex with
respect to S every local minimum is global.
FProof: Suppose X, is a local minimum, then there is a
neighbourhood N and y € F(xo) such that when x € N_(xo) and
y & Fx) y -yoé - 5%,

Suppose that Yy ~ Y, € - s° and ¥, & F(x_:). Then for
o< Ne™, r>\ch1 + (1 -")\)xo & N(xc), Since F is multivalued
(P) strictly guasiconvex there is some y. € F‘('XXJI + (4 -})xo)
with y. < Yy because . y, < _yd. : /T his contradicts the
local minimality of Yo Whi.ch asserts that no such ¥y, can exist

for }‘{}‘0' 1

If F:¥-> R is multivalued'('quasi)convex and for each x F{x) is

a nonempty compact set then

f{x) = min i rir € F(x)’IS

39
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is a (quasi)convex retraction f € F. However, even on the line
examples exist of multivalued convex and quasiconvex functions

with no single valued fetractions.

@5] Examples: (1) F: R—R defined by

(r) = §{[3] +nlneng,
where.[r] is the greatest integer less than T, is a multivalued
convex function which has no everywhere defined single valued

_ convex restriction because the graph of F is not connected.

(2) Any multivalued maximal monotone mapping (see the
final chapter) f mapping R inte R is multivalued quasiconvex but
won't necessarily contain a maximal monotone single valued

restriction.
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